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ABSTRACT
In this study, we consider the summatory function of convolutions of the Mdbius function with harmonic numbers,
and we show that these summatory functions are linked to the distribution of prime numbers. In particular, we give
infinitely many asymptotics which are consequences of the Riemann hypothesis. We also give quantitative
estimate for the moment function which counts non-integer hyperharmonic numbers. Then, we obtain the
asymptotic behaviour of hyperharmonics.
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Harmonik Tipi Toplamlar Uzerine Baz1 Sonuglar

OZET
Bu calismada, Mdbius fonksiyonunun harmonik sayilarla konvoliisyonunun toplamsal fonksiyonunu ele alacagiz
ve bu toplamsal fonksiyonun asallarin dagilimu ile iliskili oldugunu gésterecegiz. Ozel olarak, Riemann hipotezinin
sonucu olan sonsuz ¢oklukta asimptotik verecegiz. Ayrica tamsayr olmayan hiperharmoniklerin sayag
fonksiyonunun momentleri i¢in niceliksel bir kestirim verecegiz. Sonra da hiperharmoniklerin asimptotik
davranisini elde edecegiz.

Anahtar Kelimeler: Mobius fonksiyonu, hiperharmonik sayilar, Dirichlet serileri

Received: 20/09/2019, Revised: 24/11/2019, Accepted: 21/11/2019 642


http://orcid.org/0000-0002-8814-6295
https://orcid.org/0000-0002-5884-6856

. INTRODUCTION

In this note, first we study the interaction between the Mébius function and hyperharmonic numbers. In
particular, we work on the summatory function of convolutions of the Mobius function with
hyperharmonic numbers, and we show that these summatory functions are related to the distribution of
prime numbers. We write

f(x) = 0:(g(x))

or

fx) < (g(x))

to emphasize that the big-0 constant may depend on the finite tuple t. The summatory function
D umw

n<x

of the M&bius function has been studied extensively. For instance, for any fixed but arbitrary € > 0, the
collection of estimates

M(x) = 0, (x%ﬂ) ¢y

is equivalent of the Riemann hypothesis. Even the estimate M (x) = o(x) is known to be equivalent to
the Prime Number Theorem (see Chapter 4 of [2]), which states that

X

m(x) ~ )
log x

where m(x) = |{p < x:p is prime}| is the prime counting function.

Now, we define harmonic numbers. Harmonic numbers are defined by the sequence of partial sums of
the harmonic series, namely

n
h, = Z
k=1

for n = 1. These numbers have been studied recurrently and attracted considerable attention. For
instance, it was shown in [7] that there is no harmonic number which is an integer except 1. It is well-
known that

Sl

h, =logn+y+0(1/n) (2)
and a finer one is

hl++1§:BZ"—l++1 L, 3
TR T o0 T L 2kn2® T 8T T Y T o0 T 1207 T 1207 3)

as n tends to infinity, where y is Euler's constant and B,, is the mth Bernoulli number. Next, we define
hyperharmonic numbers. Hyperharmonic numbers were first defined in the book of Conway and Guy
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[3] and they generalize harmonic numbers. The nth hyperharmonic number of order r = 2 is defined
recursively by

n
K=Y he,
k=1

where h;” = h,. By [3], one has that hff) can be expressed in terms of binomial coefficients and
harmonic numbers with the formula

n+r—1
= (") G = e, )

Equation (4) gives the order of growth of h,(f)
h") = 0,(n"1logn). 5)

The summatory function of the von Mangoldt function A(n) plays a central role in number theory and
it is known that the estimate

Z A(n) ~ x (6)

is equivalent of the Prime Number Theorem. Moreover, the Riemann hypothesis is equivalent to the
estimates

Z A(n) = x + 0, (x%”) (7

where € > 0. Next, we recall Wiener-Ikehara theorem (see [6]). This theorem states that if we have non-
negative real numbers a(n) and its Dirichlet series

[oe]

%

n=1

is analytic in R(s) = b, with a simple pole of residue c at b, then we have

b

Z a(n) ~ %

nsx

It is a Tauberian theorem, and it also yields the Prime Number Theorem, as the Riemann Zeta function
{(s) does not vanish on the line 6 = 1, see Chapter 13 of [4].

