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The review of the modern situation in development of periodical solutions of 

equations of Korteweg-De Vries type could be found in [1, pp. 112-186]. In this article 

the problem of existence of periodical solutions of regularized equations of KDF type is 

considered. Also, in this work the problem of existence and uniqueness of continuous 

and bounded solutions of initial problem of the same type equations is considered.  

The present article searches the existence and uniqueness of periodical with period 

Т by х solution of nonlinear partial differential equation of 3rd order as 
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(1) 

where  f (t, x, u) is known periodical by t with period T, and periodical with period 

π2 by х function, α -is some positive constant. 
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Periodical with period t and by х solution of nonlinear partial differential equation 

(1) is defined as  
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where  ),( xtQ - is a new unknown periodical with period Т by t, and periodical 

with period π2  by х function. 

We have   
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To determine the unknown function )2,(),( π++= xTtQxtQ  (2) is 

substituted into (1). For this purpose differentiating (2) by t, 
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is received. 

Therefore  

∫
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x

sx
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is obtained. 

Further, differentiating (3) by х,  
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 Differentiating (2) by х,  
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Here differentiating once more (5),  
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is obtained. 

Therefore, from (6) follows the inequity  
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Differentiating (7) by t,  
2 22 ( 1) ( , ) [ 2 ( 1) ]xxt xt t xx xu u u Q t x u u uα α α α α+ + + = − + + +  

   (8) 

is obtained. 

Hence, the inequity  
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follows up. 

Multiplying (5) by u  
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is obtained. 

Adding the right and left parts of (9) and  (10),  
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is obtained. 

From (11) to define the unknown function ),( xtQ , the following nonlinear 

integral equation of 
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type is obtained. 

Thus, the problem of existence of periodical with period Т by argument t and 

periodical with period π2 by x solution of nonlinear differential equation (1) lead to the 

problem of existence and uniqueness of the solution of periodical with period Т by 

argument t and periodical with period Т1 by x of nonlinear integral equation (12).  
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Further, let’s state that the condition (A) is fulfilled if in   area 

},,0{1 +∞<<∞−≤≤= uxTtR  function ),,( uxtf  is continuous and periodic 

with period Т by argument t, and this function is periodic with period π2  by argument 
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To prove the existence of periodical with period Т by  t and periodical with period 

π2  by argument х of solution the principle of compressive mapping is implemented. 

For this purpose the right part of (12) is considered as some operator ][QH  acting on 

function ),( xtQ . 

We have 
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Therefore, let MR 2= . 

Thus, we have shown; that the operator ][QH  maps the point of sphere 

RxtQ ≤),(  the space of nonlinear periodical functions into point of the same sphere.  

Let's show that operator ][QH  maps the point of sphere MRxtQ 2),( =≤  
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Therefore, the operator ][QH  maps the points of sphere MRxtQ 2),( =≤  

into the same sphere compressively. That is why on the basis of compressed mappings 

the equation (12) has the unique solution. Let's show that the function ),( xtQ  is 

periodical function  

),()2,( xtQxTtQ =++ π . 

We have 
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 THEOREM  1.  Let the condition (A) is fulfilled, then the nonlinear 

differential equation in partial derivatives (1) has unique continuous solution u (t, x), 

which is periodical with period Т by argument t and period π2  by argument х.  

Let's consider now the system of nonlinear integro-differential equations of  
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type, where u (x) - n-dimensional vector, f (x, u (x)) - n- dimensional vector 

function, K (x-s) - n×n –matrix function. To make further researches easy it is assumed 
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where α -some positive constant, and 12 >α .  
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It is assumed here, that  f (x, u (x)) - is periodical function by argument х with 

period Т, and this function is continuous in ),...,,( 11 +∞<<−∞=
n
uuxR  area. 

Periodical with period Т solution of the system (13) we will search as  
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where z (x) - is a new periodical function with period Т to be determined,  

C - is   n-dimensioned arbitrary constant vector.  
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is obtained. 

The equation (15) is written as  
2

2 2 2
( )

( ) ( )21( ) ( ) ( ) ( , ( ) ( ) )
2

x s
x s se x s z s ds e x s f s C e z d e z d dsα α γ αγα γ γ γ γ

α

+∞ +∞ +∞ +∞−−− − − − −

−∞ −∞ −∞ −∞

− =− − + −∫ ∫ ∫ ∫  

(16) 

Thus, researching the existence of all continuous periodical with period Т solutions 

of system (13) is reduced to the existence of periodical with period Т solutions of 

system of nonlinear integral equations of 1st order (16).  
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Implementing the transformation of Fourier to the both parts of (16) 
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Consequently, passing from mapping to original  
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is obtained. 

Thus, we have shown that the researches on periodic with period Т of all solutions 

of system of nonlinear integro-differential equations (13) is reduced to researching of 

existence of all periodical with period Т systems of nonlinear integral equations (20).  

Let’s state that the condition (A) is fulfilled, if in area 
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Let's consider the right part of (20) as operator ][zH  acting on vector function z 
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Let's show now that the operator ][ zH  is the compressing operator. Indeed,  
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Thus, based on the principles of compressed mappings the system of nonlinear 

integral equations (2) has the unique solution, which could be determined by successive 

approximation method.    

