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Abstract

In this study, we have applied the modified exp (—Q (é)) -expansion function method (MEFM) to obtain

the exact travelling wave solutions for the (3+1) dimensional Khokhlov—Zabolotskaya—Kuznetsov (KZK)
equation and (3+1)-dimensional Jimbo-Miwa (JM) equation. Dark soliton solution, dark-bright soliton
solution, hyperbolic function solution and trigonometric function solution of the (3+1) dimensional KZK
equation and (3+1)-dimensional JM equation have been found by using this method. After that, we
have scratched the 2D and 3D graphs for all exact solutions obtained in this study by using Wolfram
Mathematica 9. Thus, the graphical simulations openly show force of this method.

(3+1) Boyutlu KZK Denklemi ve (3+1) Boyutlu JM Denkleminin Tam
Coziimleri icin MEFM

Anahtar kelimeler Oz
(3 + 1) boyutlu KZK
Denklemi; (3 + 1) -

Boyutlu Jimbo-Miwa

Denklemi; MEFM; Dark
Soliton Coziim;
Trigonometrik
Fonksiyon Coziimleri;
Hiperbolik Coziimler.

Bu ¢alismada, (3+1) boyutlu Khokhlov — Zabolotskaya — Kuznetsov (KZK) denklemi ve (3+1) boyutlu
Jimbo-Miwa (JM) denklemlerinin yuriyen tam dalga ¢éztimlerini elde etmek igin, modifiye edilmis exp
(—Q(é)) -agilim fonksiyon metodunu (MEFM) uyguladik. Bu yontemle (3+1) boyutlu KZK denkleminin
ve (3+1) boyutlu JM denkleminin dark soliton ¢6ziimi, dark-bright soliton ¢6zim, hiperbolik fonksiyon
¢6zUm ve trigonometrik fonksiyon ¢6zimi bulunmustur. Daha sonra, bu calismada elde edilen tim

kesin ¢ozumler igin Wolfram Mathematica 9'u kullanarak 2 boyutlu ve 3 boyutlu grafikleri ¢izdik.
Boylece, grafiksel gosterimler bu yontemin glicinl agikga gostermektedir.

© Afyon Kocatepe Universitesi

1.Introduction

In recent years nonlinear evolution equations
(NLEEs) have become exclusive type of the branch
of partial differential equations (PDEs). NLEEs are
frequently used to expound a lot of physical events
in the fields such as chemical kinematics,
thermodynamic, fluid mechanic, optical fibers, heat
transfer. Therefore, most of methods are
established and applied for these problems. Some of
these methods are Sine-Gordon expansion method

(Ali etal. 2020), Hirota bilinear method (Ismael et al.

2020), Bifurcation method (Zheng et al. 2021), The
modified auxiliary equation method (Akbar et al.
2020), Generalized Kudryashov method (Tuluce
Demiray 2020), Simple Hirota’s method (Ismael and
Bulut 2020), (m + 1/G’)-expansion method (Durur et
al. 2020), finite difference method (Yokus and Kaya
2020), Sinh—Gordon function method (Yokus et al.
2020), (1/G’)-expansion method (Yokus et al. 2020).
The aim of this article, MEFM (Tuluce Demiray 2020,
Tuluce Demiray and Bulut 2018) will be used to
obtain new exact solutions (3+1) dimensional KZK
equation and (3+1)-dimensional JM equation.
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We consider the (3+1) dimensional KZK equation
(Akcagil and Aydemir 2016)

2 —
Sy TS TS, +IS,, +NS, +Ms, = 0, ()

where M, N, r isreal constants and r = 0.

Then, we investigate the (3+1)-dimensional JM
equation (Zhang et al. 2009, Zayed et al. 2013)

+6s, S, +3sv,,

xxxy

+3s,,V+3s,—3s, =0,
(2)

Eg. (1) was natively created as a device for the
defination of nonlinear acoustic beams (Rozanova-
Pierrat 2006).

