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Bertrand Partner In this paper, we consider the idea of Bertrand partner curves for curves lying on surfaces and by
Curves; Darboux

considering the Darboux frames of surface curves, we call these curves as Bertrand partner D -curves
Frame; Geodesic;

Principal Line;
Asymptotic Curve.

and give the characterizations for these curves by means of the geodesic curvatures, the normal
curvatures and the geodesic torsions of these associated curves.

E3 Oklid 3-Uzayinda Bertrand Partner D -Egrileri

Anahtar kelimeler Ozet
Bertrand Partner Bu ¢alismada, Bertrand partner egrileri dislincesi ylizey lGzerinde yatan egriler igin ele alinmis ve ylizey

Egrileri; Darboux Catisl;  egrilerinin Darboux catilari dikkate alinarak bu egriler Bertrand partner D -egrileri olarak
Geodezik; Asli Dogrultu  adjandinimistir. Bu egrilerin karakterizasyonlari, baglantili egrilerin geodezik egriliklerine, normal
Egrisi; Asimptotic Egri.  agriliklerine ve geodezik burulmalarina gére verilmistir.
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1. Introduction

Bertrand partner curves are one of the associated i cinal normal line with another curve. A Bertrand

curve pairs for which at the corresponding points of curve « is characterized by the equality
the curves one of the Frenet vectors of a curve Ax(S)+ ur(s) =1, where A, u are constants and
coincides with the one of the Frenet vectors of the
other curve. Bertrand partner curves are very

interesting and an important problem of the

x(S), 7(S) are the curvature and the torsion of the
curve, respectively (Bertrand, 1850). These curves
have an important role in the theory of curves and
surfaces. Hereby, from the past to today, a lot of
mathematicians have studied on Bertrand curves in

fundamental theory and the characterizations of
space curves and are characterized as a kind of

corresponding relation between two curves such B
different areas (Burke, 1960; Gorgili and Ozdamar,

that the curves have the common principal normal,
1986; Struik, 1988; Whittemore, 1940). Moreover,

i.e., the Bertrand curve is a curve which shares the



these curves are related to some other special

curves and surfaces. lzumiya and Takeuchi (2003)
have studied cylindrical helices and Bertrand curves
from the view point as curves on ruled surfaces.
They have shown that cylindrical helices can be
constructed from plane curves and Bertrand curves
can be constructed from spherical curves. Also, they
have studied generic properties of cylindrical helices
and Bertrand curves as applications of singularity
theory for plane curves and spherical curves
(lzumiya and Takeuchi, 2002). Moreover, Bertrand
partner curves have been defined in the three-
dimensional sphere S*® and another definition for
space curves to be Bertrand curves immersed in s®
have been introduced by Lucas and Ortega-Yaglies,
(2012). In the same paper, the authors have

obtained that a curve o with curvatures «, 7,

immersed in S*® is a Bertrand curve if and only if

either 7, =0 and « is a curve in some unit two-

dimensional sphere S*(1) or there exit two

constants A #0, x suchthat Ax, +ur, =1.

In this paper, we consider the notion of the Bertrand
curve for curves lying on the surfaces. We call these
new associated curves as Bertrand partner D -
curves and by using the Darboux frames of the
curves we give definition and characterizations of
these curves. We obtained that two curves are
Bertrand partner D -curves if and only if their
curvatures satisfy the equality given in Theorem 3.1.
Later, we obtain some special cases given in
Theorem 3.2 and Theorem 3.3.

2. Darboux Frame of a Curve Lying on a Surface

Let S=S(u,Vv) be an oriented surface in the 3-

dimensional Euclidean space E® and let consider a
curve X(S) lyingfullyon S where (u,v) eU c IR?
, U isanopensetand S isthe arc length parameter
of curve X(S) . Since the curve X(S) isalso in space,

there exists a Frenet frame {T, N,B} along the

curve where T isunit tangent vector, N is principal

normal vector and B is binormal vector,

respectively. The Frenet equations of the curve
X(s) is given by

T =xN
N =—xT +7B
B=-zN

where x and 7 are curvature and torsion of the
curve X(S), respectively, and “dot” shows the

derivative with respect to arc length parameter S.

Since the curve X(S) also lies on the surface S
there exists another frame along X(S) which is
called Darboux frame and denoted by {T, g, n}. In
this frame T is the unit tangent of the curve, N is
the unit normal of the surface S along X(S) and ¢
is a unit vector defined by g=nxT where x
denotes the vector product in E2. Since the unit
tangent T is common in both Frenet frame and
Darboux frame, the vectors N, B, g and n lie on

the same plane. So that the relations between these
frames can be given as follows

T 1 0 0 T
g|=|0 cose sing ||N
n 0 -—sing cosep || B

where @ is the angle between the vectors ¢ and

N . The derivative formulas of the Darboux frame is

T 0k, Kk [[T
g|l=|-k, 0 7,09 (1)
n -k, -z, Of]|n

where kg, k, and 7, are called the geodesic

curvature, the normal curvature and the geodesic
torsion, respectively. Here and in the following, we
use “dot” to denote the derivative with respect to
the arc length parameter of a curve.