In this paper, motivated by convolutions of the Mdbius function, we begin by focusing on the arithmetic
function

o (n) = n""u(n) * A

and its summatory function
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5,00 = ) ().

ns<x

At a first sight, the behaviour of S,.(x) is not clear, seems chaotic, even it is not obvious the sum is
positive after a while. We will see that this sum is actually connected to the distribution of prime
numbers. Note that the trivial estimate for S,-(x) is 0, (x" log? x) which can be seen as follows: as p(n)
is bounded by 1 and by Theorem 3.10 of [2]

5,1 Y (0t ) = > wr i, (5) ®)

n<sx n<x
where
H,(x) = Z ho,
n<x
By (5) and partial summation (Abel's identity, Theorem 4.2 of [2]), we see that
H.(x) = Z " «, Z n""llogn «, x" logx. 9
nsx nsx

By (8), (9) and partial summation again, one infers that

xT x
1S, (x)| < Z n"1 Flogﬁ &, x"log? x. (10)

n<x
Now we state our first theorem which is better than the trivial estimate (10). Furthermore, assuming the
Riemann hypothesis, one can control the remainder term of S,(x) for every r > 1 and we obtain
infinitely many asymptotics which are implied by the Riemann hypothesis.

Theorem 1.1. Let r > 1 be given. Then we have

T

X
Sr(x) ~ F

Conditionally, if the Riemann hypothesis holds, then

r

X _1
S(x) = ) + 0, (xr 2+8).

Note that when r = 1, the results of the above theorem are reminiscent of equations (6) and (7)
respectively.

Now let
SCx) = |{(n,7) € [0,x] x [0,x] : k) € Z}].

In other words, the function S(x) counts the number of pairs (n, ) in the finite rectangle [0, x] X [0, x]
where the corresponding hyperharmonic number hg) is not an integer. In [5], it was obtained that

2475
S(x)=x%24+0 <x1-475),
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which means that non-integer hyperharmonics have the full asymptotic in the first quadruple. Recently
in [1], the previous result was improved and obtained that

2000
x1475

— .2
S(X) x° + OA (logx)A

(11)

Our second result is about the asymptotic of kth moments of the counting function S(x):

Theorem 1.2. Let
n k
T (x) = Z (1-2) s@.
nsx
Then we have

3475
x1475

Tk(X) = ckx3 + Ok,A (lOg—X)A

where

2
k+1Dk+2)(k+3)

Cr =

Our next result is the asymptotic of h,([):

Proposition 1.3. Let r,£ > 2 be given natural numbers. For sufficiently large n, there are explicitly
computable constants a, ., by, ¢, jwhere0 <k <r—2and1 <j < — 1 such that

r—2

n""llogn (y— h,_{n"?
A = T + rr—ll)' E(arkn logn+brknk)+2—+0rg( )

where y denotes Euler’s constant.

[I. PRELIMINARIES

To obtain our second result, we need the following lemma.
Lemma 2.2. Let A be any positive real number. For any 6 > —1 and sufficiently large x, we have

*t
H(x,0,4) =J
5 1

< .
oght 94 loghx

Proof. Integration by parts yields that

Hx,0,4) _fx tfdt « xf+1 +fx tfdt
0O )= , logdt 9.4 10g4 x , logA+it’
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If we divide the latter integral into two parts via x€ for ¢ = %, then we get that

X0+ X qbgr ¥ 0y
H(x,0,4) <g4 Toghx T fz logi*ic f logA*1¢
xg

t”at +
0. log4 x + fz log(x?) J,clogdt
« x0+1 N xs(6+1) H(X,Q,A)
94 1ogdx " 6 +1 logx
This gives the desired result. ]

l1l. PROOF OF THEOREM 1.1

Letr > 1 be fixed. For the first part of the theorem, we apply the Wiener-lkehara theorem, as it yields
the result directly in a clear way. By (2) and (4), we see that

n+r—1
hg):( o1 )(log(n+r—1)+y+s(n)—hr_1)

where s(n) = 0(1/n). As we have
r—1 r—1
log(n+r—1) =log <n (1 + T)) = logn + log(l + T) =logn + 0,(1/n),
we obtain that
n+r—1
hﬁf) = ( o1 )(logn +a,+ OT(l/n)) (12)

where a,, =y — h,._. Observe that

n+r—1 n+1)n+2)-m+r—1 n"t r(r—1)n"?
( )z( )(n+2) - ( ) _ +( ) . (13)
r—1 (r—1) (r—1) 2(r —1)!
is a polynomial in n of order r — 1. Thus by (12) and (13), we have
r—1l r—1 b r—21
h(r) ogn a,n N ogn +0,(nm?) (14)

