
DUJE (Dicle University Journal of Engineering) 14:4 (2023) Page 671-681 

A numerical and theoretical investigation into torsional buckling of composite 
driveshaft incorporating carbon nanotube 
 Hamza TAŞ1* 
1 Manisa Celal Bayar University, Mechanical Engineering Department, hamza.tas36@gmail.com, Orcid No: 0000-0002-6527-338X 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
Introduction 
Fiber-reinforced polymer (FRP) composites become more 
and more popular in automotive, aerospace, military, 
construction, and other industries due to their superior 
specific strength and stiffness compared to many traditional 
materials such as steel and aluminium [1]–[4]. Particularly 
in the automotive industry, composite materials have a wide 
range of applications. According to Ref. [5], by 2024, the 
automotive sector is predicted to be one of the top users of 
composite materials, with yearly consumption expected to 
exceed $15.5 billion. 

The driveshaft one of the most critical parts of an 
automobile serves as the link between the engine and the 
axles and is responsible for transmitting the high torques 
that are applied to the wheels [6]–[10]. Conventional 
driveshafts commonly made of steel have a low cost of 
production and great fabricability but are massy. Since 
weight has a significant impact on automobile performance, 
it is practical to improve it by replacing traditional heavy 
drive shafts with composite ones. Weight savings ranging 
from 24% to 80% have been recorded by researchers [7], 
[11]–[13] when employing FRP composite driveshafts in 
place of steel driveshafts. 

The design of a driveshaft is carried out based on the design 
specifications such as buckling torque capability, torque 
transmission capability, natural bending frequency, weight, 
and speed. A composite drive shaft was designed by 
Rangaswamy and Vijayarangan [14] using genetic 
algorithms for E-glass/epoxy and HM-carbon/epoxy 
composites with the goal of minimizing shaft weight while 
still meeting requirements for torsional buckling strength, 
torque transmission, and natural bending frequency. 
Kannan et al. [6] investigated the effect of stacking 
sequence and fiber orientation angles on the natural 
frequency, torsional stiffness, and buckling strength of a 
composite driveshaft. When compared to a typical steel 
shaft, composite materials led a significant weight 
reduction. The findings also showed that the torsional 
characteristics of the composite shafts are significantly 
influenced by the fiber orientation angle. Modelling and 
analysis of composite drive shafts for several ply angles and 
layer counts were performed and so the safest design 
criterion was determined by Altin et al. [7]. The numerical 
results showed that the 10-layer model with a winding angle 
of +/- 45 degrees has the lowest cost regarding strength. 
Gülşah [15] studied the torsional buckling behaviour of 
thin-walled rectangular cross-sectional composite tubes. 
Effects of tube length, cross section, and ply angle on the 
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ABSTRACT 

 Composite driveshafts have emerged as a potent substitute for traditional driveshafts because of their 
excellent strength-to-weight and stiffness-to-weight ratios. At the same time, usage of multi-walled carbon 
nanotubes (MWCNTs) as a reinforcement has gained a great momentum due to their superb mechanical, 
electrical, and thermal characteristics. In this work, a micromechanical model combining the rule of 
mixtures and the Halpin-Tsai (H-T) model was used to calculate elastic constants of MWCNTs-added 
carbon fiber reinforced epoxy resin. This micromechanical model considers the effect of agglomeration, 
aspect ratio, waviness, and random orientation of MWCNTs. Elastic constants of MWCNTs/epoxy resin 
calculated by using micromechanical model was compared by experimental results available in the 
literature. Moreover, finite element analysis (FEA) was carried out to predict the critical torsional buckling 
load of composite driveshafts for various MWCNTs concentrations and fiber orientation angles. The FEA 
results were compared with the results obtained theoretically. The results showed that Young’s modulus 
of MWCNTs/epoxy resin calculated by using the micromechanical model follows the experimental 
findings. When compared to pure carbon fiber-reinforced epoxy resin, 𝑬𝑬𝟏𝟏, 𝑬𝑬𝟐𝟐, 𝑮𝑮𝟏𝟏𝟏𝟏, and 𝑮𝑮𝟐𝟐𝟐𝟐 (elastic 
constants of composite lamina) showed improvements of 0.66%, 27.80%, 49.02%, and 37.50%, 
respectively, in the case of 10vol.% MWCNTs addition. The ply orientation angle has a more dominant 
effect on 𝑻𝑻𝒄𝒄𝒄𝒄 than the MWCNTs concentration. Doi: 10.24012/dumf.1336638 
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critical torsional buckling load were investigated. The 
results revealed that critical torsional buckling load occurs 
between the ply angle of 20° and 40°. Critical buckling load 
increased with the decrease of tube length, but its impact is 
not as great as that of ply angle and edge rate. Rastogi [16] 
reported a study presenting a thorough method for 
designing driveshafts using automotive applications. 
Preliminary design tools meeting performance 
requirements such as critical speed, torsional strength, 
torsional buckling strength, and torsional fatigue for 
composite driveshafts were developed using closed-form 
analytical solutions and validated through in-depth finite 
element analyses. Shokrieh et al. [17] studied the torsional 
buckling behaviour of the composite driveshaft. Influences 
of ply angle, stacking sequence, and boundary conditions 
on the torsional buckling load were also examined. The 
findings demonstrated that the torsional buckling load is 
significantly influenced by fiber orientation and stacking 
sequence. They also concluded that finite element 
modelling enables a highly accurate prediction of the 
buckling torque. 

