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Ozet — Bu calismada, 46 ortaokul matematik 6gretmen adayinmn ¢oziim yontemleri, orantisal olan ve olmayan
iliskileri belirleyebilmeleri ve temsil edebilmeleri problem igerikleri baglaminda incelenmistir. Ogretmen
adaylarma, 2017 ve 2018 giiz donemlerinde, iki adet sorudan olusan bir kagit-kalem testi verilmistir. Adaylarin
kagit-kalem testine verdikleri cevaplar igerik analizi yontemi kullanilarak analiz edilmistir. Analizler sonucunda
sekiz 6gretmen aday1 ile yari yapilandirilmis goriismeler gergeklestirilmistir. Elde edilen bulgular, 6gretmen
adaylarinin ¢6ziim yoOntemlerinin ve orantisal olan ve olmayan iligkileri belirleyebilmelerinin ve temsil
edebilmelerinin problem igeriklerinden etkilendigini gostermistir. Alan yazinda belirtilenin aksine, 6gretmen
adaylar1 ters orantili iligkiyi belirleme ve temsil etme konusunda dogru orantili iliskiyi belirleme ve temsil
etmeye gore daha basarili olmuslardir. Ote yandan, adaylar en gok orantisal olmayan iliskinin belirlenmesi ve
temsil edilmesinde zorlanmislardir. Derinlemesine inceleme gerektiren problemler daha gelismis ¢oziim
yontemlerinin ortaya ¢ikmasini saglayip, 6gretmen adaylarinin ezbere hesaplamalar1 kullanmaktan kaginmasina

yardime1 olmustur.

Anahtar kelimeler: matematiksel temsiller, orantisal akil yiiriitme, orantisal iligkiler, 6gretmen adaylari, problem
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Genis Ozet
Giris
Oran, orant1 ve orantisal iliskileri anlamak okul matematiginin énemli bir parcasini
olusturmaktadir (Lamon, 2007; Lobato & Ellis, 2010). Ayrica, bu kavramlar ortaokul
matematiginde 6grenilmesi en zor kavramlar olarak kabul edilmektedir (Arican, 2019; lIzsak
& Jacobson, 2017; Lamon, 2007). Oransal akil yiiritme “orantisal iliskilerin tanimlanmasi,
temsil edilmesi, analiz edilmesi, aciklanmasi ve bu iligkilere dair kanit sunulmasi1” olarak
tanimlanmaktadir (Lamon, 2007, s. 647). Orantisal akil yiirlitme, bilim ve giinlilk yagamdaki
birgok durumu anlamada 6nemli bir kavram olup (Cramer & Post, 1993), 6grencilerin okul
aritmetigi ve daha ileri matematiklerinin gelisiminde 6nemli bir role sahiptir (Kilpatrick,
Swafford, & Findell, 2001; Ulusal Matematik Ogretmenleri Konseyi [NCTM], 2000).
Ogrencilerin ve 6gretmen adaylarmin orant1 problemlerini ¢dzme ve orantisal iliskileri
belirleme ve temsil etmede yasadiklar1 zorluklar bir¢ok ¢aligma tarafindan rapor edilmistir
(6rn., Arican, 2019; Fisher, 1988; Izsak & Jacobson, 2017; Johnson, 2017; Lim, 2009 ;
Modestou & Gagatsis, 2007). Arastirmacilar, kullanilan problem igeriginin 6grencilerin
yontem sec¢imleri, matematiksel yeterlilikleri ve toplamsal veya carpimsal akil yiiriitme
tercihleri tizerindeki etkilerini bildirmislerdir. Diger taraftan, alan yazinda, problem igeriginin
O0gretmen adaylarmin ¢ozlim stratejileri ve orantisal olan ve olmayan iliskileri
belirleyebilmeleri ve temsil edebilmeleri {izerindeki etkilerine dair yeterli bilgi yoktur. Bu
nedenle, bu ¢alismanin amact orantisal olan ve olmayan problemlerde kullanilan igerigin
adaylarin yontem secimlerini ve verilen iliskileri belirleyebilmelerini ve temsil edebilmelerini
nasil etkiledigini derinlemesine incelemektir. Ayrica, bu calismadan elde edilen sonugclar,
O0gretmen adaylarinin oran, oranti, ve orantisal iliski kavramlarinin 6gretimi i¢in ihtiyag
duyduklart matematik icerik bilgilerinin (Ball, Thames, & Phelps, 2008) yeterlilikleri
hakkinda egitimcilere geribildirim vermesi agisindan onemlidir. Bu calismada asagidaki
problem durumlari incelenmistir:
1. Oran-oranti problemlerinde kullanilan igerik ortaokul matematik Ogretmenlerinin
yontem sec¢imlerini nasil etkilemektedir?
2. Oran-orant1 problemlerinde kullanilan igerik ortaokul matematik 6gretmenlerinin
orantisal olan ve olmayan iligkileri belirleyebilmelerini nasil etkilemektedir?
3. Oran-orant1 problemlerinde kullanilan igerik ortaokul matematik &gretmenlerinin

orantisal olan ve olmayan iligkileri temsil edebilmelerini nasil etkilemektedir?

NEF-EFMED Cilt 14, Say1 1, Haziran 2020/ NFE-EJMSE Vol. 14, No. 1, June 2020



Arican, M. 631

4. Ortaokul matematik 6gretmenlerinin oran-oranti problemlerini ¢ézerken ve orantisal
olan ve olmayan iliskileri belirlerken ve temsil ederken karsilagtiklar1 zorluklar
nelerdir?

Metot

Bu c¢alismada, acgiklayict ¢alisma tasarim modeli takip edilmistir (Fraenkel & Wallen,

2006). Aciklayict calisma tasarim modeli, arastirmacilarin olaylart daha etkin bir sekilde
anlamalarina yardimci oldugundan ve verileri analiz ederken hem nicel hem de nitel
yontemlere izin verdiginden tercih edilmistir. Bu ¢alismaya 46 6gretmen aday1 katilmis olup,
adaylarmn se¢iminde amacl 6rneklem teknigi (Patton, 2005) izlenmistir. Ogretmen adaylarina
igerisinde cesitli orant1 problemleri i¢eren iki adet sorudan (Bisiklet ve Mum) olusan bir kagit-
kalem testi uygulanmistir. Bisiklet sorusu, dort adet dogru ve ters oranti problemi ile iki adet
bu iliskilerin belirlenip temsil edilmesini iceren sorulardan olusmustur. Adaylar farkli
biiytikliikteki iki bisikletin teker biiyiikliikleri ve donme sayilar1 arasindaki ters orantili iligki
ve c¢ark biytikliikleri ve etraflarinda yer alan dis sayilar1 arasindaki dogru orantili iliskiyi
incelemislerdir. Mum sorusu Lim (2009) calismasindan uyarlanmis olup, bir dogru oranti
problemi ile bir orantisal olmayan problem igerip, adaylar bir mumun yanan kisminin
uzunlugu ile gecen zaman arasindaki dogru orantili iliskiyi ve iki Ozdes fakat farkli
zamanlarda ateslenmis iki mumun boylar1 arasindaki toplamsal iliskiyi incelemislerdir.
Adaylara sorular1 cevaplamalart i¢in 50 dakika siire verilmis olup, adaylarin kagit-kalem
testine verdikleri yazili cevaplar icerik analizi yontemi kullanilarak analiz edilmistir. Analizler
sonucunda sekiz 6gretmen adayi ile yar1 yapilandirilmis goriismeler gergeklestirilmistir.

