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Abstract
Leiden algorithm is a widely utilized algorithm to cluster network graphs. It divides the specified
network into smaller clusters. The clusters are relatively dense networks of vertices. In the process, the

(I:(leywo.rds networks are divided based on quality factors. In this study, we compare the result of the Leiden
léi‘;eg::g, algorithm with changing quality factors, namely Modularity and Constant Potts Model (CPM). For our

Leiden Algorithm; analysis, we used 3x3 knight graph. Our investigation is completed for resolutions from 0.1 to 4.0 for
N-KCP Modularity and from 0.1 to 1.0 for CPM. The maximum quality scores are 0.9 and  0.59375 for
Modularity and CPM respectively. The continuous decrease in the quality was recorded for both cases
with respect to the increasing resolution. Both scoring factors are followed similar trends, but CPM has

a relatively rapid division of the specified graph.

© Afyon Kocatepe Universitesi
Leiden Algoritmasinda Kalite Faktoriiniin Etkisi
0z

Leiden algoritmasi, gizgeleri kimelemek igin yaygin olarak kullanilan bir algoritmadir ve belirtilen gizgeyi

daha kiguk kiimelere boler. Bu kiimeler, nispeten yogun diugum cizgeleridir. Slrecte gizgeler kalite
Kiimeleme; faktorlerine gére kiimelenir. Bu ¢alismada Leiden algoritmasini Modiilerlik ve Sabit Potts Modeli (CPM)
Cizge; kalite faktorleri ile degisimini kargilastirilmistir. Analiz icin 3x3 at gizgesi kullanildi. inceleme Modiilerlik

Leiden Algoritmasi; icin 0,1'den 4,0'a ve CPM i¢in 0,1'den 1,0'a kadar olan ¢ézinurlikler icin tamamlandi. Maksimum kalite
N-AKP

Anahtar kelimeler

puanlari Modiuilerlik ve CPM igin sirasiyla 0,9 ve 0,59375'tir. Kalitede artan ¢ozlinlrlige gore her iki
durumda da sirekli diistis kaydedildi. Her iki puanlama faktori de benzer egilimler izlendi, ancak CPM
nispeten konu edilen gizgeyi daha hizli kimeledi.

1. Introduction and Marchiori 2014, Esmailian and Jalili 2015, Devi
and Poovammal 2016). The subjected quality

The Leiden algorithm is used to cluster the
functions are used widely to measure the

specified graph such as medical (Wang et al. ,

Clifford et al. 2019, Dong and Yuan 2020, Gibbs et appropriateness of the clusters.

al. 2020, Liet al. 2020), economics (Pasimeni 2020),
and text analysis (Ahlgren et al. 2019, Boy 2020,
Miura et al. 2020) subject. It is a well-known
clustering algorithm which efficiently divides the
whole network into smaller clusters of nodes. Each
cluster presents a relation of included nodes in the
same cluster. It is extensively utilized since it is
considered computationally efficient (Traag et al.
2019). In this study, we used the Leiden algorithm
combined with Modularity and Constant Potts
Model (CPM) quality functions to cluster 3-KCP
(Girvan and Newman 2002, Delvenne et al. 2013,
van Laarhoven and Marchiori 2013, Van Laarhoven

3-KCP graph is based on the knight moves on the
3x3 board (See Figure 1). The knights as chess
pieces are extensively used to build a defense and
orchestrate attacks because their moves are not
emulated by the other pieces. Thus, knights are
being subjected to the various problems based on
the knights' movements on the chess-board-likes
without any known analytical solutions. The well-
known knight's tour problem is one of them. The
knight's tour problem puzzled many
mathematicians and computer scientists. Many
algorithms are implemented and tested to obtain
solutions (Parberry 1997, Hingston and Kendall

2004, Bai et al. 2006, Jian and Sen 2009, Bai et al.
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2013). Moreover, further problems are introduced
in the same extend (Kumar 2008, Demaio and
Mathew 2011, Aliquippa and Pennsylvania 2020).
The knight moves are also utilized for image
encryption (Hou et al. 2004, Delei et al. 2008, Philip
2013, Kumar and Nirmala 2015, Singh et al. 2015).
Additional moves of single knights on a chess-
board-likes with the legal chess moves were
inspiring for the various versions of problems which
are called the Knight Covering Problem (KCP, a.k.a.
N-KCP) (Jackson and Pargas 1991, Fisher 2003,
Lemaire 2003, Rubin 2003, 2004, 2005, 2007, Wei
2014). Although it has no known analytical
solution, there are many approximations such as
the independent set method (Gildal et al. , Giildal
et al. 2019) and the Girvan-Newman clustering
algorithm (Gildal 2019), and Modularity (Guldal
2020) employing knight graphs of KCP. In this
study, the knight graph representation of 3-KCP is
used as a case study to investigate the effect of
scoring factor for the Leiden clustering algorithm.
In Figure 1, the legal knights’ moves are shown for
every cell for 3x3 board. Thus, the corresponding
graph is shown in Figure 2.
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Figure 1. 3-KCP has 9 cells to position the knight.

Number .Percentage
of Nodes in the graph
(%)
1 11.11
8 88.89

Figure 2. Graph representation of 3-KCP. The nodes are
colored proportional to the degrees of nodes.

The 3x3 knight graph is shown color-coded with
changing degreein Figure 2. Each vertex represents
a cell on the board and is labeled by the
corresponding index number. The cells on the

edges (colored pink) can attack 2 cells. The cell on
the center (colored green), namely cell 5, threats
no other. Thus, the graph form of the 3x3 knight
graph is composed of 9 vertices and 8 edges. The
nodes have 2 degrees and no degree by the portion
respectively 88.89% and 11.11%. Every knight and
their relations on the board is explicitly shown in
Figure 1. The graph density is 0.222, so the
meaningful resolutions should be lower.