The excellent electrical, mechanical, and thermal 
characteristics of carbon nanotubes (CNTs) have led to their 
recent consideration as potential nanoscale additives for 
polymer composites. Since CNTs have an elastic modulus 
and tensile strength in the range of 50-100 GPa and 1.4 TPa, 
respectively, introducing CNTs to polymers results in an 
increase of mechanical properties of polymers [18]. 
Schadler et al. [19] reported a 20% increase in tensile 
modulus and a 24% increase in compression modulus. 
Allaoui et al. [20] concluded that in comparison to pure 
resin matrix, the elasticity modulus and yield strength for 
composites containing 1 and 4 wt% carbon nanotubes, 
respectively, have increased by 2 and 4 times. Tai et al. [21] 
indicated 97.0% and 49.8% improvement in tensile strength 
and tensile modulus, respectively, when 3 wt% CNTs were 
added into the phenolic. Jain et al. [22] investigated the 
reinforcement effect of carbon fiber-epoxy(CF-EP) 
composites with CNTs and indicated that the ultimate 
tensile strength and interlaminar shear strength of CF-EP 
are increased by 17% and 28%, respectively, by the addition 
of 0.3 wt% CNTs. 

To estimate the effects of CNT incorporation on the 
mechanical characteristics of the polymers, several 
micromechanical models have been suggested. In order to 
predict the elastic modulus of CNT-reinforced polymer 
nanocomposites Hassanzadeh-Aghdam et al. [23] 
constructed a micromechanical model that takes into 
account a number of significant parameters, such as the 
random orientation and distribution of wavy CNTs, the 
directional behaviour of CNTs, and the CNT/polymer 
interphase. Fisher et al. [24] created a model integrating 
finite element findings and micromechanical models to 
determine the effective modulus of wavy CNTs-reinforced 
polymer. Anumandla and Gibson [25] proposed a 
micromechanics model considering the curvature, length, 
and random arrangement of nanotubes for determining the 
effective elastic modulus of carbon nanotube-reinforced 
composites. Thostenson and Chao [26] revised the 

micromechanical model utilized for the modelling of short 
fiber composites to calculate the elastic modulus of the 
carbon nanotube-reinforced nanocomposite. The outcomes 
demonstrated that the elastic features of nanocomposites are 
significantly influenced by nanotube diameter. Seidel and 
Lagoudas [27] applied the Mori–Tanaka, self-consistent, 
and composite cylinders micromechanics approaches to 
calculate the Poisson's ratio, shear modulus, and elasticity 
modulus of aligned CNTs-reinforced nanocomposites. Pan 
et al. [28] created a model by exchanging effective fibers 
with wavy carbon nanotubes so as to investigate the 
effective elastic modulus of CNT/polymer composites, 
focusing on CNT waviness and agglomeration. The 
findings revealed that CNT-reinforced composites' elastic 
modulus is substantially influenced by agglomeration and 
waviness. 

