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1.Introduction these methods, there are many methods which

reach to solution by using an auxiliary equation.
Nonlinear partial differential equations (NPDEs)

Using these methods, partial differential equations
have animportant place in applied mathematics and

are transformed into ordinary differential
physics (Debtnath 1997, Wazwaz 2002). Many

equations. These nonlinear partial differential
analytical methods have been found in literature

equations are solved with the help of ordinary
(Shang 2007, Bock and Kruskal 1997, Matveed and

differential equations. Some of these methods are
Salle 1991, Malfliet 1992, Chuntao 1996, Cariello

given in (Elwakil et al. 2002, Chen and Zhang 2004,
and Tabor 1989, Fan 2000, Clarkson 1989). Besides

Fu et al.2001, Shen and Pan 2003,Chen and Hong-
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Qind 2004,Chen et al. 2004, Chen and Yan 2006,
Wang and Zhang 2008, Li et al. 2010, Fan 2000,
Manafian and Lakestain 2016). Many authors have
applied these and similar methods to various
equations (Don 2001, Wazwaz 2010, Manafian and
Lakestain 2013, Manafian and Zamanpour 2013,
Zhao et al. 2006, Bekir 2008).

This article, we will obtain solitary wave solutions of
fifth order equation of the Burgers hierarchy by

using Auto-Backlund transformation.

2. Example. The fifth order equation of the Burgers

hierarchy (Wazwaz,2010) is as follows,

Up + Unerx T 10UZ, + 15U Upyy + SUUygrx +
15u3 + 50Uty Uyy + 10U Uy, + 30u?uZ +
10u3u,, + 5u*u, = 0. (1)

According to the idea of improved HB , (Fan,2000),
we seek for Auto-Backlund transformation of
Equation (1). When balancing Uy yyxx With Ullyysy

then given m; = 1.

We may choose
9 '
u:af(w)‘Fuo:fo"'uo- (2)

Here f=f(w), w=w(x,t) and uy, = uy(x,t).
f=fw) and w=w(x,t) are undetermined
functions, also u and u, are two solutions of
equation (1). Using transforms (2), we get the

following derivatives,
U = fwewy + f'wyr + (Uo)e

Usexexxx = f(6)W9? + 15f(5)WJ?Wxx +
45F Dw2wZ 4+ 20f Dwiw,,, + 157w, +

60f,”WXWXXWXXX + 15meJ§Wxxxx +

1Of”W)?XX + 15f”WxxWxxxx + 6f”WxWxxxxx +

f,WXXXXXX + (uo)xxxxxv

10uZ, = 10(f"")?wg + 60f" f"" wywy, +
201" f"" WEWarx + 20" W3 (o) x +
90(f" ) Wiwiy + 60f" f' WyWiyx Wiy +
60" WyWyx (o) x + 10(f) Wiy +

20 Waxx (o) xxe + 10(ug)%y,

15Uy Uy = 15F" F@PWE + 15F f Dwiw,, +
15F Dw(ug)y + 90f" " Wiwy, +

90f" f"' wiwgy + 90" Wiy (o) +
60(f"" )2 WiWyxx +45(f"" ) wiwg, +

15f"f"" Wi Wyxax + 60f" /' Wy Wy Ware +
ASF'f"' Wiy + 15f" Wi (o) xx +

60f" Wy Waxx (Uo)x + 45" Wi (uo)x +

15(f ) * W Wy + 15f Wi (o) xxe +

+15f Wasexex (Uo)x + 15(uo) x (Uo) s

SUlyery = 5F FOWE + 5w (uy) +
S0f"f P wiwyy + 50f Pwiwyy, (ue) +
50f'f"' Wi Wyxx + 75f f" Wiwiy +
501" WiWyxx (o) + 75F """ wywi (ug) +
25f" f" Wi Wyxx + 50f" f Wy Wy Wy +
25" Wy Wyrxx (Uo) + 50" Wiy Wyr (Uo) +
5(f' ) WxWsexxx + 5F Wy (Uo) xxxx +