G-D! Te-DI T =1

where b, = r(r — 1) /2. Note also that, b; = 0 and b, > 0 whenr > 2. As a,.(n) = n""1u(n) = h,([),

- un) 1 - logn ,

Z =75 ™ Z o= () (15)
n=1 n=1

for R(s) > 1and by (14) one obtains for R(s) > r that

] m
Qr(s)zzarn(sn) z 'U(n) Zh {(s—r+1) z ns

n=1
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NG - D! <_ ((((; 5 11)) T briz(s(s—_rr:l)m * Z(s(ir(rszr 1)) o
where .
(n
6,(s) = gn( )
and
9 (1) = 0,(072) )

As the Riemann Zeta function {(s) does not vanish on the line R(s) = 1, we get that 2,.(s) can be
extended to an analytic function in R(s) = r, with a simple pole at . Note that

1
i(s) = T-1 + A(s)

where A(s) is analytic in R(s) = 1 (actually A(s) is an entire function). Therefore, £2,.(s) has residue

1
(r—1)

at r as we have

{s—r+1) 1
_((s—r+1) s —

+ K(s),
T

where K(s) is analytic in R(s) = r. Since for R(s) = 1 we have

[o¢]

a0 16
ns {(s)’

n=1
the coefficients of

{(s—r+1)
_((s—r+1)

are non-negative, as they are n"~1A(n). By (15) and (17), the coefficients 5,(n) = b,n"?logn +
gr(n) of the series —b,.7' (s — r + 2) + G, (s) satisfy

Br(n) < 2b,n""?%logn (18)
for sufficiently large n. As u(n) is bounded by 1, for n large enough we see that

In""*u(n) * B ()| < n""' « 2b,n" "% logn

by (18). Therefore, the coefficients of

{'(s—1+2) Gr(s)
{((s—r+1) +{(s—r+1)

A.(s) =— —2b.{'(s—r+2){(s—7r+1)

are non-negative after a while. Hence, the coefficients of
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B.(s) =0,(s) —2b,{'(s—r+2){(s—r+1)

are non-negative after a while, it is analytic in R(s) > r with a simple pole of residue

TR

at r. Similarly, the Dirichlet series A,.(s) and —2b,.{'(s —r + 2){(s — r + 1) are analytic in R(s) >
r with a simple pole of residue —2b,.¢'(2) at r. So, we may apply the Wiener-lkehara theorem to the
functions A,.(s), B,-(s) and —2b,.{’(s — r + 2){(s — r + 1) to conclude the desired asymptotic

T

X
Sr(x) ~ T

Now we prove the second part of the theorem. Suppose that the Riemann hypothesis holds. Then as
given in the introduction before, we have

PY(x) = Z A(n) =x+ 0, (x%+£> (19)
and
M(x) = Z un) = 0, (x%+£). (20)

By (16), we see that

ar 1 r_
50 = o5t oo (Z nrAG) + ) (w(n) &(n))) @D

nsx nsx

where B,(n) = b,n""2logn + g,(n) and g,(n) = 0,(n"~2). By partial summation and (19) we have
that

Z A AMm) = X () — (- — 1) f B2 de
1

nsx
T T

X 1 X _1
=x" = (=1 —+0pc (xr_§+€) =—+ 0 (xr z*s). (22)
Now we estimate the sum B(x) = ZnSx(ll(n) * Br(n)). Note that

BGO = ) M (). 23)

nsx

By (18), (20) and (23), we obtain that

1
X 5+€ 1
B(x) <re Z n""%logn - (E)z Kyex2E (24)

n<x

Combining (21), (22) and (24), we get that
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T

X 1
Sp(x) = — + Orge (xr_7+‘c'). (25)

This completes the proof. |

V. PROOF OF THEOREM 1.2

nia7s

2000
By (11), we know that S(n) = n? + R(n) where R(n) = < ) Thus,

(logn)4
T (x) = Z (1- g)ks(n)

S () e g rey 26)
nsx i=0 l X
ann __an ( 1)k;nk+z+0 Z Z;x ({;ﬁfl .