Bulgular

Adaylarin cevaplar incelendiginde, en basarili olduklar1 problemin Mum sorusundaki

dogru oranti problemi oldugu goriilmiistiir, 44 aday (%95.7) dogru cevap verebilmistir.
Ayrica, 36 aday (%78.3) Bisiklet sorusunda kiigiik bisikletin tur sayisim1 dogru
hesaplayabilmistir. Adaylar en ¢ok Bisiklet sorusunda alinan mesafeyi hesaplamada ve Mum
sorusundaki toplamsal iligski iceren problemde zorlanmiglardir. Mum sorusunda orantisal
olmayan toplamsal iliskiyi 16 aday (%34,78) dogru orantil1 iligki ile karistirip yanlis sonug
elde etmiglerdir. Adaylarin ¢6ziim yontemleri incelendiginde, daha ¢ok i¢ler-dislar ve yan-
yana ¢arpma gibi mekanik yontemlere bagvurduklar1 gézlenmistir.

Bisiklet sorusunda 27 aday (%58,7) teker boyutlar1 ile pedal sayis1 arasindaki ters

orantilt iligkiyi belirleyebilmis olup, sadece 15 aday (%32,6) bu iliskiyi dogru sekilde temsil
edebilmistir. Diger taraftan, adaylarin sadece 14 (%30,4) tanesi c¢arklarin boyutlar1 ile
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etraflarindaki dis sayist arasindaki dogru orantili iliskiyi belirlemis ve yalniz sekiz aday
(%17,4) bu iliskiyi uygun matematiksel model kullanarak temsil edebilmistir. Mum
sorusunda, 34 aday (% 73,4) bir mumun yanmis kisminin uzunlugu ile bu parganin yanmasi
i¢in gegen siire arasindaki dogru orantili iliskiyi belirleyebilmis fakat sadece 16 aday (%34,8)
bu iligkiyi temsil edebilmistir. Son olarak, Mum sorusunda yalnizca dokuz (%19,6) aday
mumlarin yanan kisimlariin uzunluklar arasindaki toplamsal iliskiliyi belirleyebilmis ve
bunlarin sekizi (%17,4) bu iliskiyi temsil edebilmistir. Adaylar ile gerceklestirilen yari-
yapilandirilmis gériismeler, adaylarin orantisal olan ve olmayan iliskileri belirleme ve temsil
etmede yasadiklar1 zorluklar1 gozler dniine sermistir.

Sonuclar ve Tartisma

Adaylarin ¢oziim yontemleri incelendiginde Bisiklet sorusundaki ilk iki problem
haricinde daha c¢ok i¢ler-dislar ve yan-yana carpma gibi mekanik yontemlere basvurduklari
goriilmiistiir. Bu iki bisiklet problemi icerik olarak adaylarin dogrudan formiilleri
kullanmalar1 yerine daha derinlemesine incelemeye firsat vermistir. Bu nedenle, mekanik
yontemler yerine daha gelismis ¢6ziim yontemlerinin ortaya ¢ikmasini saglayip, 6gretmen
adaylarinin ezbere hesaplamalar1 kullanmaktan kaginmasina yardimei olmustur. Bisiklet
sorusunda, adaylar alan yazinda genel olarak kabul edilenin aksine dogru orantili iligkiyi
belirleme ve temsil etmede ters orantiya oranla daha fazla zorluk yasamislardir. Adaylarin bu
iki iligkinin belirtildigi problem igerigine alisik olup olmamalar1 bu sonucun bir nedeni olarak
gosterilebilir. Gorlismelerde adaylar teker donme sayilar1 ve biiytikliikleri arasindaki ters
orantili iligkiyi glinliik yasamdaki traktorlerin 6n ve arka tekerlerin donme sayilar1 6rneginden
yola c¢ikarak aciklamaya ¢alismislardir. Ayrica, bir aday buna benzer sorular1 Fizik dersinde
ogrendiklerini bahsetmistir. Diger taraftan, cark biiyilikligii ve dis sayis1 6rnegi ise adaylarin
giinliik yasamlarinda veya derslerde daha az rastladiklar1 bir durumdur.

Bisiklet ve Mum sorularinda yer alan dogru orantili iligkiler karsilastirildiginda, adaylar
Mum sorusunda yer alan dogru orantili iligskiyi Bisiklet sorusuna oranla daha kolay tespit
etmislerdir. Buna ragmen pek ¢ok aday mumun yanan miktarinin uzunlugu ile zaman
arasindaki dogru orantili iligkiyi uygun matematiksel model ile temsil etmede zorlanmistir.
Adaylarin orantisal olan ve olmayan iligkileri temsil etme konusundaki zorluklari, bu iligkiler
hakkinda geg¢miste ortaokul ve liselerde almis olduklar1 ezbere dayali 6gretim ile
iliskilendirilebilir. Adaylara igerik olarak zengin problemler verip, bu problemlerde yer alan
matematiksel iliskileri ¢oklu temsiller ile gdstermeye tesvik etmek orantisal akil

yiriitmelerinin  gelisimine katki saglayabilir (Lo, 2004). Adaylar1 ¢o6ziimlerinde ¢oklu
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temsiller kullanmaya tesvik etmek, oran, oranti ve orantisal iligki gibi kavramlarla ilgili

karsilastiklar1 zorluklarin Gistesinden gelmeye yardimeci olabilir (Johnson, 2017).
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Abstract — This study investigated 46 preservice middle school mathematics teachers’ solution strategies and
determination and representation of proportional and nonproportional relationships in terms of problem contexts.
In 2017 and 2018 fall semesters, the preservice teachers were given a paper-pencil test with two mathematical
tasks. The preservice teachers’ responses were analyzed using a content analysis method. Based on the analysis,
semi-structured interviews were conducted with eight preservice teachers. The findings indicated that the
preservice teachers’ solution strategies and determination and representation of relationships were affected by
the problem contexts. The preservice teachers were better at determining and representing inversely proportional
relationship than directly proportional relationship, which was quite opposite of the findings usually cited in the
literature. Determining and representing nonproportional relationship appeared to be the most challenging task
for them. Problems that required in-depth examinations elicited the use of more sophisticated solution strategies

and helped the preservice teachers to avoid applying rote computations.

Key words: mathematical representations, preservice teachers, problem context, proportional reasoning,
proportional relationships.
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Introduction
Understanding ratios, proportions, and proportional relationships forms a very important

part of school mathematics (Lamon, 2007; Lobato & Ellis, 2010). However, these topics are
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regarded as the most challenging topics to learn in middle school (Arican, 2019; Izsak &
Jacobson, 2017; Lamon, 2007). In the literature, the ratio is defined as a multiplicative
comparison of two quantities with the same or different units (Lobato & Ellis, 2010).
Whereas, a proportion is a mathematical expression showing the equality of two ratios
(Fisher, 1988; Lobato & Ellis, 2010). On the other hand, there are two types of proportional
relationships: directly proportional and inversely proportional. Directly proportional
relationships are modelled by the equation y = kx (Lamon, 2007). In this equation, the
variables y and x represent the quantities that are in a proportional relationship, and the
amount k represents the constant of proportionality. Hence, in a direct proportion, the ratios
formed by the values of quantities are equal to a constant number. Whereas, the mathematical
model for an inversely proportional relationship is yx = k. Therefore, the products of
corresponding values are equal to a constant number in an inverse proportion. Understanding
these constant ratio and constant product relationships is essential in distinguishing directly
and inversely proportional relationships from each other as well as from nonproportional

relationships.