The relations between geodesic curvature, normal
curvature, geodesic torsion and k', 7 are given as
follows
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k,=xcosp, k, =xsing, ngr+?j—(§.(2)

Furthermore, the geodesic curvature kg and

geodesic torsion 7, of the curve X(S) can be

n T—%nx@ (3)
"9 \ds' Cds

where <,> denotes the inner product in E3. In the

calculated as follows

9

ds’ ds®

differential geometry of surfaces, for a surface curve
X(s) the followings are well-known:

i) X(s) is a geodesic curve < k, =0,
ii) X(S) is an asymptotic line & Kk, =0,
iii) X(S) is a principal line <> 7, =0.

(See O’Neill, (1966) and Sturik, (1988) for details).

3. Bertrand Partner D -Curves in the Euclidean 3-

space E®

In this section, by considering the Darboux frame,
we define Bertrand D -curves and give the
characterizations of these curves.

Definition 3.1. Let S and S, be oriented surfaces in
E® and let consider the unit speed curves X(S) and
X,(S,) lyingfullyon S and S, , respectively. Denote
the Darboux frames of X(S) and X/(S,) by
{T,g,n} and {Tl,gl,nl}, respectively. If there
exists a corresponding relationship between the
curves X and X, such that, at the corresponding
points of the curves, direction of the vector @
coincides with direction of the vector ¢,, then X is
called a Bertrand D -curve, and X, is called a

Bertrand partner D -curve of X. Then, the pair

{X, Xl} is said to be a Bertrand D -pair.

Theorem 3.1. Let S be an oriented surface and

X(S) be a curve lying on S in E* with arc length
parameter S. If S, is another oriented surface and
X,(S,) is a curve with arc length parameter S, lying
on S, then x,(S,) is Bertrand partner D -curve of
X(S) if and only if the normal curvature K, of X(S)
and the geodesic curvature kgu the normal

curvature K, and the geodesic torsion 7, of X,(S,)

1- 1k
k. —kn—gl
' coséd

satisfy the following equation,
2 2_2
_[(@-2k,)’+ 2%
u @a- Zkgl)
g
/1 z-91k91
1- /’Lkgl

—At

for some nonzero constants A, where 6 is the angle

between the tangent vectors T and T, at the

corresponding points of X and X, .

Proof: Let X(S) and X,(S,) be Bertrand D -curves
with Darboux frames {T,g,n} and {Tl,gl,nl},

respectively. Then by the definition we can write
X(Sl) = Xi(sl) + /l(sl)gl (51) ’ (4)

for some function A(S;) . By taking derivative of (4)

with respect to S and applying the Darboux

formulas (1) we have

T 3—5 = (- 2k )T, +Ag, + Az, 0. (5)

S,

Since the direction of g, coincides with the direction
of g, i.e., the tangent vector T of the curve lies on

the plane spanned by the vectors T, and n,, we get
A(s)=0.

This means that A is a non-zero constant. Thus, the
equality (5) can be written as follows
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Tj—sz (1—Zkg1)Tl+/1rglnl. (6)

Sy

Furthermore, we have
T =cosdT, —sinén,, (7)

where @ is the angle between the tangent vectors
T and T, at the corresponding points of X and X, .

By differentiating this last equation with respect to

S,, we get

ds : .
(k.9 +k”n)d_sl: (=0+k,,)sindT,
+(k, cos@+z, sind)g, (8)

+(-0+k, ) coson,
From this equation and the fact that
n=sindT, +cosén,, (9)
we get

(k,sindT, +k,g +k, cosenl)j—:

1

= (=0+k,)singT, +(k, cos@+z, sind)g, (10)

+(=0+k, )coson,

Since the direction of g, is coincident with direction

of g we have

. ds
0=k -k —. (11)
" T ds
From (6) and (7) and notice that T, is orthogonal to

0, we obtain

ds l—/lkg —/Irg
——= = (12)
ds, cos@ sind

Equality (12) gives us

At
tan @ = S (13)
1- 2k

O

By taking the derivative of this equation and
applying (11) we get

A-Ak )Y +Ac° 1- 7k
-7, = - =1 k, Kk, -
' 1-2k,) ' cos@

(14)

that is desired.