Note that for any positive integer j, the sum

PREICE)

nsx

where p; is a polynomial of degree j + 1 and its leading coefficient is Jﬁ Thus by (26), we see that

2000
5 i n147s
Tie(x) = cx® + 0 (x?) + Oy 4 Z Z Togn)2 (27)
2snsx 8
where
- ()1
_ i
C"_Z i+3 (28)
i=0
If we put
G 0,A)= Y o [
BPAT L Togma 04 |, Tog)®
2snsx
we get by Lemma 2.2 that
x0+1
G(x,0,A) Kg,4 (IOg—X)A (29)

Combining (27) and (29), we arrive at the asymptotic
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3475

T 3+0 X7 30
1 (X) = cxx® + O 4 (og0)A (30)
. .. . . 2

Finally, to finish the theorem we show that c,in (28) is KT DD 0er3) As we have

K
k o
x2 (1 _ X)k — Z ( ) (_1)1 x1+2’
=
we see that ¢, = folxz(l — x)¥ dx. By change of variables u = 1 — x, we obtain that
1
Ck = f uk(1—w)?du
0
. e s . 2
and the previous definite integral is KT D0er2)(er3) |
V. PROOF OF PROPOSITION 1.3
By (3) and the fundamental equation (4) of hyperharmonic numbers, we know that
n+r—1
h1(1r) = ( r—1 )(hn+r—1 - hr—l)
n+1)-Mn+r—-1)
(r—1)!
logn+r—1)+y + ! Z Bar h (31)
ogn+r—D+y+or Ty Li2ktn+r—1%F T
If we see the binomial term as a polynomial in n, then we observe that
r—1

nm+1)-Mn+r—-1) .

o = B = det (32)
i=0

withd, ,_1 = D ) For n is sufficiently large and any positive integer t, we have

1 1 1 1 (r—1)/ i
- - ] == z(_1)1( ,) :Z’Bf:”, (33)
n+r—1t nt 1+7‘—1 nt |\ nJ Lanltt
n j=0 j=0

where ;. t's are explicitly computable constants. Therefore we have
{+r—1

Z ZZBZkBerR Z gk,r_l_o ( 1 )
2k(n +r —1)2k 2kni+2k nk ré\pt+r-1)’

k=2

for some 0, ,-'s which are explicitly computable constants. As n is sufficiently large, we also obtain that
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1 ( 1)k 1 1 k
log(n+r—1)—logn+log(1+—> 1ogn+z_ ( - )

{+r—1

ak,r 1
= lOng + z oy + Or# (W) (34)

k=1

with explicitly computable constants a;,.’s. Plugging in equations (32), (33) and (34) into equation (31),
we derive that

{+r—1 {4+r—1

0 1
h? = P.(n)- | logn + (y — hy_y) + z z z :r‘l'Ore(m)
f+r—1

= =
r—1
i K r 1
= z dpint || logn+ (y — hy_1) + Z i T 0re (W)
i=o k=1

Bk—l,r,l
2

where Ky, = ag, + — O With 8, . = 0. Hence we get that

r—14+r— 1

n""llogn (y—h,_{)n"1 K 1
(r) g Y r—1 Tl kr
h, G- + =D +2d“n (logn+(y h,_ 1))+Z Z —+ 0y (F)

=0 k=1
If we rearrange the terms after doing the correspondlng calculations, we deduce the desired result of the

proposition. |

VI. CONCLUSION

In this note, we have seen that convolutions of the Mobius function with harmonic type sums and their
summatory functions were closely related to the prime number theory and the Riemann Zeta function.
Besides, asymptotic of the moment function related to the non-integer hyperharmonic numbers and the
asymptotic of hyperharmonics were obtained.
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