Proportional reasoning is defined as “identifying, representing, analyzing, explaining,
and providing evidence for proportional relationships” (Lamon, 2007, p. 647). Since
identifying proportional relationships involve understanding multiplicative relationships
between quantities compared, proportional reasoning has been regarded as a special form of
multiplicative reasoning (Lesh, Post, & Behr, 1988). Proportional reasoning is an important
concept in understanding many situations in science and daily life (Cramer & Post, 1993) and
has a key role in the development of students’ school arithmetic and higher mathematics
(Kilpatrick, Swafford, & Findell, 2001; National Council of Teachers of Mathematics
[NCTM], 2000). Furthermore, proportional reasoning requires the determination of
proportional relationships between quantities and representation of these relationships using
mathematical models such as tables, graphs, equations, diagrams, and verbal descriptions
(Common Core State Standards Initiative [CCSSI], 2010).

Students’ and preservice teachers’ (PSTs) difficulties with solving proportion problems
and determining and representing proportional relationships have been reported by many
studies (e.g., Arican, 2019; Fisher, 1988; Izsak & Jacobson, 2017; Johnson, 2017; Lim, 2009;
Modestou & Gagatsis, 2007). In recent years, some researchers (e.g., Degrande, Van Hoof,
Verschaffel, & Van Dooren, 2017; Fernandez, Llinares, Modestou, & Gagatsis, 2010; Kaput
& West, 1994; Van Dooren, De Bock, & Verschaffel, 2010) examined students’ difficulties
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with proportional reasoning in terms of problem contexts. These researchers reported the
effects of problem context on students’ strategy choices, mathematical competences, and
preferences for additive or multiplicative reasoning. However, there is not enough information
in the literature on the effects of problem contexts on PSTs’ solution strategies and
determination and representation of proportional and nonproportional relationships.
Understanding PSTs’ difficulties with determining and representing proportional and
nonproportional relationships can help university educators to better prepare these PSTs for
their future careers. Hence, the mathematical knowledge for teaching (MKT) framework (e.g.,
Ball, Thames, & Phelps, 2008) was followed when designing this study. The MKT
framework was followed because it is essential to understand the PSTs’ mathematical
knowledge that they need to perform their work as teachers of mathematics. The results
obtained from this study can provide diagnostic feedback to the university educators about the
PSTs’ content knowledge needed for teaching the concepts of ratio, proportion, and
proportional relationship concepts. Therefore, the purpose of this study is to conduct in-depth
examination to understand how the contexts used in ratio and proportion problems affect
PSTs’ strategy choices and determination and representation of the given relationships. Using
two mathematical tasks, which include real-world problems with varying contexts, this study
investigates the following research questions:

1. How do contexts of ratio and proportion problems affect preservice middle school
mathematics teachers’ solution strategy choices?

2. How do contexts of ratio and proportion problems affect preservice middle school
mathematics teachers’ determination of proportional and nonproportional
relationships?

3. How do contexts of ratio and proportion problems affect preservice middle school
mathematics teachers’ representation of proportional and nonproportional
relationships?

4. What difficulties do preservice middle school mathematics teachers encounter when
solving ratio and proportion problems and determining and representing proportional

and nonproportional relationships?

Background
In terms of determining proportional and nonproportional relationships in the given

problems, researchers (e.g., Arican, 2019; Izsak & Jacobson, 2017; Johnson, 2017; Lim,
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2009) stated PSTs’ and in-service teachers’ confusions between directly and inversely
proportional relationships as well as between proportional and nonproportional relationships
(e.g., relationships in the form of y = kx + b, in which x and y are quantities compared and k
and b are numbers that are not zero). Arican (2019) discussed the PSTs’ over attention to the
qualitative relationships (i.e., simultaneous increases and/or decreases of quantities) and
constancy of the rate of change when determining proportional and nonproportional
relationships as two of the main challenges for determining these relationships. Although
determining inversely proportional relationships expected to be more challenging than
determining directly proportional relationships (e.g., Riley, 2010), there are quite inverse
cases. For instance, in a study conducted with 40 PSTs, Arican (2019) reported that 50% and
15% of the PSTs determined the inversely and directly proportional relationships presented in
a Gear task, respectively. Similarly, while 70% of the PSTs were able to solve the inverse
proportion problem, only 42.5% of them were able to solve the direct proportion problem. In
addition, Lim (2009) reported that the PSTs had more difficulty in determining

nonproportional relationships than directly and inversely proportional relationships.

Regarding PSTs’ representation of proportional and nonproportional relationships,
Arican (2019) reported that 15% of the PSTs were able to draw directly proportional graphs.
On the other hand, only 5% of these PSTs were able to draw inversely proportional graphs.
Arican (2019) observed the PSTs’ hesitations to start drawing their directly proportional
graphs from the origin and tendencies to represent inversely proportional relationships with
linear decreasing graphs with negative slopes. Similarly, Lo (2004) noted the PSTs’
difficulties with drawing appropriate pictures to explain the meaning behind their solutions to
a missing-value direct proportion problem. Moreover, students’ and PSTs’ overreliance on
using rote computations and rules while solving proportion problems is also noted by
researchers (e.g., Fisher, 1988; Harel & Behr, 1995; Orrill & Brown, 2012). Although these
rules can be effective in terms of obtaining correct answers, students use them with little
understanding of the multiplicative relationships presented (Arican, 2018; Izsak & Jacobson,
2017; Kaput & West, 1994).

As stated above, the effect of number size, problem type, and context on students’
strategy choices, mathematical competence, and preference for additive or multiplicative
reasoning has been also reported in the literature (e.g., Fernandez, Llinares, Modestou, &
Gagatsis, 2010; Degrande et al., 2017; Kaput & West, 1994). For instance, conducting a study
with 138 sixth-grade students, Kaput and West (1994) found that the following features of
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proportion problems made them easier to answer: numerical features (e.g. using reduced form
of ratios and familiar multiple) and semantic features (e.g., using for every/each statement and
familiar rates). Conversely, the following features of problems made them difficult to answer:
numerical features (e.g., non-integer ratios and small differences between the values of
quantities) and semantic features (e.g., using ambiguous groups). On the other hand,
Fernandez et al., (2010) investigated the effect of context in terms of primary and secondary
students’ choices of strategies. They reported that when the quantities involved an integer
relationship (i.e., integer ratio), students used more of ratio strategies. On the contrary, they
used more of informal strategies such as build-up strategies more often when the quantities
involved a non-integer relationship. Finally, Degrande et al. (2017) reported that children in
upper primary education associated a comparing growths context with an additive model and
suggested that students may associate contexts that involve time and distance with a
multiplicative model. Thus, this current study contributes to the literature by investigating the
effect of problem contexts on the PSTs’ determination and representation of proportional and

nonproportional relationships.