5 Wyxxxex (o) + 5(Uo) (Uo) s

15ud = 15(f")3we + 45f'(f"") 2 wywyy +
45(f"") 2wy (ug), + 45(fF)? " wiws, +
90f" f" wiwyx (uo)x + 45f "' Wi (ug)3 +
15(f")°wix + 45(f) 2wy (uo)x +

451 Wiy ()% + 15(uo)3,

50U Uy = 50Ff" F"" W + 50f" "' w2 (up) +
SOCf")2f" Wit Wax + 50f" " w (uo)x +
50f"f"' Wi wyx (o) + 501" w3 (ug) (o) +
150f" (f " )2 wewyy + 150(f ") 2wy, (ug) +
S50(f")2f" " W3 Wyxx + 150(f )2 f""w2w2, +
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50f"f"' w5 (Uo)xx + 150f" f" ' wEwir (ug)x +
50f" f"' Wi Waxx (o) + 150f" f"' wyw, (uo) +
50f"'wg (uo) (o) xx + 150" Wywyy (o) (o) +
50(f ") WxWax Waxx + 50(f )2 WyeWiy () xx +
50(f" )2 WxWaxx (o) x + 5O(F")? Wiy Wa () +
501 Wy (uo)x (o) xx + 50F Wiy (o) (Up)x +
50/ Wi (uo) (o) x + 50(uo) (o) x (o) xx

10Uty = 10(f)2f Pwg + 20" FO w3 (up) +
10 Wwif (ug)? + 60(f )2 f" Wit wyy +

1201 f'" ' wiwye (Ug) + 60" Wiwy, (up)* +
40(f' )2 f"'WE Wyxx + 30(f )2 f" wiwgy +

8Of' f"" WiWyxx (Ug) + 60" f" wywiy () +

40" WyWarx (Uo)* + 30f " Wiy (ug)® +
10(f")> Wi Wyxnx + 10(f )W (o) x +
20(f" )2 Wy Warnx (Ug) + 20 Wy (1) (Ug) yax +
10f Wy (o) * + 10 ()% (Ug) sxxes

30u?uz = 30(f)2(f")*we +

601" (f'")?wz (ug) + 30(f")?wi (ug)? +
60(f' )’ f" ' wiwyx + 60(f )2 f" Wit (ug)x +
120(f" )2 " Wi wix (o) +
120" f" w3 (ug) (Ug)x + 60f" f" W2wiyy (ug)? +
601" w2(ug)?(ug)y + 30(f)*wiwz, +
60(f") 3w wyx (o) + 60(f" ) wywiy (o) +
30(f")2w2(ug)2 + 120(f") 2wywyy (ug) (ug) x +
30(f")?(uo)*wix + 60f Wy (uo) (uo)3 +

60 f Wiy (10)* (o) + 30(ug)* (uo)%,

10u3uy, = 10(f" )3 f""'we + 30(F)2f""wg (uo) +
30f'f" wg (up)? + 10" wi (ug)® +
30(f )3 f" Wy wyx + 90(f )2 f" Wi wi (o) +

90f" f"" wiwnx (Ug)? + 30" wywyy (0)® +
100" Wi waxx + 100D w3 (uo)x +
30(f")2Wg Wyexx (o) + 30(f 2wy (o) (o) x +
30(f")2WyWyxy (Ug)? + 30f Wy (ug)?* (o) xx +
10f" Wy (U)? + 10(g)* (1g) xx.

Sutu, = 5(F)*f""w + 20(f)3f" w2 (uy) +
30(f )2 f"wy (ug)? + 20" f" w3 (ug)* +

5F"'wz (wo)* + 5(f ) wiwyy + 5(F ) wif (wo)x +
20(f ) wiwiex (ug) + 20(F")> w3 (o) () +
30(f")>Wiwyx (o) + 30(f")?wg (uo)? (uo)x +
20(f" ) wyWyy (ug)® + 20f ' wy (o) (o) +

5f Wax (o) * + 5(uo)* (). (3)

If the derivatives obtained by (3) are written
in place of equation (1) and the same-order

derivatives of f are arranged:

WELF©@ + 5 +10G° " +
Sof/fufu/ + 10(f/)2f(4) + 30(fl)2(fll)2 +
10(f")2 + 15F"f@ + 5 f® + 15(f")3]

