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Application of Extended Transformed Rational Function Method to Some (3+1)

Dimensional Nonlinear Evolution Equations

Genigsletilmis Déniistiiriilmiis Rasyonel Fonksiyon Metodunun Baz: (3+1) Boyutlu Lineer Olmayan
Olusum Denklemlerine Uygulanmast
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Abstract

The transformed rational function method can be considered as unification of the tanh type methods, the homogeneous balance
method, the mapping method, the exp-function method and the F-expansion type methods. In this paper, we present complexiton
solutions of (3+1) dimensional Korteweg-de Vries (KdV) equation and a new (3+1) dimensional generalized Kadomtsev-Petviashvili
equation by using extended transformed rational function method which provides very useful and effective way to obtain complexiton
solutions of nonlinear evolution equations.

Keywords: Complexiton solutions, (3+1) dimensional KdV equation, Extended transformed rational function method, New (3+1)
dimensional generalized Kadomtsev-Petviashvili equation

Oz

Déntistiiriilmis rasyonel fonksiyon metodu; tanh tipi metodlar, homojen denge metodu, resmetme metodu, tistel fonksiyon metodu
ve F-agilim tipi metodlarin birlesimi olarak distniilebilir. Biz bu ¢alismada, lineer olmayan olusum denklemlerinin kompleksiton
¢oziimlerinin elde edilmesinde kullanigh ve etkili bir yol olan genigletilmis dontstiirtilmis rasyonel fonksiyon metodunu kullanarak
(3+1) boyutlu KdV ve yeni (3+1) boyutlu genellestirilmis Kadomtsev-Petviashvili denklemlerinin kompleksiton ¢oziimlerini elde
edecegiz.

Anahtar Kelimeler: Kompleksiton ¢oziimler, (3+1) boyutlu KdV denklemi, Genisletilmis donustiirilmis rasyonel fonksiyon metodu,
Yeni (3+1) boyutlu genellestirilmis Kadomtsev-Petviashvili denklemi

1. Introduction This method is based on idea of using rational function
transformations. In (18), it’s shown that the transformed

In last decades, searching exact solutions and integrabilit . . . . .
; 5 & Y rational function method is very effective tool to obtain

of nonlinear differential equations has become very popular . ) ] ) ] :
. . . . . _ exact travelling solutions of nonlinear differential equations.
in applied sciences such as mathematical physics, applied : .

) ) Afterwards, the transformed rational function method
mathematics (1). So far, different methods have been used . .
has been improved and the improved one was called the
extended transformed rational function method (19). In
(19), this method was applied to bilinear forms of (3+1)
dimensional generalized KP equation, the Boiti-Leon-

Manna-Pempinelli equation, the (3+1) dimensional BKP

to search analytical solutions of nonlinear differential
equations, such as the homogeneous balance method (2),
the F-expansion method (3), the tanh function method (4),
the sech-function method (5), the extended tanh function
method (6-9), tanh-coth method (10) and some others (11-
17).

equation, the (3+1) dimensional Jimbo-Miwa equation to
obtain complexiton solutions. In literature, Wen-Xiu Ma
In (18), the transformed rational function method which  named and used complexiton solutions for the first time
unifies the above exact solution methods is introduced.  (20). In (20,21), a novel class of explicit exact solutions to

the Korteweg-de Vries equation is given through its bilinear
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In this paper, we present complexiton solutions to two (3+1)
dimensional nonlinear evolution equations. The rest of this
paper is presented in following arrangement. In Section 2, we
simply give the mathematical framework of the transformed
rational function method and the extended transformed
rational function method. In Section 3, in order to illustrate
the method, complexiton solutions of nonlinear evolution
equations are obtained through their bilinear form. Finally,
some conclusions are provided.

2. Extended Transformed Rational Function
Method

The transformed rational function method which underlies
the method we use in this paper, is used to find travelling

wave solutions of nonlinear equations and introduced in
(18), as follows.

Let’s start with the partial differential equation

(2.1)

P( Wy Wy Uty Uz, ) =0.

Step 1: We seek travelling wave solutions of Eq. (2.1) in the
form of

w=u(&),&E=k(z—ct),

where £ and ¢ are real constants to be determined. By using
the transformation (2.2), Eq. (2.1) can be transformed into
an ordinary differential equation

P(uku', — keu' ,k*u’,...) =0,
where u’ = du/dé .