Our target is to get new exact solutions of (3+1)
dimensional KZK equation and (3+1)-dimensional
JM equation by using suggested method. In Sec. 2,
we clarify the technique. In Sec. 3, we apply
suggested method to (3+1) dimensional KzZK

equation and (3+1)-dimensional JM equation.
2. Explanation of the Method

For a known nonlinear partial differential equation
is given as follows:

K (S:5,5,Sy+S¢: S0 Syyre++) =0, (3)
where S = S(X, Y, Z,t) is an obscure function.
Step 1: Getting the transformation as

s(xy,t)=S(o),

o=X+Yy+zZ-—cCt, (4

Eq. (2) is turned into the following nonlinear
equation:

L(S,S',S",8",---)=0. (5)

Step 2: Taking the following equation for Eq. (5) as
solution:

> Ale(- }

2 A ex(

i [eXP } (6)
(-
(-

_AtAep 9)+-+A exp(p(-9))
B, +Biexp(-9)++B,exp(q(-9))’

where A, B, ,(0 <i<p,0<j< q) are constants,

such that Ap;tO,Bq;tO. Also, 92:9(0') is

described as;
¥ (o) =exp(—9(c))+aexp(9(c))+b. (7)
Eq. (7) has the following solution families:

Family1: For a# 0, b> —4a >0,
2 2
3(0):In[_\/b —4a tanh[\/b 2—4a (o+ E)]—%

2a
Family2: When a#0, b* —4a <0,

[«/—b22+4a (o E)}_Ej ©)

2a

(8)

Ne—

2a

2
9(o)=ln[\/_b 42 fanh
Family3: When a=0, b#0and b*—4a >0,

8(0‘) =—In

[ b J (10)
exp(b(c+E))-1

Family4: When a#0, b#0 and b*—4a =0,

(11)

9(0):”{_

2b(c+E)+4
b?(c+E) J
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Family5: When a=0, b=0and b*—-4a =0,
9(o)=In(c+E). (12)

whereAi,Bj,(OSiSp,OSqu),E,b,a are
constants to be obtained later.

Step 3: Setting Eq. (6) and Eq. (7) into Eq. (5), a
() can be obtained. We solve this
system by using Wolfram Mathematica 9 to identify
the coefficients A, B; ,(OS 1<p,0<j< q), E.,b

, a.

system of e’

3. Application to (3+1) dimensional KZK equation

Getting the transformation as
s(x,y,t)=S(o), o=x+y+z-ct, (13)

Eq. (1) demeans
1 2 '
(m+n—c)s+zs +rs'=0. (14)

By use of balance principle in Eq. (14), we get
p=q+1. (15)

Ifweget q=1so p=2,wehave

s Mt Aexp(-9)+ A exp(2(-9)) _X (1)
B B, + B, exp(-9) Y

(16)
and
YWY
S'= T ’ (17)
. YW (Y)W 2(9) T
s'=  (18)

\PA

(o)

Thus, a system of e’ can be obtained. We solve

this system by using Wolfram Mathematica 9 to

identify the coefficients A,Bj,(OSiS p,
0<j<q),E,b,a.
Case 1:
A~ iva A AZz_i\/ﬁ//s.l—SrBo

2JA -8rB, 2Ja '
5 __i\/E«/Al—SrBO (19)
1 l

4rfa

. 8iryaB, ’C:m+n+4lr\/5(Al—4rBo)

JA JA -8B, JAJA -8B,

According to Eq. (19), we find trigonometric
function solution for Eq. (1) as follows:

[k gy 2]
P(D-Ktan[g(xv.2.)])(A+D(i+t[g(xy.z1)]))

sl(x,y,z,t):( /(20)

where
iry/a(A -4r8,)
Ja A -4rB, [E+x+y+z—t[m+n+4'r°
g(xy,2t)= ( | JAA-brB,

JA JA -8B,

K =(A-4rB,), P=./A —8rB, and D = 4irB,.
Case 2:

dirJaB, (A -2rB;) ,
= A =—
& JA A —8rB,

i /A \JA —8rB,
4rfa '

i/A /A -8B,
a

B =—

o iv/a (3A7 —8rAB, +16r°B; )
2 /A JA —8rB, (A -2rB,)’

irvVa (A —4rB,)(5A —4rB,) o
JA JA 8B, (A-218,)

c=m+n+
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According to Eqg. (21), we find trigonometric

function solution for Eq. (1) as follows:

_ B 2A (A -8rB,)(A -2rB,)
dira| A-2rB,+ =0 tn[z(xy.21)] ) (22)