+H15F Owitwey + 200 )3 f" Wi (uo) +
5(F) wiwy, +30(F)2f""wz (uy) +
50" F" w2 (ug) + 50(f )2 f" wiw,, +
150" (f" ) 2wiwyy, + 20" fFPw (uy) +
60(f")2f " wiwyy + 60f' (f")?wy (1) +
60(f' ) f" ' wiwyx + 60f" f'" wiwyy +
15 fOwiwy, +90f" f" wiw,, +
5FOWE (up) + 50 f Pwiw,, +
A5F" (f") Wi Wyx +30(f )3 " Wit Wi ]

+[45F DwZw2, + 20f Dwiwy,, +
30(f )2 f" wy (uo)? + 5(f)*wy (ug)x +
20(f" ) wiwyy (uo) + 30£"f"" wit (ug)? +
90(f )2 f" Wi Wiy (1) + 10(f" ) W Wy +
50" f"" ' we (ug)x + 50f" " wiwy, (uo) +
150(f" )W wyy (o) + 50(f )2 f"" WiWyeyr +
150(f )2 f " wiwgy + 10f Pwi (uo)? +
1201 f"" Wi Wiy (o) + 40(f )2 f" W Wiy +
30(f")2f" " w2w2, + 30(f") 2wy (ug)? +
60(f" )2 f""wgt (wo)x + 120(f )2 f" Wi wyy (o) +
30(f" ) wiwsy + 20f" f""' W5 Wi +
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90(f")2wiw, + 15f Dwi(uo), +
90f" f"" wiwgy + 60(f" )2 Wi Wyrx +
45(F")?wiwd + 50f Pwiwy, (ue) +
SOf f" Wiwyxx + 75F' f"" wEwd +
45(F") 2wyt (uo)x + 45(F )2 f " wiwz, |

+[15F"" W3, 4+ 60" WyWyy Wyrx +
15f"" Wi Wrx +20f f"'w3 (uo)® +

20(f" 3w (o) (ug)x + 30(f" )3 wiwyy (ue)? +
107" w3 (ug)® + 90f" f/" wiwy, (ug)? +
10(f" )3 w3 (o) xx + 30(F )P WZ Wiy () +
50" w3 (ug)(ug)x + 50f" f" w3 (ug)xx +
150f" f" wiwny (Uo)x + SO f" WiWyrx (uo) +
1501 f" wywix (o) + SO0(f' ) Wy Wiy Wiy +
601" Wiwyx (Ug)? + 8Of' f' WiWyrx (uo) +
601" " wxewi (o) + 10(f") Wi Wirx +
1201 f"" w5 (uo) (uo)x + 60f f" Wi Wy (Ug)? +
60(f ") wiwsx (uo)x + 60(f ") wrwiy (uo) +
20f""'w3 (Ug)xx + 60f" f WyWix Wy +
15f" f Wi Warx + 90" Wiy (o) +

60" " WyWyx Wyxx + 45" f"' Wiy +

50f"" WiWyxx (Uo) + 75" wyewiy (uo) +

25" f"' Wt Warx & 50f" " Wy Wy W +

90" f"' wiwnx (Uo)x + 15(F)° wiy]

Hf " Wewxe + 10 Wi + 15" Wax W +

6f " WxWixxxx + 5f"" Wi (ug)* +

30(f")?wg (ue)? (ug)x + 20(f" )2 Wywny (g)* +
30" WyWax (ug)® + 30(f")?wg (o) (ug)xx +
30(f")2WyWyxy (Ug)? + 50" Wi (o) (o) xx +
150 f" WyWyx (10) (o) x + 50(f")? Wy Wi (Ug)xx +
50(f")?WxWyxx (Ug)x + 50(f" ) Wiy Wier () +
40f" Wy War (U)? + 30f "' Wiy (uo)? +
10(f")?wg (o) xxx + 20(f ") 2 Wi Wigrax (ug) +
60" wz(ug)?(ug),x + 30(f") 2wz (uy)z +
120(f")? Wy Wiy (o) (o) + 30(f)* Wiy (uo)* +
60" WxWax (o) xx + 10(f ) Wik +