The main objective of this study is to examine the effects of 
MWCNT on the critical torsional buckling load of 
composite driveshafts numerically and theoretically. In this 
study, elastic constants of MWCNTs-added carbon fiber- 
reinforced epoxy resin were calculated using a 
micromechanical model that combines the rule of mixtures 
and the Halpin-Tsai (H-T) model. The impact of MWCNT 
aggregation, aspect ratio, waviness, and random orientation 
is considered by this micromechanical model. Elastic 
constants of MWCNTs/epoxy resin computed by using a 
micromechanical model were compared with the published 
experimental results. The critical torsional buckling load of 
composite driveshafts is also predicted using finite element 
analysis (FEA) for different MWCNT concentrations and 
fiber orientation angles. The results of the FEA were 
compared to those found theoretically. Additionally, a 
regression equation was constructed that gives the variation 
of the critical torsional buckling load of composite 
driveshaft with the change of ply orientation angle and 
MWCNT concentration. 

Micromechanical model 
Elastic constants of CNTs-reinforced polymer matrix 

Understanding the mechanical behaviour of CNT-
reinforced polymer composites under torsional loads 
requires knowledge of elastic constants such as elasticity 
modulus, Poisson's ratio, and shear modulus. In this work, 
the mechanical properties of CNTs-based polymer 
composites were determined by combining the rule of 
mixtures and the Halpin-Tsai (H-T) model. This combined 
model considers the impacts of agglomeration, random 
orientation, aspect ratio, and waviness of CNTs in the 
matrix when calculating the mechanical properties of 
nanocomposite [29]–[31]. 

The elasticity modulus of the straight-aligned CNTs 
incorporated polymers (𝐸𝐸𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶) can be predicted by using 
the following H-T model [29]: 

𝐸𝐸𝐶𝐶/𝑀𝑀 = �𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶/𝑚𝑚 − 1�𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 (1) 

where 𝐸𝐸𝐶𝐶/𝑀𝑀 and 𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶/𝑚𝑚 can be calculated by utilizing 
Equation (2) and (3). 
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𝐸𝐸𝐶𝐶/𝑀𝑀 =
𝐸𝐸𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 − 𝐸𝐸𝑚𝑚

𝐸𝐸𝑚𝑚
 (2) 

𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶/𝑚𝑚 =
𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶
𝐸𝐸𝑚𝑚

 (3) 

In Equations (1), (2), and (3), 𝐸𝐸𝑚𝑚, 𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶 , and 𝐸𝐸𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 are 
Young’s modulus of polymer matrix, carbon nanotube, and 
carbon nanotube incorporated polymer matrix, respectively. 
𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶  denotes the volume fraction of carbon nanotubes in the 
polymer matrix. 𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶/𝑚𝑚 is the ratio of the Young's modulus 
of the carbon nanotube to that of the polymer matrix. As 
already mentioned, Equation (1) can only be used to 
calculate straight-aligned CNTs reinforced polymers. 
However, in real-world situations, agglomeration, random 
orientation, and waviness of the CNTs embedded in the 
matrix have a significant impact on the mechanical 
properties. Besides, aspect ratio of CNTs plays an important 
role in the mechanical characteristics of CNTs-reinforced 
polymers. Therefore, adding random orientation factor 𝛽𝛽𝑅𝑅, 
waviness factor 𝛽𝛽𝑊𝑊, and length efficiency factor 𝛽𝛽𝐿𝐿 to 
Equation (1) enables to predict the elasticity modulus of 
CNT-reinforced polymers with sufficient accuracy. As a 
result, Equation (1) can be rewritten as 

𝐸𝐸𝐶𝐶/𝑀𝑀 = �𝛽𝛽𝑅𝑅𝛽𝛽𝑊𝑊𝛽𝛽𝐿𝐿𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶/𝑚𝑚 − 1�𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 (4) 

where random orientation factor 𝛽𝛽𝑅𝑅 is 1/3 and 1/5 for 2-D 
(in-plane) and 3-D situations, respectively. Length 
efficiency factor 𝛽𝛽𝐿𝐿 takes a value in the range of 0 and 1 and 
can be determined by using Equation (5): 

𝛽𝛽𝐿𝐿 =
𝑡𝑡𝑡𝑡𝑡𝑡ℎ𝜆𝜆𝜆𝜆
𝜆𝜆𝜆𝜆

 (5) 

in which 𝜆𝜆 is the aspect ratio of CNT. 𝜆𝜆 and 𝜏𝜏 parameters 
can be determined as follows: 

𝜆𝜆 =
2𝑙𝑙
𝑑𝑑

 (6) 