Methods

Overall Research Design

The purpose of this study was to provide an in-depth investigation of the effect of
problem contexts on the PSTs’ determination and representation of proportional and
nonproportional relationships. An explanatory research design model is followed when
developing this study because it helps researchers in understanding some phenomena more
efficiently and allows both quantitative and qualitative methods when analyzing the data
(Fraenkel & Wallen, 2006).

Participants and Recruitment Procedure

During the fall semester of 2017, 26 PSTs (23 females and 3 males), who enrolled in the
middle school mathematics program of a Turkish university, participated in the study. The
PSTs were in their last year (i.e., fourth year) of the program and attending to a course on
mathematical modelling. During the fall semester of 2018, the study was repeated with 20
PSTs (13 females and 7 males), who also attended to the same course, to have a convenient
sample size. Except three PSTs, who were in the third year of the program, the remaining

PSTs were in their last year of the program. | taught the course in both semesters, and all the

NEF-EFMED Cilt 14, Say1 1, Haziran 2020/ NFE-EJMSE Vol. 14, No. 1, June 2020



Arican, M. 639

PSTs who took the course participated in the study. Before their participation in the study, the
PSTs in both groups did not have any university level instruction on proportional and
nonproportional relationships. Hence, they solved the given problems using their previous
knowledge that they usually received in middle and high school. In Turkey, the instruction on
ratio and proportion concepts, which are provided in middle and high school, usually focuses
on rule memorization and rote computations. Hence, students learn these concepts from a
traditional perspective that emphasizes cross-multiplication and across-multiplication
strategies when solving proportion problems. These PSTs were purposefully recruited
because they were expected to teach ratio, proportion, and proportional relationship concepts
immediately after graduation. Thus, a purposive sampling technique (e.g., Patton, 2005) was

followed when recruiting these PSTs.

Data Collection and Analysis

The PSTs were provided with a paper-pencil test that included two mathematical tasks
(Bicycle and Candle tasks). The PSTs were given 50 minutes to complete this test. |
developed the Bicycle task myself and adapted the Candle task from Lim (2009). | decided to
use these two tasks because both of them included real-life contexts and were appropriate for
studying the PSTs’ ability to determine and represent proportional and nonproportional
relationships. In the adaptation of the Candle task, without changing the original context, |
replaced numbers and letters provided by Lim (2009) with new numbers and letters. Since
Lim (2009) designed this problem for PSTs, the problem was a valid and reliable source for

adaptation.

I followed Hsieh and Shannon’s (2005) conventional content analysis method when
analyzing the PSTs’ responses to these two tasks. In order to conduct this content analysis, |
generated an Excel file and recorded summaries of each PST’s responses in this file. I
considered my research questions and related literature on PSTs’ solution strategies (e.g.,
Fisher, 1988; Arican, 2018) and representations (e.g., Arican, 2019; Johnson, 2017; Lo, 2004)
when generating these summaries. The summaries included information about the correctness
of solutions and relationships identified, appropriateness of representations provided,
relevance of mathematical interpretations, and strategies used in solving these problems.
Using these summaries, | generated tables that gathered findings for each research question.
In these tables, the findings were reported using descriptive statistics (i.e., frequencies and

percentages) and supported by the pictures of the PSTs’ written responses. Based on the
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summaries and tables, | selected eight PSTs (5 females and 3 males) and conducted brief
individual semi-structured interviews with them to understand their reasoning in details. In
my selection of these eight PSTs, | paid attention to obtain a sample who had varying
achievements in solving the given problems. Hence, I coded the PSTs’ answers as correct,
partially correct, wrong, and no answer. Table 1 presents eight PSTs’ responses to the Bicycle
and Candle tasks. To maintain confidentiality, the PSTs’ real names were replaced with
pseudonyms. Each individual interviews were conducted in a single meeting and took
between 30 to 60 minutes. During the interviews, the PSTs worked on their responses that
they provided to the paper-pencil test, and | asked questions to them about their solutions and
representations. | watched all collected interview videos and transcribed verbatim the

necessary parts that | found important to discuss in the manuscript.

Table 1 Selected Eight Preservice Teachers’ Responses to the Problems

Bicycle Candle

(@ (b € (d) (e (0 (@ (b (© (d
Beril C w C C NA NA C C C NA
Zehra C w C NA PC NA C PC W NA
Mehmet Cc W Cc C C NA C C Cc Cc
Onur Cc W w W C C C C w W
Melisa cC w cC w C c ¢C w W
Mine C w w W C NA C C W NA
Hakan cC C cC ¢C C PC cC ¢C c C
Merve C W w W C W C C W

Note. C: Correct; PC: Partially Correct; W: Wrong; and NA: No Answer.

Mathematical Tasks

As stated above, two mathematical tasks were used in this study (Table 2). The Bicycle
tasks was suitable for examining the PSTs’ reasoning on the direct and inverse proportions. In
this task, the PSTs were told that two friends, Akin and Ayse, travelled a certain distance
using their bicycles that had 30 cm and 20 cm wheel radius, respectively. Moreover, it was
told that Akin and Ayse cycled their pedals at the same pace, and both bicycles had the same
size pedal and rear wheel gears with 5 cm and 2 cm radius, respectively. In Bicycle (a), the
PSTs had to calculate the number of pedaling that Ayse needed for completing the distance
they travel given that Akin completed the same distance by pedaling his bicycle 200 times.

The pedal gear and the gear on rear wheel were intertwined, so that they rotated together.
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Hence, there was an inversely proportional relationship between the size of gears and number
of rotations that they made. There was also an inversely proportional relationship between the

size of wheels and number of pedaling required for completing the distance.

Table 2 Problem Descriptions of the Mathematical Tasks

Task Problem Descriptions

(a) Cycling at the same pace, Akin completed the distance they travelled by pedaling his bicycle 200

times. How many times does Ayse need to pedal her bicycle to complete the same distance?

(b) Calculate the distance that they travelled.
(c) If Akin completed the distance in 16 minutes, please calculate how many minutes are needed by
Ayse to complete the same distance.

Bicycle  (d) If pedal gear has 30 notches, how many notches are there around the gear located on the rear
wheel?
(e) Please determine the relationship, if any, between the sizes of wheels and number of pedaling
made for traveling the distance. Represent this relationship with an appropriate mathematical model.
(f) Please determine the relationship, if any, between the sizes of pedal and rear wheel gears and

number of notches around them. Represent this relationship with an appropriate mathematical model.

(a) A candle burns at a constant rate. It is known that 15 mm of this candle was burn in 12 minutes,
please calculate how much part of it burns in 20 minutes.

(b) If n mm long part of this candle burns in t minutes, please determine the relationship between n

Candle  and tand represent this relationship with an appropriate mathematical model.

(c) B and C are two identical candles burning at the same constant rate but they are lit at different
times. When 16 mm of the candle B burns, 10 mm of the candle C burns. Please calculate how much
part of the candle C burns when 24 mm of the candle B burns.

(d) Knowing that when X mm of the candle B burns, Y mm of the candle C burns. Please determine
the relationship, if any, between X and Y and represent this relationship with an appropriate

mathematical model.