15f" Wi (Uo) ox + 60" WaWax (Ug) x +

45" Wi (o) x + 15(f)* Wiy Wy +
25" Wy Wyxx (Ug) + 50" Wy Wyyx (o) +
5(f')? Wy Wyxxxx + 45f" W5 (ug)3 +
45(f")*wx (uo)x]

' Wat + f Warxrx + 20f Wi (10)® (ug)x +

5f" (o) *Wax + 30wy (o) ? (o) xx +

10" Wyxx (U0)* + 50 Wiy () (o) xxe +

50 W () (o) + 20 Wiy (uo) (o) eax +
10" Waexx (U)? + 60f Wy (ug) (ug)% +

60f Wi (1) (o) x + 20f Wisex () xx +

15f " Wyx (Uo) xx + 15f Waaex (o) +

5 Wy (o) xxxx + 5 Wrnxx (Uo) +

A5 1 Wix (Ug)F + 50 Wi (o) x (o) x| (4)

Setting the coefficients of wf in (4) to zero, we

obtain a set of ordinary differential equations

f(6) + 5(f/)4.f/l + 10(fl)3flll + SOflfnfln +
10(f)2F @ +30(F)2(f") + 10(f"")* +
157" f® + 55 4 15(F")% = 0.

one of the solutions of this equation

f=Ilnw (5)

there by from (5) it holds that

(Ff" == fO, (FI3f" ==fO, ff" =
1 n r o __ ! — 1 4 f—
—SFO R = (S = f O f O =
= OV =W, = () =
1 1o 1 rerr o 1 I _
—fO = = fO T == () =
L (1) = 6 By
using (6), equation (4) can be written as the sum of

some terms with f’ and f"’ setting their coefficients

to zero will lead to

Wi [We + Wyyxxx + 5Wy (u0)4 +

30Wx(u0)2(u0)x + 10Wxx(u0)3 +
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20w (o) (o) xx + 10Wyey (up)? +
30wy (o) (Ug)x + 10wy, (Ug) xx +

10Wxx (Uo)x + 5wy (Uo) xxx + SWax (o) +
15w, (ug)2] = 0,

a
ox [We + Wxeexx + 5Wx(u0)4 + 30Wx(u0)2(u0)x +

10Wxx(u0)3 + ZOWx(uO)(uo)xx + 10Wxxx(u0)2 +
30Wxx(u0)(uo)x + 10Wxx(u0)xx +
10Wxxx (uo)x + 5Wx(u0)xxx + 5Wxxxx (uO) +

15Wx(u0),26] = 0.
Above equation is satisfied provided that

Wt + Wsexxr + 5wy (o) * + 30w, (wg)? (o) x +
10Wyy (ug)® + 20wy (ug) (Ug) xx + 10Wysy (uo)* +
30wy (o) (o) x + 10Wyy (Ug) ax +

10Wysex (uo)x + 5wy (o) xxx + SWaax (U0) +
15wy (ug)z =0 (7)

From (2) and (5), we obtain Auto-Backlund

transformation of equation (1),

9

" Inw + u, (8)

u =

where w satisfying (7). We take initial solutions of

equation (1) as ug = 0, then (7) and (8) respectively

reduce to

Wi + Wyxsexx = 0, (9)
3

u=_ lnw. (10)

Specially, we take a solution of (9)
w =1+ exp[c(x — c*t)] (11)

Then, the solitary wave solution of equation (1) can

be written by using Eq. (10) as following
u(x,t) = %(1 + tanh [% (x — c4t)]) (12)

where c is arbitrary constant.

Fig.1 The 3 Dimensional surfaces of Eq. (12) for ¢ = 1.

10
0.8
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04
J
-10 -5 5 iO

Fig.2 The 2 Dimensional surfaces of Eq. (12) forc = 1 and
t=1.

3. Conclusion

We used the Auto-Backlund transformation for find
solitary wave solutions of fifth order equation of the
Burgers hierarchy. This method has been
successfully applied to solve some nonlinear wave
equations and can be used to many other nonlinear

equations or coupled ones.
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