(2.2)

(2.3)

Step 2: We search for travelling wave solutions determined
by
m " +pm*l”(m71) + .. +p0
W (E)=v :p(ﬂ):PW _
E) (W) q(77> qn77"'+qn—177(" Dy ¥ a0
(2.4)

where p(7) and ¢(7) are polynomials, 7 > 0 represents
the minimal differential number in (2.3). Introducing a
new variable 7 = 7(&) by a solvable ordinary differential
equation is very important part of the solution process. For
instance, a first-order differential equation:

7 =T=T(&7),

where 7 is a function of & and 7. The prime is used to
imply the derivative with respect to & . Thus we obtain,

du” (&) _ dv du""(E) _ . dv | gdo

dé —Tdv, dé _T d7]2 +T d”,...
From now on, we just need to equate the numerator of the
resulting rational function in the transformed equation to

(2.5)

(2.6)

zero. This gives a system of algebraic equations.
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Step 3: One can easily obtain travelling wave solutions to Eq.
(2.1) by solving the above mentioned algebraic equations in
Step 2.

In [18], it is showed that the transformed rational function
method will be the exp-function method if we choose
7’=7 and p=¢€°
function method will be the extended tanh-function method

and that the transformed rational

if we choose 7' = a +7*,where « is a constant. It is clear
that the transformed rational function method unifies the
existing methods using tanh-function type functions, tan-
function type functions and the exponential functions.

However, it is not appropriate to construct complexiton
solutions to nonlinear equations, since complexiton solutions
have different travelling wave speeds of new type. In (19), so
as to find complexiton solutions, the transformed rational
function method is improved as follows.

For a partial differential equation (2.1);

Step 1: Suppose Eq. (2.1) has a Hirota bilinear form:
H(D.,D,..)f-f=0, (2.7)

where D.,D,,..., are Hirota’s differential operators defined

by
Dif(y)-g(y)=(3,—3, Y f(y)g(y)],_,

, , 2.8
=3if(y+y)g(y—y)|,.op = 1. 28)
Step 2: Suppose
p(7,7:)
B ) 2.9
/ q(71,72) (2.9)

where p(7,,7.) and ¢(#,,7.) are polynomials and 7, and
7. admit, for example,

, _dn

= der = 7, (2.10)
” d2 2

7 =—dg§=7727 2.11)

where é] =kix+wt+c and
&y =kox +wst +cy. ki, ks, wi,ws can be determined later
and ¢, and ¢, are arbitrary constants.

Step 3: Choose appropriate p(71,7,) and q(7.,7,),
we can convert (2.7) into algebra equation involving £,
and w, Solving this algebra equation, we will obtain exact
complexiton solutions to Eq. (2.1).

In next section, we apply extended transformed rational
function method to investigate the complexiton solutions of
nonlinear evolution equations referred in abstract.
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3. Applications

Example 1. Let us consider new (3+1) dimensional
generalized Kadomtsev-Petviashvili equation

u;tmy+ 3(uwuy)1+uu'+uty+utz_uzz = 0 (31)

which is introduced and employed to obtain multiple-
soliton solutions in (22). One can easily reduce Eq. (3.1) to

(D:D,+D.D.+D.D,+D.D.—D:)f - f= 0, 3.2)

by making the transformation u=2(Inf),. A simple
direct computation shows that the corresponding bilinear
equation reads

P(D,D,,D..D)f [ = fuf =fifo+ fuf =1, (3.3)
Hfof —ffe = faf T it fenf = foefy = 3fef e+ 3feafey = O

where f= f(z,y,2,t). Suppose that

f=An.+B7,. (3.4)

Since Eq.(3.3) is a (3+1) dimensional equation, then we
choose

51:k1$+b]€1y+0k12+ZU1t+C1 (35)

EQ = k2x+bk2y+ck22+/ZU2t+Cz

where A,B,k: and w, are determined later. Substituting
(3.4) into (3.3) with the relations (2.10), (2.11) and

ni=1-—nini=1+73 (3.6)

we can write the resulting equation in a polynomial form
in terms of 7%,75,7:72,71 75 . Collecting the coeflicients
of 71,75,7172,7 174, and equating them to zero we obtain
tollowing algebraic equations:

—4B°k3b — B’ wsks + B* ¢’k — B’ bkyw, — B ckaw,
—A*w, bk, — A*w, cky — A*wi by + Ak + 44k =0
—Abk, Bw, — Bbk,Aw, — Ack, Bw, — Bck,Aw,
+2Ac*k, Bk, + 4Ak} Bbk, — 4Bk3 Abk, — Ak, Bw, — Bk,Aw, = 0
—Aw, bk, B— Aw, ck, B + Bw,bk,A + Bw,ck,A — 6Ak: Bbk
—Aw, k, B+ Ac’ki B+ Bw.k,A — Bc’ k3 A + Bbks A+ AbkiB = 0