𝜏𝜏 = �
−2

𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶/𝑚𝑚(1 − 𝜐𝜐𝑚𝑚)𝑙𝑙𝑙𝑙 (𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶)
 

(7) 

where 𝑑𝑑 and 𝑙𝑙 are the diameter and length of the CNT, 
respectively. 𝜐𝜐𝑚𝑚 states the Poisson’s ratio of the matrix. 
Both CNT aspect ratio and volume fraction of CNT in the 
matrix are crucial for the length efficiency factor. 
Therefore, 𝛽𝛽𝐿𝐿 approaches one for high aspect ratios and 
large volume fractions. The waviness factor 𝛽𝛽𝑊𝑊 is equal to 
one for the straight CNTs, but less than one for wavy CNTs. 
𝛽𝛽𝑊𝑊 can be determined by 

𝛽𝛽𝑊𝑊 = 1 −
𝑎𝑎
𝑤𝑤

 (8) 

where 𝑤𝑤 and 𝑎𝑎 represent the half-wavelength and amplitude 
of the curving CNT. 

Even though the relationship between the 𝐸𝐸𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 and 𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶  
is linear according to Equation (4), many experimental 
research [32]–[36] concluded a non-linear relationship 
between the 𝐸𝐸𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 and 𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 . This non-linear relationship 
is due to the increasing tendency of carbon nanotubes to 
agglomerate as the CNTs fraction in the matrix rises. Thus, 
Equation (4) is modified by the addition of the 
agglomeration factor 𝛽𝛽𝐴𝐴. 

𝐸𝐸𝐶𝐶/𝑀𝑀 = �𝛽𝛽𝑅𝑅𝛽𝛽𝑊𝑊𝛽𝛽𝐿𝐿𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶/𝑚𝑚 − 1�𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶𝛽𝛽𝐴𝐴 (9) 

In Equation (9), 𝛽𝛽𝐴𝐴 can be determined by 

𝛽𝛽𝐴𝐴 = 𝑒𝑒𝑒𝑒𝑒𝑒�−𝛼𝛼𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶
𝛽𝛽 � (10) 

where 𝛼𝛼 and 𝛽𝛽 parameters are associated with the 
agglomeration degree of CNTs in the matrix. 𝛼𝛼 and 𝛽𝛽 
parameters are considered as 9 and 0.9, respectively [30].  

Given that the CNTs-reinforced polymer matrix behaves in 
a quasi-isotropic manner, the following equation can be 
used to determine its shear modulus [4]: 

𝐺𝐺𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 =
𝐸𝐸𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶

2(𝜐𝜐𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 + 1)
 (11) 

where Poisson’s ratio of CNTs-based polymer matrix 
(𝜐𝜐𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶) is equal to Poisson’s ratio of polymer matrix 
(𝜐𝜐𝑚𝑚).  

The equation as follows can be used to compute the density 
of the CNTs-based polymer matrix: 

𝜌𝜌𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 = 𝜌𝜌𝐶𝐶𝐶𝐶𝐶𝐶𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 + 𝜌𝜌𝑚𝑚𝑉𝑉𝑚𝑚  (12) 

where 𝜌𝜌𝑚𝑚 and 𝜌𝜌𝐶𝐶𝐶𝐶𝐶𝐶  are respectively the densities of 
polymer matrix and carbon nanotube. 𝑉𝑉𝑚𝑚 symbolizes the 
volume fraction of the polymer matrix in the CNTs-added 
polymer matrix. 

Elastic constants of unidirectional lamina 

The elasticity modulus of a unidirectional lamina 
longitudinal direction, 𝐸𝐸1, density, 𝜌𝜌𝑐𝑐, and Poisson’s ratio, 
𝜐𝜐12, can be computed by using the mixture rule [37]. 