In Bicycle (b), the PSTs were asked to calculate the distance Akin and Ayse travelled.
The distance could be presented by the equation, distance = the number of rear wheel
rotations * rear wheel circumference, in which the circumference was equal to the distance
travelled in one rotation of a wheel. The distance equation necessitated a directly proportional
relationship between the distance and number of rotations and between the distance and
circumference. Similarly, there was an inversely proportional relationship between number of
rotations and circumference. Therefore, recognizing an inversely proportional relationship

between the size of a gear and number of rotations, a PST should calculate that Akin’s rear
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gear made 500 rotations. This PST should understand that Akin’s rear wheel also rotates 500
times because rear wheel completes the same number of revolutions as rear gear. Hence, the
PST should calculate the distance Akin travelled using X (cm) = 500 (rotations) * 60z (cm per
rotation) formula. Considering the equity of distances Akin and Ayse travelled, the same PST
should calculate the number of rotations on Ayse’s rear gear as 750. Finally, using this

information, the PST should calculate the number of rotations on her pedal as 300.

In Bicycle (c), the PSTs had to examine the directly proportional relationship between
the number of pedaling and time needed for completing the distance in which the ratio of
number of pedaling and number of minutes was equal to a constant (i.e., 25 rotations per 2
minutes). The same problem could be also solved recognizing the inversely proportional
relationship between the radius of a wheel and time (i.e., 30 cm * 16 minutes = 20 cm * 24
minutes). In Bicycle (d), the PSTs had to investigate a directly proportional relationship
between the sizes of gears and number of notches around them (i.e., 6 notches per 1 cm).
Bicycle (e) and (f) were about representing the directly and inversely proportional

relationships described in here.

In Candle (a) and (b), the PSTs examined a directly proportional relationship between
the height of burned part of a candle and time required for burning this part (i.e., 5 mm per 4
minutes). In Candle (c), the PSTs were given two identical candles, B and C, which were
burning at the same constant rate but lit at different times. Next, they investigated the
relationship between the heights of burning parts of candles. There was an additive
relationship between the heights of burning parts (i.e., 16 mm - 10 mm was equal to a
constant) because two candles had the same constant burning rate but they were lit at different

times.

Results

In this section, the PSTs’ responses to the paper-pencil test and findings obtained from

the semi-structured interviews are presented.

The Preservice Teachers’ Responses to the Paper-Pencil Test
The PSTs’ solutions to the paper-pencil test are classified as either correct, incorrect,
incomplete, or no answer (Table 3). Table 3 shows that the PSTs were better at solving

problems in Candle (a) and Bicycle (a). The PSTs obtained the lowest correct rate on the
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problem in Bicycle (b). Moreover, the PSTs’ were better at answering the inverse proportion

problem in Bicycle (c) than the direct proportion problem in Bicycle (d).

Table 3 The Distribution of the Preservice Teachers’ Solutions

Problem Correct Incorrect Incomplete No %
Solutions Solutions Solutions Answer
(@) 36 4 4 2 78.3
(b) 13 31 0 2 28.3
(©) 27 14 0 5 58.7
Bicycle
(d) 24 15 1 6 52.2
@) 44 1 1 0 95.7
Candle () 22 22 1 1 47.8

Regarding with the PSTs’ solution strategies, in Bicycle (a), 24 PSTs used a distance
formula, and 11 PSTs used an across-multiplication strategy. In Bicycle (b), the PSTs who
calculated distance in terms of number of pedaling appeared to not recognize that the number
of rotations on wheels was determined by the rotations made by the rear gear. Hence, 22 PSTs
mistakenly calculated the distance in terms of number of pedaling (Figure 1), X (cm) = 200
(rotations) * 60m (cm per rotation) and X = 300 (rotations) * 40m (cm per rotation), which
must be either X = 500 (rotations) * 60m (cm per rotation) or X (cm) = 750 (rotations) * 40w
(cm per rotation). In Figure 2, the PST was able to calculate the correct number of pedaling on

Ayse’s bicycle; however, she incorrectly calculated the distance using the pedal rotations.
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Figure 3 A PST’s responses to the problems in Bicycle (a) and (b)

In Bicycle (c), Bicycle (d), and Candle (a), the PSTs mostly relied on the cross-
multiplication and across-multiplication strategies. The PSTs used different variations of

these two strategies in solving problems. Furthermore, the PSTs’ responses suggested their
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difficulties with distinguishing directly and inversely proportional relationships from each
other as well as distinguishing from nonproportional relationships. For instance, In Bicycle
(c), six PSTs solved the problem incorrectly assuming a directly proportional relationship
between time and wheel size. Moreover, three PSTs provided wrong answers assuming an
inversely proportional relationship between time and number of pedaling. Similarly, in
Bicycle (d), 10 PSTs calculated the number of notches around the rear gear as 75 notches,
which should be 12 notches, assuming an inversely proportional relationship between the
sizes of gears and number of notches around them. On the other hand, in Candle (c), only 22
PSTs recognized the constant difference between the heights of burning parts in two candles
(e.g., Figure 2a) in which 16 PSTs (34.78%) erroneously calculated the height of the burning
parts as 15 mm (Figure 2b) assuming a directly proportional relationship.

24 >

L e A 3 (o
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(@ (b)

Figure 2 Two PSTs’ responses to the problem in Candle (c)
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When the PSTs’ determination of the mathematical relationships are examined, Table 4
shows their weaknesses in identifying correct relationships. In the Bicycle task, more PSTs
determined the inversely proportional relationship between the sizes of wheels and number of
pedaling than the directly proportional relationship between the sizes of gears and number of
notches. In the Candle task, although many PSTs determined the directly proportional
relationship between the height of burned part of a candle and time required for burning this
part, most of them had difficulty determining the additive relationship between the heights of

burning parts in two candles.

Table 4 The Preservice Teachers’ Determinations of the Mathematical Relationships

DP IP AD I-D -1 NA Percent
Bicycle (e) 1 *27 0 8 0 10 58.7
() *14 4 0 0 5 23 30.4
Candle (b) *34 2 2 0 7 1 73.4
(d) 15 1 *9 0 0 21 19.6
Note. * indicates the correct answer; DP: Directly Proportional; IP: Inversely Proportional; AD: Additive; I-D:
Increase-Decrease; I-1: Increase-Increase; and NA: No Answer.
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In Table 4, one PST described the inversely proportional relationship in Bicycle (e) as
directly proportional, and eight PSTs described it as qualitatively (i.e., the radius increases
and the number of rotations decreases) without recognizing proportionality. Moreover, four
PSTs described the directly proportional relationship in Bicycle (f) as inversely proportional,
and five PSTs described it as qualitatively (i.e., the radius increases and the number of
notches increases). Furthermore, two PSTs stated the directly proportional relationship in
Candle (b) as inversely proportional relationship, two PSTs described it as additively, and
seven PSTs described it as qualitatively. Finally, 15 PSTs described the additive relationship

in Candle (d) as directly proportional, and one PST described it as inversely proportional.

Considering qualitative relationships (i.e., I-D and I-1) as partially correct in Table 4, |
examined the PSTs’ determination of relationships within the bicycle context (Table 5) and
between the bicycle and candle contexts (Table 6). Table 5 shows that 11 PSTs correctly
identified both the inversely and directly proportional relationships. However, 10 PSTs who
correctly identified the inversely proportional relationship did not provide a response for the
directly proportional relationship. Moreover, nine PSTs did not provide a response for both
relationships. Similarly, Table 6 shows that 11 PSTs correctly identified both relationships.
On the other hand, 19 PSTs who identified the directly proportional relationship in the Candle

task did not provide a response for the directly proportional relationship in the Bicycle task.