The details of the implementation and results are
discussed in the following sections.

2. Method: Leiden Algorithm

We used the Leiden algorithm to identify the
clusters for the 3-KCP. The clustering quality is
measured by a score is calculated by Modularity
and CPM. The formula for Modularity is as follows
(Newman 2004):

1 kikj
QModularity = ﬂz Aij - Yﬁ 6(Circj) (2)
ij

where § -function is 1 if ¢; = ¢; in other words,
node i and j are in the same cluster. m stands for
the number of edges in the graph. k; is the degree
of node i and k; is the degree of node j. A;;
represents the weights of the edge between nodes
iandj. It is the same for all since the effect of all
knights is equal. Lastly, y is the resolution
parameter.

The formula for CPM is as follows (Traag, Waltman,
and van Eck 2019):

Qcpm = Z (ec -y (nzc)) (2)

c

where 1. is the number of nodes in community c.
e. is the weight of edge c. The interpretation of the
resolution parameter is represented by y.

For our analysis, we used the Gephi 0.9.2 (Blondel
et al. 2008, Lambiotte et al. 2008, Bastian et al.
2009) with Leiden Algorithm 1.0.0 plugin. The
resolutions are limited from 0.1 to 4.0 for
Modularity and 0.1 to 1.0 for CPM which are
selected by the morphology of the 3-KCP graph.
The analysis and implementation results will be
given in the Results and Discussion section.
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3. Results and Discussion

The investigated clustering information of the 3-
KCP graph by Modularity and CPM score is
extracted the number of communities from 1 to 9
with respect to changing resolution.

The Modularity scoring identifies the strong
relationships between connected vertices. In
Figure 3, the Leiden algorithm with Modularity
results on 3-KCP (for resolution = 0.1 — 4.0) graphs
are depicted. The resolution 0.1 is extracted 2
clusters which have no edge at all in the 3-KCP
graph as shown in Figure 3.a. In Figure 3.b, 3
clusters are generated by Modularity scoring with
the resolutions 0.5. For the resolution = 1.0 in
Figure 3.c, the 3-KCP graph is divided into 5
clusters. For resolution 4.0, the 3-KCP is divided
into 9 clusters.

®
a) Resolution b) Resolution c) Resolution d) Resolution
=0.1 =0.5 =1.0 =4.0
Figure 3. Leiden algorithm with Modularity quality
measurement is applied to 3-KCP graphs for the
resolutions from 0.1 to 4.0. Increasing
resolution divides 3-KCP graph the smaller
clusters.

The CPM quality function provides a similar result
with lower resolutions as shown in Figure 4.

Qa0
D00

a) Resolution

d) Resolution

c) Resolution
=0.1 =0.2 =0.3 =1.0
Figure 4. Leiden algorithm with CPM quality

measurement is applied to 3-KCP graphs for the

b) Resolution

resolutions from 0.1 to 1.0. Increasing
resolution divides 3-KCP graph the smaller
clusters.

The change of quality scores against the resolution
is shown in Figure 5. The quality of the cluster
decreases with the increasing resolution for both
qguality measurements. Thus, the presented 2
clusters as a divided network are the optimum
division of the network. The other point, quality of

the clusters is higher for Modularity for all clusters.
Lastly, CPM has a rapid decrease of network quality
score with increasing resolution, while the Leiden
algorithm divides the whole graph into smaller
clusters. Thus, our analysis shows CPM is more
promising method for the resolution testing. This
agrees with the available literature (Traag et al.
2011).
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Figure 5. (Color online) Modularity and Constant Potts

Model presents significant differences for 3-
KCP.

The applied resolutions for the Modularities are
between 0.1 to 4.0 to cluster the 3-KCP graph. In
Figure 6, the increasing resolutions divide the
network into greater numbers of clusters. The
Modularity quality score to identify the quality of
exhibited clusters does not correlate with the
number of clusters. The highest Modularity score is
0.9 (for resolution 0.1) and, the lowest Modularity
score is -0.5 for the resolution 4.0.
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Figure 6. (Color online) Leiden algorithm is
quality

applied  with  Modularity as

measurement.

561



The Effect of Scoring Factor for Leiden Algorithm, Giildal

In Figure 7, CPM scoring is presented with changing
resolution from 0.1 to 1.0. Although it shows a
similar trend with the Modularity quality score, it
speeds up the clustering process. The continuous
decrease in the resolution score, from 0.59375 to -
0.5625, shows that 2 clusters are the most
appropriate division of the network.
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Figure 7. (Color online) Leiden algorithm is applied with
Constant Potts Model as quality measurement.

4. Conclusion

In this study, we have applied the Leiden algorithm
with Modularity and CPM network quality scoring
factor into 3x3 knight graph. Therefore, we
compared the specified quality scoring factors for
the dense and regular graph by means of Leiden
algorithm. The analyses show resolution 0.1 is the
computationally optimal resolution to find the best
clusters for both quality factors. The Modularity
has a higher quality score, 0.9, than CPM, 0.59375,
for the resolution 0.1. The continuous decrease in
the quality of clusters observed for both cases
regards the increasing resolution. On the other
hand, the CPM is more receptive to the resolution
change, so our analysis agrees with the previous
studies.

Based on our analysis, the CPM is a promising
method to speed up clustering the network into
smaller clusters with a lower range of the
resolution change.
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