𝐸𝐸1 = 𝐸𝐸𝑓𝑓𝑉𝑉𝑓𝑓 + 𝐸𝐸𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶𝑉𝑉𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 (13) 

𝜌𝜌𝑐𝑐 = 𝜌𝜌𝑓𝑓𝑉𝑉𝑓𝑓 + 𝜌𝜌𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶𝑉𝑉𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶  (14) 

𝜐𝜐12 = 𝜐𝜐𝑓𝑓𝑉𝑉𝑓𝑓 + 𝜐𝜐𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶𝑉𝑉𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 (15) 

where 𝐸𝐸𝑓𝑓, 𝜌𝜌𝑓𝑓, and 𝜐𝜐𝑓𝑓 denote Young’s modulus, density, and 
Poisson’s ratio of fiber, respectively. 𝑉𝑉𝑓𝑓 is fiber volume 
fraction in the lamina. In the present study, 𝑉𝑉𝑓𝑓 and 𝑉𝑉𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶  
were taken to be 60% and 40%, respectively. Since using 
the rule of mixture to calculate the elasticity modulus in the 
transverse direction, 𝐸𝐸2, Poisson’s ratio, 𝜐𝜐12, and shear 
modulus’, 𝐺𝐺12 and 𝐺𝐺23 don’t give sufficiently consistent 
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results with experimental data, the modified H-T equation 
can be utilized to compute these elastic constants [38]. 

𝑃𝑃
𝑃𝑃𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶

=
1 + 𝜉𝜉𝜉𝜉𝑉𝑉𝑓𝑓
1 − 𝜂𝜂𝑉𝑉𝑓𝑓

 (16) 

where 𝑃𝑃𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 is the corresponding properties of the CNTs-
based polymer matrix. 𝑃𝑃 can be regarded as 𝐸𝐸2, 𝜐𝜐12, 𝐺𝐺12 and 
𝐺𝐺23. 𝜂𝜂 is an experimental parameter and can be computed 
by using the following equation. 

𝜂𝜂 =

𝑃𝑃𝑓𝑓
𝑃𝑃𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶

− 1

𝑃𝑃𝑓𝑓
𝑃𝑃𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶

+ 𝜉𝜉
 (17) 

where 𝑃𝑃𝑓𝑓 and 𝑃𝑃𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶  mean corresponding properties of 
fiber and CNTs-based polymer matrix. Reinforcing factor 𝜉𝜉 
can be chosen as 2 for 𝐸𝐸2 calculation and 1 for 𝜐𝜐23, 𝐺𝐺12, and 
𝐺𝐺23 calculation [37]. 

Critical torsional buckling load of composite driveshafts 

Since composite driveshafts are designed as long, thin and 
hollow structures, they are susceptible to torsional buckling 
under a torsion load. Critical torsional buckling load, 𝑇𝑇𝑐𝑐𝑐𝑐 , 
for thin-walled orthotropic driveshafts can be determined 
by [14] 

𝑇𝑇𝑐𝑐𝑐𝑐 = (2𝜋𝜋𝑟𝑟2𝑡𝑡)(0.272)�𝐸𝐸𝑥𝑥𝐸𝐸𝑦𝑦3�
1/4 �

𝑡𝑡
𝑟𝑟
�
3/2

 (18) 

where 𝐸𝐸𝑥𝑥 and 𝐸𝐸𝑦𝑦 are the elasticity modulus of composite 
driveshaft in the direction of axial and hoop, respectively. 𝑡𝑡 
and 𝑟𝑟 state the thickness and mean radius of the composite 
driveshaft. Equation (18), which is commonly used to 
design driveshafts, was developed from the equation for an 
isotropic cylindrical shell. 

Finite element analysis 
The finite element method (FEM), a numerical method, is 
used to find the approximate solution of partial differential 
equations. FEM can be used to solve problems in a variety 
of engineering and mathematical physics fields, such as 
heat transfer, mass transport, structural analysis, fluid flow, 
and electromagnetic potential. FEM breaks down a 
complex system into smaller pieces known as finite 
elements to solve a problem. FEM generates equations for 
each finite element and then merges them to get the solution 
for the entire structure rather than solving the problem for 
the whole structure in just one step [39].  

In this study, a commercially available finite element 
analysis (FEA) program, ANSYS 22 R2 was used to find 
the critical torsional buckling loads of composite 
driveshafts subjected to the torsion load. ANSYS 
Composite PrepPost (ACP), an integrated tool in the Ansys 
Workbench environment, was used to model the composite 
driveshaft. ACP uses the Ansys Mechanical solvers to carry 
out structural, thermal, and fluid-solid interaction 

simulations. ACP enables to create laminated composites 
defined layer-by-layer [40]. 