Conversely, assume that the equation (14) holds for
some non-zero constants A . Then by using (12) and
(13), (14) gives us

3
ds . .
K, (EJ = /1791 (1—Zkgl)+lzfglkgl s,

(- 2k, )+ A%7] )k,
Let define a curve
X(Sl) = X1(51) +ﬂgl(31) . (16)

We will prove that X is a Bertrand D -curve and X,

is the Bertrand partner D -curve of X. By taking the

derivative of (16) with respect to S, twice, we get

T :—;l =(1- 2k, )T, + Az, N, (17)
and
ds) _ d?%
(kgg+knn)[d—51j +Td—Slz
==K, +7, KT, (18)

+((1—/1kg1)kgl —iri)gl
+((1—/1kgl)knl +/1r'gl)n1

respectively. Taking the cross product of (17) with
(18) we have

AKU FEMUBID 16 (2016) 011301

79



[kn-k g](jsj =[-ae,k @-ak )+ a7 T
S s ,
a2k + 4z, @k )+ a7k 27k Jg, (19)

+[kg‘ (L- Ak, )" - A7. (L 2k, )]n,

By substituting (15) in (19) we get

d 3
[k,n- kg](ij = (—Mg]kg] -2k, )+ A7 )T1
' (20)

ds ’ ) )
K, " gl+(kgl(1—/1kgl) —;trgl(l—,ikgl))nl

1

Taking the cross product of (17) with (20) we have

ds ) ds ’
[_kg g - knn] = ﬂ‘knz—g T1
ds, "t ds,

s(@-ak,) + 277 ) (477 —k, (@-2k,))g, (21)

k 1k )| = 3n
n g, d51 1"

From (20) and (21) we obtain

—(k +k )[ j n—{ﬂkgkgrg (1- 2k, )—
ds

1

ds ds ) )
+k kg — | +4z, —kg (-2k,) |9, (22)
ds, ds, ' ' '

, ds , ds
+| =k k, @-2k_ ) d—+/119 k, (1 2k, )d—
: 7 ds : 7 ds

1 1

d 3
K-k )| — | |n.
©\Uds,

Furthermore, from (17) and (20) we get

(33] — (12K, )? + 4727,

S,

2
ds
K, (Ej = kgl a- ikgl) - /12'921 ,

1

respectively. Substituting these two equalities in

(22) gives us

2 2y [ dS ‘ ds
_(kg + kn ) (Ej n= |:ﬂ,kg kglfgl (1— ﬂ,kgl)g
1

1
3 Us —+ AT k ds Tl
“ ds, ds1

2ds

—/12k

+/1 2k, (L- Ak, )—

1

{ Kk, (L— 2K, )

3
ds
—k2(1-Ak )| — .
i gl)(dslj n

Last equality and equality (17) shows that the
vectors T and N lie on the plane Sp {T1 nl}.So, at

the corresponding points of the curves, direction of

g coincides with direction of Q,, i.e, the curves X

and X, are Bertrand D -pair curves.

From Theorem 3.1 we can give the followings
special cases:

Assume that X(S) is an asymptotic line. Then, from

(14) we have the following results:

i) Consider that X, (S;) is a geodesic curve. Then

X,(S,) is Bertrand partner D -curve of X(S) if and
only if the following equality holds,

2.2
=k, (L+2%72).

ii) Assume that X,(S,) is also an asymptotic line.
Then x,(S;) is Bertrand partner D -curve of X(S) if
of x(s;)

and only if the geodesic torsion 7,

satisfies the following equation,

At Kk

— G G

T
G
17k,

iii) If X,(S,) is a principal line then Xx(S,) is
Bertrand partner D -curve of X(S) if and only if the
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geodesic curvature kng and the geodesic torsion Ty

of X,(S,) satisfy the following equality,
k,, 1— 2k, )=0.

Theorem 3.2. Let the pair {X, X1} be a Bertrand D -

pair. Then the relation between geodesic curvature

K,, geodesic torsion 7, of X(S) and the geodesic

curvature K, , the geodesic torsion 7, of ¥,(s,) is

given as follows
Ky —kq, = A(kgky, =747,

Proof: Let X(S) be a Bertrand D -curve and X,(S,)

be a Bertrand partner D -curve of X(S).Then from

(16) we can write
Xl(sl) = X(Sl) _/191(51) , (23)

for some constants A . By differentiating (23) with

respect to S, we have

T1=(1+/1kg)§—SSlT—/1rgd—Sln. (24)
By the definition we have
T, =cosdT +sinén. (25)
From (24) and (25) we obtain
cosez(lﬂ,kgl)%, sinez—ﬁzgl%. (26)

Using (12) and (26) it is easily seen that

K, _k91 = i(kgkgl _Tgrgl) :

From Theorem 3.2, we obtain the following special
cases:

Let the pair {X, X1} be a Bertrand D -pair. Then,

i) if one of the curves X and X, is a principal line,

then the relation between the geodesic curvatures
kg and kgl is

kg - kgl = ﬂ“kg kg1 ’

ii) if X is a geodesic curve, then the geodesic

curvature of the curve X is given by

kg = _/“grgl ’

iii) if X is a geodesic curve, then the geodesic

curvature of the curve X is given by
kg1 = ﬂ,Tngl ’

Theorem 3.3. Let {X, X1} be Bertrand D -pair. Then

the following relations hold:

i) k =kn£+d—9
E ds, ds,

ii) ng_szkg sin@+1z, cosd
Sl 1 1

iii) K, 3—: =k, cos&+7, sing
1

iv) 7, =(k,sin@+z, cos 9)3—:
1

Proof: i)
<T ,Tl> =C0S @ with respect to S, we have

By differentiating the equation

ds do

kK. g+kn)—,T )+(T,k g, +k n)=-sind—
<( gg n )dsl 1> < 9191 A 1> dSl
Using the fact that the direction of g, coincides with

the direction of g and
T, =cosdT +sinén, n, =-sindT +cosén, (27)

we easily get that

ds dé
. =K, —+—.
' ds, ds,
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ii) By differentiating the equation (n,gl>:0

with respect to S, we have
KT as kT, -0
(_ n _ng)gigl +<n’ o 1+Tglnl>_ :
1

By (27) we obtain

ds )
z'g—:kg sin@+r7_ cosd.
1 [¢/1
ds,

iii) By differentiating the equation (T,g,)=0

with respect to S, we get

ds
<(kgg +Hon) = gl>+<T,(—kngl +7,n)=0.

1

From (27) it follows that

kg S—Ssz kgl cos¢9+rgl sind.
1

iv) Differentiating the equation <n1, g> =0 with

respect to S;, we obtain

ds
<—kan1_1'glgl, g>+<nl, (—kgT +z-gn)g> 0,

1

and using the fact that direction of g, coincides with

the direction of g and
T =cosdT, —sinén, n=sindT, +cosén,,

we get

, ds

7, =(k,sin@+7, cosd)—.

1 9 g dsl

Let now X be a Bertrand D -curve and X, be a

Bertrand partner D -curve of X. From the first
equation of (3) and by using the fact that

n, =—sindT +cosén we have

ds Ja (28)

Then we can give the following corollary.

Corollary 3.1. Let {X, )(1} be Bertrand D -pair. Then
the relations between the geodesic curvature kgl of
X (S,) and the geodesic curvature Kk, and the

geodesic torsion 7, of X(S) are given as follows:

i) If X is a geodesic curve, then the geodesic

curvature kgl of X,(S,) is given as follows,

3
ky, = A7g(COSO— A, sin 0)(3—SJ : (29)

sl
ii) If X is a principal line, then the relation

between the geodesic curvatures kgl and K, is

given by

3
d
K, =k, (1+ 2k, )’ cose(fj . (o)

1

Similarly, From the second equation of (3) and by

using the fact that g is coincident with Q,, i.e,,

n, =—sindT +cosén, the geodesic torsion 7, of

X, is given by

T |:(Z'g + 4k, 7, )COS2 0

91:

+(kg + K’ —Mg')sin fcosd (31)

2
., ds
— Ak, sin Hj[d—sj

From (31) we can give the following corollary.

Corollary 3.2. Let {X, )(1} be Bertrand D -pair. Then

the relations between the geodesic torsion 7y, of
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% (S,) and the geodesic curvature K, and the

geodesic torsion 7, of X(S) are given as follows:

i) If X is a geodesic curve then the geodesic

torsion of X, is

2

. ds

T, =7, cose[cose—/irg sin QJ[E] (32)
1

ii) If X is a principal line then the relation

between Ty, and kg is

S

2
7, =K, 1+ 2k, )sin ecose(:—sJ (33)

Furthermore, by using (12) and (13), from (32) and
(33) we have the following corollary.

Corollary 3.3. i) Let {X, )(1} be Bertrand D -pair and

let X be a geodesic line. Then the geodesic torsion
7, of X,(S,) is given by

7, =7, (1= 7k, )[ (1= Ak, ) + A’z,z, | (34)

i) Let {X, Xl} be Bertrand D -pair and let X be a

principal line. Then the relation between the

geodesic curvatures kg and kgl is given as follows

Ky 1+ 2k, )A- 2k, ) = —% = constant .. (35)

4. Conclusions

Bertrand partner curves are associated curves with
common principal normal vectors and characterized
by curvatures and torsions of the curves. In this
paper, a different type of associated curves is given
by considering associated curves as surface curves
and the curves of these new curve pair are called
Bertrand partner D -curves. The definition and
characterizations of Bertrand partner D -curves are

given. Furthermore, the relations between the

geodesic curvatures, the normal curvatures and the

geodesic torsions of these curves are obtained.
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