Table 5 The Preservice Teachers’ Determination of the Directly and

Inversely Proportional Relationships in the Bicycle Task

Directly Proportional (Bicycle f)

C PC w NA

C 11 3 3 10
Inversely PC 1 2 1 4
Proportional W 1 0 0 0
(Bicycle e) NA 1 0 0 9

Note. C: Correct; PC: Partially Correct; W: Wrong; and NA: No Answer

Table 6 The Cross Analysis of the Bicycle Task and Candle
Task

Directly Proportional (Candle b)
C PC w NA
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C 11 2 1 0
Directly PC 2 3 0 0
Proportional W 2 2 0 0
(Bicycle f) NA 19 0 3 1

Note. C: Correct; PC: Partially Correct; W: Wrong; and NA: No Answer

The PSTs’ representations of the relationships could be classified under three main
categories: formula, graph, and other type of representations (i.e., table, diagram, figure, etc.)
(Table 7). In Table 7, the total number exceeds 46 since some PSTs provided more than one
representation. In their representations of the relationships, the PSTs usually provided direct
and inverse proportion graphs and their formulas (Figure 3). Partially correct representations
suggested some understanding of the PSTs, but the graph or the formula was not correct or
complete. Many of the PSTs had difficulty representing the nonproportional and directly
proportional relationships presented in Candle (d) and Bicycle (f), respectively. In Candle (d),
15 PSTs incorrectly determined the additive relationship as directly proportional. Hence, these
PSTs tended to represent this additive relationship by providing either a direct proportion
formula and/or a graph of it. On the other hand, in Bicycle (f), 24 PSTs did not provide a
representation of the directly proportional relationship. Hence, high no answer rate in that

problem suggested issues with the PSTs’ understanding of this relationship.

Table 7 The Distribution of the Preservice Teachers’ Mathematical

Representations

Problem Formula Graph Other NA
cC PC W C PC W C PC W

Bicycle () 12 7 2 1 11 6 1 0 1 14
® 5 4 5 1 7 2 2 1 2 24
Candle () 10 19 5 5 17 3 1 2 0 2
(d 8 4 16 0 1 9 0 0 6 11

Note. C: Correct; PC: Partially Correct; W: Wrong; and NA: No Answer
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Figure 3 A PST’s correct representations of the inversely proportional relationship in Bicycle (e)

Semi-Structured Interviews

To understand the PSTs’ reasoning in detail, | conducted brief individual semi-
structured interviews with eight PSTs. In the following pages, I present only Hakan’s and
Merve’s responses to the interview questions in details. These two PSTs’ responses were
provided because Hakan and Merve were the most successful and weakest of the eight PSTs,
respectively (see Table 1). In the transcripts, pauses were shown with ellipses and actions
were described within square brackets, and figures show the PSTs’ responses to the paper-

pencil test.

Hakan, who was in his third year of the program, was the only student who provided
correct response for Bicycle (b). Similarly, only Hakan and another PST provided correct
responses for Candle (d). In his response to the distance travelled by Akin and Ayse, Hakan
calculated that rear wheel rotated 10 times for every 4 rotations of the pedal (Figure 4). When

| asked him about how he obtained 10 and 4 rotations, he responded as follows:

Hakan (H): Because as the radius decreases the number of rotations increases.
Interviewer (INT): How did you obtain this information?

H: Because my previous knowledge on physics. | have worked on the topic of gears in
physics, so I used this information. I equated 10z and 4x at 40x. 1 said 4x should be 40,
so it makes 10 rotations. Next, I said 10z should rotate four times for being equal to
40m.

INT: How did you calculate 500 rotations?

H: To equate four rotations to 200 rotations, | said we need to multiply by 50. Hence,
multiplying 10 by 50, | got 500 rotations.

INT: Then from here, you calculated 30000x. How did you calculate that?

H: It was the distance X....using 2nr and taking radius as 30, I calculated the
circumference of the wheel as 60mx.

INT: What did 60r give you?
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H: The distance covered in one rotation. Next, | said if it covers 60x in one rotation, for
a total of 500 rotations on the rear wheel...one rotation becomes 500 rotations, so | said
we need to multiply 60 by 500. When | multiplied, I calculated X as 30000.

Figure 4 and the exchanges above show that Hakan’s previous knowledge on gears, which he
studied in physics classes, facilitated him in calculating the distance covered by each bicycle.
Hence, using his experience on gears, Hakan was able to determine the inverse relationship
between the radius and number of rotations which he stated by saying “as the radius decreases
the number of rotations increases.” His responses above show that he was reasoning
multiplicatively and knew that the circumference of the wheel was equal to the distance

covered in one rotation.
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Figure 4 Hakan’s responses to the problems in Bicycle (a) and (b)

In Bicycle (e), Hakan wrote that “If we take the distance as constant, then when the size
of a wheel increases, the number of rotations on pedal decreases in a certain ratio.” Next,
taking an arbitrary measure for the distance (i.e., 4800m), he represented the relationship
between the radius and number of rotations by X=2400/radius (Figure 5). However, he did not
provide a graph of this inversely proportional relationship. During the interview, | asked him
about what kind of a relationship there was between the radius and number of rotations. He
responded as follows:

H: | said inverse proportion, but I did not write it.

INT: How did you know there was an inverse proportion?

H: I think, my radius is decreasing and rotations on the pedal increases [pointing out his
calculations]. Normally, in the inverse proportion, we get the same result when we
multiply, so it is an inverse proportion.

INT: What do you mean by multiply?

NEF-EFMED Cilt 14, Say1 1, Haziran 2020/ NFE-EJMSE Vol. 14, No. 1, June 2020



Arican, M. 649

H: We always get 2400 when we multiply the number of rotations on pedal and radius
of the wheel. Since the distance is constant, the multiplication of the number of
rotations on pedal and wheel radius must be equal.

INT: Did you notice this equity during the test or recognized it now?

H: | noticed it when | was taking the test and considered this equity when | obtaining
my formula which already shows the inverse proportion.

In his determination of the inversely proportional relationship, Hakan both attended to the
simultaneous increases and decreases which he stated by saying “my radius is decreasing and
rotations on the pedal increases” and the constant product relationship between quantities
multiplied which he also stated by saying “Normally, in the inverse proportion, we get the
same result when we multiply.” Thus, Hakan’s responses above suggested his understanding

of the inversely proportional relationship between the radius and number of rotations.
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Figure 5 Hakan’s representation of the inversely proportional relationship in Bicycle (e)

In Bicycle (f), Hakan described the relationship between the number of notches and
radius by also attending to the simultaneous increases and decreases, which he stated by
writing “When the pedal radius increases, the number of notches increases” and “When the
pedal radius decreases, the number of notches decreases.” However, he obtained an incorrect
formula, Distance=Circumference/(number of notches), and did not provide a graph of this
relationship. During the interview, he recognized that his formula was not correct but could
not obtain the correct formula. Similar to the previous problem, I asked if there was a name of
the relationship between the number of notches and radius which he described earlier. He
responded as follows:

H: I thought it as the direct proportion.
INT: Why did you think that way?
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H: As the radius increases, the circumference also increases and so more notches can be
placed around it. If the radius decreases, less notches will be around it. Hence, | thought
it as the direct proportion.

INT: In the previous question, you said there was an inverse proportion and stated that
their products were constant. Do you think there is or there should be a similar situation
in the direct proportion?