In this study, LY 5052 Epoxy resin, AS4 Carbon fiber, and 
multi-walled carbon nanotubes (MWCNTs) were used as 
matrix material, reinforcing material, and nanofiller. Some 
material properties of these components are illustrated in 
Table 1.  

Table 1. Mechanical properties of nanocomposite 
components  

LY5052 Epoxy resin 
[30] 

AS4 Carbon fiber 
[41] MWCNTs [30] 

𝐸𝐸𝑚𝑚(GPa) 3.11 𝐸𝐸𝑓𝑓11(GPa) 225 𝐸𝐸𝐶𝐶𝐶𝐶𝐶𝐶(GPa) 900 
𝐺𝐺𝑚𝑚(GPa) 1.152 𝐸𝐸𝑓𝑓22(GPa) 15 𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶(nm) 2000 
𝜐𝜐𝑚𝑚 0.35 𝐺𝐺𝑓𝑓12(GPa) 15 𝑑𝑑𝐶𝐶𝐶𝐶𝐶𝐶(nm) 3 
𝜌𝜌𝑚𝑚(g/cm3) 1.17 𝐺𝐺𝑓𝑓23(GPa) 7 𝜌𝜌𝐶𝐶𝐶𝐶𝐶𝐶(g/cm3) 2.25 
  𝜐𝜐𝑓𝑓12 0.20   
  𝜐𝜐𝑓𝑓23 0.40   
  𝜌𝜌𝑓𝑓(g/cm3) 1.79   

The elastic constants of MWCNTs-reinforced LY5052 
epoxy resin for the MWCNTs volume fractions of 0.0, 0.25, 
0.5, 1.0, 1.5, 2.0, 3.0, 4.0, 6.0, 8.0 and 10%.was determined 
by Equations (1)-(11). Then, elastic constants of 
MWCNTs-incorporated AS4 carbon fiber/LY5052 epoxy 
resin were obtained by using Equations (13-(17). These 
elastic constants were used in the FEA. 

In the current work, a composite driveshaft with inner and 
outer diameters of 40 and 44 mm and made of eight laminas 
with a uniform thickness of 0.25 mm was modelled. The 
length of the composite driveshaft is 500 mm. A schematic 
view of the composite driveshaft and its dimensions are 
illustrated in Fig. 1. 

 
Figure 1. Schematic view of composite driveshaft 

(Dimensions are in mm) 

A two-dimensional surface mesh with 16002 Quad4 
elements and 16065 nodes was generated to carry out the 
torsional buckling analysis. The resulting surface mesh is 
displayed in Fig. 2. 
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Figure 2. Mesh configuration 

In FEA, the composite driveshaft was exposed to torsional 
load of 1 Nm at one end while being fixed in all directions 
at the other. Following the static analysis of the composite 
driveshaft, stress results are recorded to compute the 
torsional buckling load. Torsional buckling load is 
calculated by multiplying static torsional load and load 
multiplier. 

Results and discussion 
Effects of MWCNTs inclusion on the mechanical 
properties of epoxy resin 

The mechanical properties of MWCNTs-reinforced epoxy 
resin which were theoretically calculated for various 
volume fractions are presented in Table 2. The inclusion of 
MWCNTs into the epoxy resin causes a remarkable 
increase in elasticity modulus, shear modulus, and density. 
Approximately 17%, 52%, and 72% improvements occur in 
Young’s modulus and shear modulus in the case of 
1.0vol.%, 4.0vol.%, and 10.0vol.% MWCNTs addition. 
However, density increases only 0.8%, 3.2%, and 8.0% 
when 1.0vol.%, 4.0vol%, and 10.0vol.% MWCNTs are 
added. This means 16%, 47%, and 59% increments in 
specific elastic and shear moduli for additions of 1.0vol.%, 
4.0vol.%, and 10.0vol.% MWCNTs, respectively. 
Increments in specific elastic and shear moduli are smaller 
than the increases in elastic and shear moduli due to the non-
linear relationship between the elastic/shear modulus and 
MWCNTs volume fraction, but the linear relationship 
between the density and MWCNTs volume fraction. 