JA A -8B,

S,(x.y,2,t)=

where M = (A —4rB;)(5A —4rB,),

P =3A? —8rAB, +16r’B? and

irva (A -4rB;)(5A -4r8,)
\/EM[E+x+y+z—t[m+n+ 2\/@ '—A1—8rBO(A1—2rBO) ]J

r(xy.zt)=
JA A -8B,
Case 3:
B —-2rB
,Ab:—"(A1 0),A2:2rBl,
Bl
C=m+n— rb+ﬂ,

1

(Al_erO)(Ai_zr(BO-’_bBl))l

a=-—
4r°B;

(23)

According to Eqg. (23), we get dark optical soliton

solution for Eq. (1) as follows:

Ai—Zr(BO+bB1)
i)

812

(A-%%{&+
,(24)

s,(xy.zt)=

where

[E+x+ y+z—t[m+n—rb+Ai_Bero]](Al—r(ZBo+bBl))

1

2B,

k(xy,z,t)=
4. Application to (3+1) dimensional JM Equation

Getting the transformation as

s=5(&), &=kx+my+nz+wt, (25)

Eqg. (2) demeans

k®ms” + 3kms? +(3wm—3n2)s =0. (26)

By use of balance principle in Eq. (26), one can
procured

p=g+2. (27)

Ifweget q=1so p=3,wehave

s _AtALR(9)+Aep(2(-9)+t AS(3(-)) Y 5
) B, +B,exp(-9) + B,exp(-9) v

and

LSS (29)

2

YRR - (WY Y)W+ 2( W)

Y
s” — (30)

(o) can be obtained. We solve

Thus, a system of e’
this system by using Wolfram Mathematica 9 to

identify  the A,B;,(0<i<p,
0<j<q),E,b,a.

coefficients

Case 1:

A,B, +2k* (B} —aB})

A, =—2k%aB,, A = ,
Bl

A, +2k’B,
2k’°B,

2

n’  4k’a_ (A, +2k°B,)

m 3 12k*B?

A =—-2k’B,, A=~

)

31)

According to Eq. (31), we obtain dark-bright optical
soliton solution for Eq. (2) as follows:
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2kzasech[r(x, Y, z,t)]2 ((A2 + ZkZBO)2 —16k“an)

+2k%B, )’
A, +k?| 2B, -2 —4.31+(A2 . 20)
4k"B;

s(xy.2t)=

/(32)

B tanh[ r(x,y, N)]H
where

togca (A+2CE)
r(x,y,z,t)i E+kx+my+nz+t m_+4k_a__(A2 0)
2 n

3 12ka
and
+2k?B. )
M = —4a+(A2 . 2”)
4k"B;
Case 2:

A, =—2k%aB,, A =aA, —2k’bB,,

A, =bA, — 2k?B,,

B = A w=%2—%k3(b2—4a).

ek (33)

According to Eqg. (33), we find hyperbolic function
solution for Eq. (2) as follows:

2k2(b2—4a)a

(bcosh[h(x, y,z,t)}+ﬂsinh[h(x, Y, z,t)})

s,(xy.z,t)=

7(34)

where
1 nzt 1 3 2 2
h(X,Y,z,t)=§ E+H+kx+my+nz—§kt(b —4a) Jh*-4a -

Case 3:

A A5, ,A1=A3(a+bB°].

Bl Bl
S

=
I
|

e

where

—iv/2m(b? —4a)\/E+12n2\/BT3
w= :
12m.[B?

According to Eq. (35), we obtain hyperbolic function
solution for Eq. (2) as follows:

(35)

a(-b+4a)A,
(bcosh[f (x.y,2.t)]+ Vb7 ~dasinn[ f (x,y, z,t)})2 B,

s(xy.zt)= ,(36)

where

ﬁ(—i\/fth\/E—Gi\/ﬁmxBl+12(n2t+m(E +my+nz))JEf)
24m\[B;

f(xy.zt)=

and P= (b2 —4a).