H: It should be...their division must be equal to a constant.... if we write it, both 10%
divided by 30 and 4n divided by 12 equals to m over 3 [He wrote 10m/30 = n/3 and
4n/12 = 1/3].

INT: Did you notice that now or noticed it during the test?
H: I noticed it right now.

In Bicycle (e), Hakan’s attention to the constancy of the products appeared to facilitate him in
obtaining the formula. On the other hand, although he recognized the constancy of ratios

during the interview, he did not attempt to correct his incorrect formula.

Hakan recognized the additive relationship in Candle (d) and represented this
relationship with X- Y=k in which he wrote that k was showing the difference between the
lengths of burnings parts in two candles. During the interview, Hakan said the relationship
between the lengths of burnings parts was not proportional but there was a constant difference
between the lengths of burning parts. Therefore, his understanding of this additive
relationship suggested that he was able to distinguish proportional and nonproportional

relationships.

In her responses to the problems, Merve did not often state units, so | showed them
between square brackets. Merve was able to calculate the number of rotations in Ayse’s
bicycle using an across-multiplication strategy (i.e., 0.6z * 200 rotations = 0.4n * X rotations).
Although an across-multiplication strategy assumes an inversely proportional relationship
between quantities compared, during the interview Merve stated the relationship between the
circumference of a wheel and number of rotations as directly proportional. When | reminded
her that the across-multiplication strategy necessitates an inversely proportional relationship,

she responded as follows:

Merve (M): | considered this as directly proportional because if it was inversely
proportional, this wheel has smaller circumference [pointed at 0.4x] then it would go
less distance. Hence, it should be directly proportional, so that it can go more distance.

Merve’s response above suggested an inconsistency between her solution strategy and
determination of the relationship. She decided the directly proportional relationship

independently from her solution. She appeared to mix the directly proportional between the
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distance and circumference with the inversely proportional relationship between the

circumference and number of rotations.

In Bicycle (b), Merve calculated the distance as 500 meters (X = [0.6n meter + 0.4n
meter] * [200 rotations + 300 rotations]). During the interview, she stated that “I thought this
[distance] as distance equals speed multiplied by time....next, I considered circumference as
speed and rotations as time.” Applying her formula one more time separately for both
bicycles, she obtained 1200 meter as her answer. Although her original and new responses
were both incorrect, she became aware of the mistake that she had done in her original
response. In Bicycle (c), modifying her initial distance formula, she wrote that “X = 16
[minutes] * 200 [rotations] = t [minutes] * 300 [rotations]” and calculated the answer as 32/3
minutes, which should be 24 minutes. During the interview, | asked Merve that thinking
independent of her original response who completes the distance quicker Akin or Ayse. She

responded as follows:

M: It seems like Akin completes the distance quicker, because he has longer
circumference.

INT: So, you mean his bicycle has a wheel with longer circumference?

M: Yes. When he rotates one time, other one has to return more....So, I expect Akin to
complete distance in less time than Ayse.

Next, | asked Merve to divide 32 by 3 and so reminded the inconsistency between her original
answer and her thoughts above. She realized the inconsistency but could not calculate the
correct answer using other solution strategies. Merve’s overreliance on the distance formula

obstructed her from obtaining a correct solution strategy.

Merve also obtained an incorrect answer for Bicycle (d). She multiplied 30 [notches] by
5 [cm] and equated this to 2 [cm] times a [notches]. Hence, she obtained an incorrect answer,

75 notches. When | asked Merve to explain her answer, she responded as follows:

M: | thought this as follows, there is an inverse proportion in here. If the radius is bigger
than the number of notches....becomes more. | used this information. So, the product of
the radius and number notches should be equal.

INT: Did you say more notches or less notches?
M: If the radius is bigger than there are more notches.

Merve’s responses above again showed an inconsistency between her reasoning and solution.
When reminded this inconsistency, she responded that “Now I think this as a direct
proportion, but in this solution [pointed at 75 notches], I used an inverse proportion.” Next, I

asked Merve how she understood that she used an inverse proportion in the original response.
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She said that “Because I multiplied them...if the radius was increased, this [pointed at the
number of notches] should have decreased.” Some exchanges later, she corrected her mistake
and calculated the correct answer, 12 notches, by showing the equity of ratios (i.e., 2 [cm] / 5
[cm] = a [notches] / 30 [notches]). This finding also shows that how Merve calculated her

solution independent from the problem context.

Merve is a good example for PSTs who correctly identified both the inversely and
directly proportional relationships in Bicycle (e) and Candle (b), respectively but could not
determine the directly proportional relationship in Bicycle (f), which she determined as
inversely proportional. In Bicycle (e), Merve determined the relationship as inversely
proportional, which she stated by writing “These [i.e., the number rotations and size of
wheels] become inversely proportional” and showed the equality of products (i.e., 30 [cm] *
200 [rotations] = 30 [cm] * 200 [rotations]) (Figure 6a). However, using two pairs of values,
she drew the inversely proportional graph as it was representing a linear decreasing
relationship with a negative slope. During the interview, | asked Merve if she was given more
pairs of numbers what her graph would look like, she generated new pairs and obtained the
correct inversely proportional graph (Figure 6b). She was able to see that the line of the graph
should not intersect with the axes, so decided this new graph was more appropriate than the
original one. Later, | asked Merve why she originally drew the inversely proportional graph as
linear and intersecting with the axes. She said that “This is how I learned inverse proportion in
middle school. Teachers used to draw inverse proportion graph like this [pointed at the graph

in Figure 6a].”
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Figure 6 (a) Merve’s incorrect representation in Bicycle (e); (b) Merve’s correct

representations in Bicycle (e) and Bicycle (f)

In Bicycle (f), assuming an inversely proportional relationship between that the radius
and number of notches, Merve drew the incorrect linear graph again (Figure 7). In her
response, she wrote that “Again there is an inverse proportion” and showed that the product of
the radius and number of notches was equal in two gears, which she represented by the
equation “0.05 [meters] x 30 [notches] = 0.02 [meters] X 75 [notches]. In this problem,
Merve’s mistake was a reflection of her incorrect answer (i.e., 75 notches) to Bicycle (d).
During the interview, Merve initially thought that her graph in Figure 7 was correct. Later, |
reminded her that she corrected 75 notches and found it to be 12 notches. Hence, using this
new information, she was able to draw the correct graph (see Figure 6b). However, she still
expected the products to be equal and responded as follows:

M: I corrected my graph but the product of these are not equal.

INT: What do you mean by these?

M: When | multiply 0.02 by 12 and 0.05 by 30, these two are not equal. Hence, these
are not directly proportional.

INT: So, do you expect products to be equal in a directly proportional relationship?
M: Yes.

Merve’s responses above indicated her confusion about the directly and inversely proportional
relationships. She could not describe the relationship in this problem but stated that “It is

neither directly proportional nor inversely proportional.”
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Figure 7 Merve’s incorrect representation in Bicycle (f)

In Candle (a), Merve stated that there was a directly proportional relationship and using
the cross-multiplication algorithm, she obtained the correct answer, 25 mm. In Candle (b), she
wrote that “t minutes and n mm are directly proportional. When the time increases, the height
of the burning part also increases.” She also drew a directly proportional graph but did not use
numbers instead used letters (Figure 8). During the interview, | asked Merve if she obtained a
formula using n and t values, whether the product of these were equal for all pairs or not. She

responded as follows:

M: Yes, the products of these will be equal...[she wrote n1*t]l = n2*t2] because the
slopes are all equal in this graph....[after some minutes] No this is not going to be like
that. It should be nl/t1 = n2/t2. One minute, this [pointed at the graph in Figure 6b] is
also directly proportional.