Table 2. Mechanical properties MWCNTs-included epoxy 
resin 

𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 (vol%) 𝐸𝐸𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 (GPa) 𝐺𝐺𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶 (GPa) 𝜌𝜌𝑚𝑚−𝐶𝐶𝐶𝐶𝐶𝐶(g/cm3) 
0.00 3.110 1.152 1.250 
0.25 3.251 1.204 1.253 
0.50 3.390 1.255 1.255 
1.00 3.649 1.351 1.260 
1.50 3.883 1.438 1.265 
2.00 4.092 1.516 1.270 
3.00 4.445 1.646 1.280 
4.00 4.721 1.749 1.290 
6.00 5.091 1.886 1.310 
8.00 5.280 1.956 1.330 
10.00 5.344 1.979 1.350 

Fig. 3 shows how the elastic modulus of epoxy resin 
reinforced with MWCNTs changes as a function of the 
MWCNTs concentration. In Fig. 3, It is clear that as the 
MWCNTs volume fraction increases, Young’s modulus 
increases, but at a decreasing rate due to the agglomeration 
of MWCNTs. Duan et. al [34] also reported a decrease in 
Young’s modulus for the MWCNTs concentration greater 
than 0.6 wt%. Fig. 3 demonstrates a high degree of 
consistency between the findings of the current study and 

those of Omidi et al. [29]. It is obvious that adding factors 
such as random orientation, waviness, length efficiency, 
and agglomeration into the H-T model resulted in a good 
agreement between predictions and experimental findings. 

 
Figure 3. Variation of elasticity modulus of MWCNTs-

based epoxy resin with MWCNTs volume fraction (𝛽𝛽𝑟𝑟 =
0.2,  𝜆𝜆 = 2𝑙𝑙

𝑑𝑑
 where 𝑙𝑙 = 2000𝑛𝑛𝑛𝑛 and 𝑑𝑑 = 30𝑛𝑛𝑛𝑛, 𝜐𝜐𝑚𝑚 =

0.35, 𝛽𝛽𝑤𝑤 = 0.5, and 𝛽𝛽𝐴𝐴 = 𝑒𝑒𝑒𝑒𝑒𝑒�−𝛼𝛼𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶
𝛽𝛽 � where 𝛼𝛼 = 9 

and 𝛽𝛽 = 0.9) 

The effect of the MWCNT waviness on the elastic modulus 
of MWCNTs-based epoxy resin as a function of MWCNTs 
concentration is presented in Fig. 4. It is obvious that the 
waviness of MWCNTs plays a critical role in elastic 
modulus. As the waviness factor increases, which means 
straighter MWCNT, Young’s modulus rises. With 
increasing MWCNT concentrations, this rise becomes more 
pronounced. Paunikar and Kumar [42] also reported a 
considerable decrease in effective Young's modulus even 
with small waviness. Additionally, predicted results 
calculated for the waviness factor of 0.5 are in good 
agreement with the experimental results obtained by Omidi 
et al. [29]. 

 
Figure 4. Variation of elasticity modulus of MWCNTs-

based epoxy resin with MWCNTs volume fraction 
depending on the 𝛽𝛽𝑤𝑤 waviness factor fraction (𝛽𝛽𝑟𝑟 = 0.2,  
𝜆𝜆 = 2𝑙𝑙

𝑑𝑑
 where 𝑙𝑙 = 2000𝑚𝑚 and 𝑑𝑑 = 30𝑛𝑛𝑛𝑛, 𝜐𝜐𝑚𝑚 = 0.35, and 

𝛽𝛽𝐴𝐴 = 𝑒𝑒𝑒𝑒𝑒𝑒�−𝛼𝛼𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶
𝛽𝛽 � where 𝛼𝛼 = 9 and 𝛽𝛽 = 0.9) 

Influence of the MWCNT length on Young’s modulus of 
MWCNTs-reinforced epoxy resin as a function of 
MWCNTs volume fraction is illustrated in Fig. 5. As it can 
be seen from Fig. 5, the length of the MWCNT has a 
significant impact on Young’s modulus of MWCNTs-
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reinforced epoxy resin. As the length of the MWCNT rises, 
the elastic modulus of epoxy resin reinforced with 
MWCNTs increases. This increase is more pronounced for 
MWCNTs shorter in length. After a certain length of the 
MWCNT (approximately 4 µm), further increasing the 
length of the MWCNT has a negligible effect on the elastic 
modulus (Fig. 6). A similar trend has also been observed by 
Aghadavoudi et al. [43]. 