Case 4:
2
A, +2kB
B, —ek'a 2 T2B)
1
h= 12k? ’
A= A; —8K?A,B, +4k* (~5B; +2aB/ )
- 12k?B, ’
2k’B
- kB, b= "2t 2By
A ' 2k?B,
2
n? akia (A +2k°B,)
=—- + > (37)
m 3 kB,

According to Eq. (37), we find dark optical soliton
solution for Eq. (2) as follows:

[4k2a2 [—24k485 ML Ktanh[(x,y, 2 1)) ]]

43*

(3(A2 +k? (ZB0 —-2K tanh[h(x, Y, z,t)]))z)
(4k2a2 [ N (A, +k? (28, ~2KB,tanh [ h(x,y, z,t)]))ﬂ

s,(xy.zt)=

a
+

(3(;\2 +K? (28, 2K tanh [ (x,y, z,t)]))z)
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(A, +2k?B, )’

5 t(A2+2kZBO)2]
K=,-4a+
4k°B?

h(x,y,z,t):%K E+q?+kx+my+nz—%k3ta+ ke
1

’

and 2
M =((A2 +2k°B, ) +8k4an),

_ A +2k’B,

N =3(A,+2k’B,),L = 2B,

S1(%,Y,2,t)

S1.X,Y,Z,tl

0.005
15

10

115

Fig.1. Three-dimensional and two-dimensional plots of imaginary values of Eq. (20) for y=3, z=-5, m=1, n=1,

r=3,E=06, A=4,B,=-0.1,a=04, -6<x<6,-0.2<t<0.2and t=0.005 for 2D plot.

S2(%,y,2,t)
| T S2-X,Y,Z,t

5 0.003
15

10

Fig.2. Three-dimensional and two-dimensional plots of imaginary values of Eq. (22) for a=0.4, y=5,z=-6, r =-3
, A =20, E=0.05, -10<x<10, -1<t<1 and t=0.005 for 2D plot.
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S3(X,Y,Z,t)

S3.X,Y,Z,t

0.05
15

10

5

120 110 10 20

110

115

Fig.3. Three-dimensional and two-dimensional plots of real values of Eq. (24) for b=5, y=3,z=12, m=3,n=2,
r=5,A=4,B,=-03,B,=-03, E=-0.1, -25<x<25, -5<t<5and t=0.005 for 2D plot.

S1(X,Y,Z,b)

115 110 15 0 5 10 15

Fig.4. Three-dimensional and two-dimensional plots of Eq. (32) for A,=-2, B,=-3, B,=1.2, E=-0.2, k=0.2,
y=-1,z=1 m=05,a=5,n=3,-25<x<25,-10<t<10 and t=-0.1 for 2D plot.

S2(%,Y,Z,t)

SoiX,Y,Z bl

10.01
0.05

0.03

0.02

0.01

Fig.5. Three-dimensional and two-dimensional plots of Eq. (34) for y=-2, z=05, m=-4, n=-12, E=-53,
k=5,a=2,b=7, -5<x<5, -0.1<t<0.1 and t =-0.01 for 2D plot.
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S3(X,y,2,0)

Saix,y,z tl

0.1
10

14 12 \ 2 4 X

15

110

Fig.6. Three-dimensional and two-dimensional plots of Eq. (36) for y=0.3, z=-0.002, m=-3.5,n=20.2,
=-0.1,a=3,b=2,-5<x<5, -0.1<t<0.1and t =—-0.01 for 2D plot.

T§4(X7y121t)

S4X,Y,Z
0.05
10

T

Fig.7. Three-dimensional and two-dimensional plots of Eq. (38) for y=3.2, z=2, m=0.5,n=0.2, E=3.1, a=5,
b=2, -15<x<15, -5<t<5 and t =0.05 for 2D graph.

5. Results and Discussion

We obtain some exact solutions of (3+1)
dimensional KZK equation and (3+1)-dimensional
JM equation by applying MEFM. These solutions
were controlled in Wolfram Mathematica 9. We
prove their accuracy by graphically representing
these obtained results by aid of Wolfram
Mathematica 9. MEFM, which is easier to apply than
other methods, is a very effective and reliable
method for finding solutions to NLEEs.

6. Conclusion

In this paper, we make use of MEFM to seek
solutions of (3+1) dimensional KZK equation and
(3+1)-dimensional JM equation. Then, we draw two
and three dimensional graphs of dark optical soliton
solutions, trigonometric function solution, dark-

bright optical soliton solution and hyperbolic
function solutions of these equations via Wolfram
Mathematica 9.

As a result of these datas, it has been deduced that
MEFM is extremely credible and strong in the sense
that finding exact solutions. The paper shows that
the MEFM algorithm is efficient and can be used for
many other NLEEs in mathematical physics.
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