Let's show now the periodical with period Т solution of the system (20). Let vector 
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∫ ∫ ∫∫
+∞

∞−

+∞

∞−

+∞

∞−

−−−
+∞

∞−

−+−−−
−+=+ dsdwdzedzeCsfeTxz s

sTxiw
w

))()((,(
2

2
)(

22

2

)(
)(

4

)12(

ρργγ
π

α αργαα
α

 

Substituting β+=Ts , then, 
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In this identity let’s substitute σγ +=T , then from the last identity 
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Thus the following theorem is proved. 



ÒÀÁÈÃÈÉ ÈËÈÌÄÅÐ ÆÓÐÍÀËÛ 42 

THEOREM 2. Let the known periodical with period Т by х vector-function 

),( uxf  satisfies the condition (A1). Then, the system of nonlinear integro-differential 

equation (20) has the unique periodical with period Т solution as:  
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Thus, u (x)≡u (x + T). 

Let’s consider now the differential equation of  

),,()),(),((2),(),())(,(1(),( 2 uxtfxtuxtuxtuxtuxtuxtuu xxtxtxtxxxxx =+++++++ αα
 (21) 

type, with the initial condition of  

)(),0( xxu ϕ=                                                                                      

(22) 

Here )(xϕ  and ),,( uxtf  are known functions, α - is some positive constant. 

Let’s show that the problem (21) and (22) has near soliton solution.  

The near soliton solution of the problem (21)-(22) is searched as  
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(23) 

where ),( xtQ  is a new unknown function to be determined, and ),( xtC  is 

soliton solution of known nonlinear differential equation of Korteweg-De Vries type  
2 2( 1) ( 1 ( , ) ( , ) ( , ) 0t x xxxc c t x c t x c t xα α+ + + + + =                                       

(24) 

with the initial condition  
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(0, ) ( )c x xϕ= . 

The main problem is to determine the unknown function ),( xtQ . For this 

purpose (23) is substituted into equation (21). We have 
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And derivative of (23) by х has the following type: 
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From  (25) and (26) the equity follows:  
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Differentiating the both parts of (27) by х, 
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Differentiating ones more time by х both parts of (28), taking into account (27) and 

(28),  
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is obtained. 

We have 
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Further, the left and right parts of the equality (30), (31), and (24) considering 

(21),  
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is obtained. 

To determine the unknown function ),( xtQ  the nonlinear integral equation of 
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 (33) 

type is obtained 

Further, it is assumed, that the condition  (А2) is fulfilled, if:  

1) In area },,0{2 +∞<<∞−≤≤= uxTtR  function ),,( uxtf  is 

continuous and bounded, 0( , , )f t x u M const≤ =   
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and satisfies to the Lipschitz condition by argument u  

1212 ),,(),,( uuNuxtfuxtf −≤− ,   

where N – is some positive constant,  

in area    },0{2 +∞<<∞−≤≤= xTtR  soliton function ),( xtс  is 

continuous and bounded with derivatives  
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Let's prove the existence of unique solution of nonlinear integral equation (33). 

For this purpose, as it was done above, the right part of (33) is considered as operator 
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Let’s show that ][QH  is compressive operator.  
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Therefore, by the principle of compressed mappings of nonlinear integral equation 

(33) have the unique continuous and bounded solution ),( xtQ  under 

+∞<<∞−≤≤ xTt ,0 , and the evaluation  

0 0|| ( , ) || 2( )Q t x R M c≤ = +  takes place. 

Let’s search the differential properties of solution ),( xtu of the problem  (21) and  

(22). Here, it is assumed that the condition (A3) if in area 

},,0{1 +∞<<∞−≤≤= uxTtR of function ),,( uxtf  has continuous and 

bounded derivative of 1st order by arguments х and ),( xtu , i.e.  
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.0,,),,(,),,( 1010 >=≤=≤ HHconstHuxtfconstHuxtf ux  

For this purpose the derivative of the 1st order by argument х of the solution of 

equation (33) is needed.  
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From this identity under },,0{ +∞<<∞−≤≤ uxTt  the inequity follows up:  
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Therefore, in area },0{1 +∞<<∞−≤≤= xTtR  function ),( xtQx  is 

uniformly bounded constMxtQx =≤ 00),(  

From identities (23) and (25) the inequities follows up:  
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From identity (25) the identity  
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follows up. 

Therefore in area },0{2 +∞<<∞−≤≤= xTtR the inequities  
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follows up. 

From  (28) the inequity  
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follows. 

From (30) in area },0{2 +∞<<∞−≤≤= xTtR  the inequities  
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follows up. 

 

THEOREM 3. Let the known functions ),,( uxtf  and ),( xtc  satisfy the 

conditions  (А2) and (А3). Then the Cauchy problem  (22) for nonlinear differential 

equation (21) has the unique continuous solution, which could be introduced as (22), 

and this solution has continuous and bounded derivatives  

),( xtut , ),( xtux , ),( xtutx , ),( xtuxx , ),( xtutxx , ),( xtuxxx , and 



ÒÀÁÈÃÈÉ ÈËÈÌÄÅÐ ÆÓÐÍÀËÛ 52 

,

||),(|||)sin(|||),(),(||

0

)(

0

)(

TPPdsde

dsdsQstxextcxtu

t tx
stx

t tx
stx

α
ν

ννν

ν
να

ν
να

=≤

≤−+−≤−

∫ ∫

∫ ∫
+−

∞−

−+−−

+−

∞−

−+−−

 

 

where ),( xtc  is the soliton solution of Cauchy problem )(),0( xxc ϕ= of the 

equation (24). 

This solution ),( xtu  is near soliton solution of Cauchy problem (22) for the 

equation  (21). 
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