INT: Why?

M: It is directly proportional because in fact | should have divided rather than
multiplied. Then, this becomes correct.

INT: Why did you initially said the products are not equal for this?
M: That time | thought this as inversely proportional, but it is directly proportional.

Using the context of candles, Merve finally recognized her mistake in Bicycle (f) and showed
the equity of ratios (see Figure 6b). Next, she stated that “Earlier, in this graph [pointed at the
directly proportional graph in Figure 8], | said the slopes should be equal. It came to my mind

using division from this slope idea.”
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Figure 8 Merve’s determination and representation of the directly proportional relationship in
Candle (b)

In Candle (c), Merve stated that she used the Speed formula (i.e., V = x / t), which
necessitated a directly proportional relationship, because the burning rates of two candles
were the same. Using this formula, she incorrectly calculated the answer as 15 mm. In Candle
(d), Merve stated that there was a directly proportional relationship and represented it by
showing the equality of two ratios (i.e., X/t1 = Y/t2). During the interview, Merve did not
recognize that there was an additive relationship between the heights of burning parts in two

candles.

Conclusion and Discussion

In recent years, more attention has been given to identifying students’ and PSTs’
proportional reasoning and difficulties with this complex concept. Moreover, the influence of
the problem contexts has been investigated in terms of student achievement. However, there is
not enough research on the effects of problem contexts on PSTs’ solution strategy choices and
determination and representation of proportional and nonproportional relationships.
Therefore, in this study, the effects of problem contexts on the PSTs’ strategy choices and
determination and representation of proportional and nonproportional relationships were
investigated. In addition, the difficulties that the PSTs encountered when determining and
representing proportional and nonproportional relationships were also examined in the light of

problem contexts.

Regarding the first research question, the PSTs used a variety of solution strategies to
answer problems. Although there were cognitively intriguing solutions, especially in Bicycle
(@ and (b), many solutions relied on the cross-multiplication and across-multiplication
strategies. In Bicycle (a) and (b), to calculate correct answers, most of the PSTs used a
distance formula, which was very much similar to the one that they learned in middle and

high school mathematics classes. Hence, in some extent, the context facilitated these PSTs in
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avoiding the cross-multiplication and across-multiplication strategies. In Bicycle (c) and (d)
and in Candle (a), the majority of the PSTs relied on the cross-multiplication and across-
multiplication strategies. In addition, in Candle (c), expecting a directly proportional
relationship, 16 PSTs used the cross-multiplication strategy and obtained incorrect answers.
The problems in Bicycle (c) and (d) and Candle (a) and (c) might have inclined the PSTs to
apply the cross-multiplication and across-multiplication strategies because they could be
solved easily using these two strategies and did not involve an in-depth examination as in
Bicycle (a) and (b). However, as in Merve’s case, some PSTs may automatically apply rules
or formulas not necessarily thinking about problem contexts. Therefore, the findings suggest
that using real-life problems with contexts that require in-depth explorations can help PSTs to

avoid rote computations and can lead to the use of more cognitively intriguing strategies.

In terms of the second research question, in the Bicycle task, the PSTs were better at
determining the inversely proportional relationship than the directly proportional relationship
(see Table 5). This result is interesting because literature (e.g., Riley, 2010) usually reports the
quite opposite of this finding. However, similar to this current study, using a gear context,
which was similar in nature with the bicycle context, Arican (2019) also reported the PSTs’
better performances in determining the inversely proportional relationship than determining
the directly proportional relationship. The difference between the PSTs’ success rates in
determining the inversely and directly proportional relationships can be explained by the fact
that most of these PSTs were quite familiar with the context of riding a bicycle. On the other
hand, in their lives, they might not need to think about the relationship between the size of a
gear and number of notches around it. Furthermore, comparing the directly proportional
relationships in Bicycle (f) and Candle (b), more PSTs were able to determine this
relationship in Candle (b) than Bicycle (f) (see Table 6). It appeared that the candle context
was easier for the PSTs to comprehend than the bicycle context. The problems in the Bicycle
task involved knowledge of physics, and the PSTs with this type of knowledge, such as
Hakan, were better at solving bicycle problems. On the contrary, the PSTs were pretty much
familiar with the context of candle because they either use candles in their homes or at least
had a chance to observe the burning of a candle. Thus, the PSTs’ familiarity with the problem

contexts was the main factor in their successes in determining these two relationships.

Regarding with the third research question, the PSTs represented proportional and
additive relationships either forming a formula or drawing a graph. There was a limited
number of other types of representations (i.e., tables, diagrams, pictures, etc.). Considering
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wrong and no answer rates, the PSTs mostly had difficulty in providing representations for
the additive and directly proportional relationships presented in Candle (d) and Bicycle (f),
respectively. Therefore, their ability to provide representations was affected by difficulties
that they faced with determining these two relationships. The PSTs also had difficulty with
the representation of the inversely proportional relationship. For instance, Merve drew the
inversely proportional graph as it was representing a linear decreasing relationship with a
negative slope. During the interview, Merve stated that she learned this incorrect graph in
middle school. Hence, in some extend, the PSTs’ difficulties with representing proportional
and nonproportional relationships can be linked to the inappropriate instruction that they
received on these relationships. Providing PSTs with rich mathematical tasks and encouraging
them for generating representations can deepen their proportional reasoning (Lo, 2004). Thus,
it is necessary for mathematics educators to encourage PSTs to use multiple representations
when teaching ratios, proportions, and proportional relationships. Encouraging PSTs to use
representations in their solutions can help overcoming issues that they face with these
concepts (Johnson, 2017).

In terms of the last research question, some PSTs had difficulty in determining
relationships and distinguishing directly and inversely proportional relationships from each
other and as well as from nonproportional relationships. This result confirms the findings
obtained in previous studies (e.g., Arican, 2019; Cramer, Post, & Currier, 1993; Izsdk &
Jacobson, 2017; Lim, 2009). Moreover, high no answer rates for Bicycle (f) and Candle (d)
suggested issues with the PSTs’ understanding of the directly proportional and additive
relationships presented in these two problems, respectively. | expected determining the
additive relationship in Candle (d) to be challenging for the PSTs because they were not
familiar with this type of context. However, | expected them to determine the directly
proportional relationship in Bicycle (f), but many of them did not provide a response for this
relationship. In Bicycle (d), 10 PSTs used an across-multiplication strategy expecting an
inversely proportional relationship between the radius and number of notches. This finding
suggests that the problem context (i.e., number of notches) might have directed them to an

incorrect inference of an inversely proportional relationship.

As stated above, the findings of this study indicated issues with the PSTs’ proportional
reasoning. Since these PSTs will be teaching ratio, proportion, and proportional relationship
concepts after graduation from university, mathematics education at the university level

should involve courses that aim at developing PSTs’ MKT on these concepts. Therefore,
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university educators should pay attention to research findings such as the ones presented in
this study to provide appropriate instruction on these concepts.
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