(3.7)

By solving the system of algebraic equations (3.7), we get
tollowing solution

_pke _ ki(kib+c’— 3bk3)
A=EBL, w= "5 0% T (3.9)
_(—bk3+3kIb+ Dk, '
W= btc+1 ’
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Taking (3.4) into account we can express the solutions of
(3.3) as follows:

kix+ bkiy+ckiz
fzyzt)=Alsin| ki (kib+c—3bki) ,
R R B
i (kzx + bkyy + cksz (3.9
+7sinh| | (=bk3+ 3kib+ )k,
R T
or
kix+bkiy+ckiz
flz,y,z,t)=Alcos| ki (k2b+c*— 3bk2)
T brerr o

(—bk3+ 3k3b+ )k,
b+c+1

i%sinh(kgx +bk.y + ckoz +

t+cg>]

(3.10)
where 4,b,¢,c,,c,,k,,%, are arbitrary.

Example 2. Now we consider (3+1) dimensional KdV
equation which occurs in various areas of physics and is
given in the form of

Uy + 6U Uy + Wory + U + 60uw. + 10w, w. + 20U, %o = 0

(3.11)
in the literature (23). With the aid of transformation
u=(Inf),, (3.12)
Eq. (3.11) is transformed into bilinear equation
(DD, +D:D.+D.D)ff=0 (3.13)
Eq. (3.13) can be expressed as
P(Dy,Dyy D D)f  f = furseeef = fossesf- = S ceee ]

45 iferse T 10feefeee = 10f e foae & frensf = frf (3.14)

=3fifees F 3fesf oyt fuf —fif:=0

Substituting (3.4) into (3.14) with the relations (2.10),
(2.11) and (3.6), we get the following system of algebraic
equations from coeflicients of 7%,%3,717:,71 75
—4B’k3b — B*w»k, — 16B°ck$ — 16A°ck!

—A’wik, +4Ak1b =0

4Ak} Bbk, — 4Bk;3Abk, + 20Ak’} Bk ¢

—6Ak} Bck, — 6Bk5Ack, — Ak, Bw, — Bk, Aw, = 0
—6Ak Bbk; — 15Bk3Ack? + 15Ak1 Beks — Acki B
+Bck$A — Aw, k. B+ Bw,k,A + Bbk; A+ AbkiB = 0

(3.15)

Solution of system of algebraic equations (3.15) gives us:
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o, = 20k (6A°K! — B'kiki — 104°kik} — 15B°KS)
! 3 (Ak, — Bk,) (Ak, + Bk,) '
= 2ck, (15A4°kS + 10B°kski + A’k ks — 6B°kS)
’ 3 (Ak, — Bk,) (Ak, + Bk,) '
p — 5c(34°k1 — B'kiki — A’kik: + 3B'k:)
3 (Ak1 _Bkz) (Akl + Bkz) ’
With the aid of (3.16), we get the solution of equation
(3.14) in the form of

(3.16)

flayzt)=A sin(klx + o (3A;k(;; B_Zlglfﬁ)?ﬁ;kj_]%;)?ﬁzkﬂ kwy
St S e
LB ( ., 5e(34% —Bjk?k? —A’kik3 + 3B°kY)
et
tokaz+ 3 (Ak: — Bis) (Akr + Bha) ¥ C2>

(3.17)
or
Fla,y,2,t) = Acos (klx + 5 (SA;k(‘ill_g B_Z]g]icé)zﬁ;kj_ké;-)?ﬁzké) kiy
s EBLL_PUES AU 0D |

. 5c(34%k! — B'kiki — A’kik} + 3B°k3)

e B )
tokaz+ 3 (Akr — Bka) (Ak: + Bko) b CQ)

(3.18)

where A,B,c,ci,¢,k1,k, are arbitrary.

4. Conclusion

In this paper, we present complexiton solutions to some
(3+1) dimensional nonlinear equations. Hirota derivatives
allows us to express given nonlinear equations in bilinear
form. Upon this, with appropriate choice of solution form,
we obtain complexiton solutions with rich parametric
values which is thought useful for further works. Since the
existence of hyperbolic and trigonometric type functions
in solutions, the phrase “complexiton” arises. Employed
method can be generalized to obtain solutions of other
nonlinear partial differential equations by taking different
differential equations that 7, and 7, are supposed to satisfy.
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