 
Figure 5. Variation of elasticity modulus of MWCNTs-

based epoxy resin with MWCNTs volume fraction 
depending on the aspect ratio of MWCNTs (𝛽𝛽𝑟𝑟 = 0.2,  

𝜆𝜆 = 2𝑙𝑙
𝑑𝑑

 where 𝑑𝑑 = 30𝑛𝑛𝑛𝑛, 𝜐𝜐𝑚𝑚 = 0.35, 𝛽𝛽𝑤𝑤 = 0.5, and 𝛽𝛽𝐴𝐴 =

𝑒𝑒𝑒𝑒𝑒𝑒�−𝛼𝛼𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶
𝛽𝛽 � where 𝛼𝛼 = 9 and 𝛽𝛽 = 0.9) 

 
Figure 6. Variation of elasticity modulus of MWCNTs-
reinforced epoxy resin with the length of the MWCNT 

Elastic constants of MWCNTs-added carbon fiber-
reinforced epoxy resin 

The elastic constants of the unidirectional composite lamina 
for various MWCNTs volume fractions are presented in 
Table 3. These elastic constants were used as input data for 
FEA. It is obvious that while MWCNT concentration has a 
negligible effect on 𝐸𝐸1, it has a considerable impact on 𝐸𝐸2, 
𝐺𝐺12, and 𝐺𝐺23. Elasticity modulus in the longitudinal 
direction for unidirectional laminates is dominantly 
controlled by the continuous fibers rather than MWCNTs. 
Therefore, the rise in 𝐸𝐸1 is negligible when compared to the 
increase in 𝐸𝐸2, 𝐺𝐺12, and 𝐺𝐺23 [44]. Compared to pure carbon 
fiber-reinforced epoxy resin, there is a 0.66%, 27.80%, 
49.02%, and 37.50% improvement in 𝐸𝐸1, 𝐸𝐸2, 𝐺𝐺12, and 𝐺𝐺23 
in the case of 10vol.% MWCNTs inclusion (Fig. 7). 
Increase in elastic constants declines as the MWCNTs 

concentration rises because of non-homogeneous 
dispersion of MWCNTs. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 7. Variation of (a) 𝐸𝐸1, (b) 𝐸𝐸2, (c) 𝐺𝐺12, and (d)𝐺𝐺23 of 
unidirectional composite lamina with the MWCNTs 

volume fraction
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Table 3. Variation of elastic constants of the unidirectional composite lamina with MWCNTs concentration 

VCNT (vol%) 0.00 0.25 1.00 3.00 6.00 10.00 
E1 (GPa) 136.244 136.300 136.460 136.778 137.036 137.137 
E2 (GPa) 7.835 8.008 8.462 9.255 9.811 10.013 
G12 (GPa) 3.592 3.719 4.063 4.701 5.177 5.353 
G23 (GPa) 2.893 2.976 3.197 3.592 3.875 3.978 
𝝊𝝊𝟏𝟏𝟏𝟏 0.260 0.260 0.260 0.260 0.260 0.260 
𝝊𝝊𝟐𝟐𝟐𝟐 0.379 0.379 0.379 0.379 0.379 0.379 

Effect of MWCNTs inclusion on the critical torsional 
buckling load of composite driveshaft 

The critical torsional buckling load of the composite 
driveshaft was predicted both numerically and theoretically. 
Critical torsional buckling load computed by using 
Equation (18) for various MWCNTs concentrations was 
compared with those from FEA. The variation of the critical 
torsional buckling load of composite driveshaft with the 
change of MWCNTs volume fraction and percentage error 
(%) between the FEA and theoretical results are presented 
in Fig. 8. It is clear from Fig. 8 that as the MWCNTs content 
increases critical torsional buckling load rises. However, 
after a certain MWCNTs content (6.0vol.%), the effect of 
MWCNTs on the critical torsional buckling load is 
negligible. For theoretical and numerical calculations, the 
10.0vol.% MWCNT addition to pure lamina results in 
increases of 20.4% and 26.7%, respectively. For all 
MWCNT concentrations, the critical torsional buckling 
load predicted numerically is higher than those calculated 
theoretically. The highest percentage error is 5.1%, 
indicating that the theoretical and numerical results are in 
good agreement. Therefore, the following investigations 
were carried out by using FEA. 

 
Figure 8. Variation of critical torsional buckling load of 

[0]8 composite driveshaft for various MWCNTs 
concentrations 

In this study, the effect of ply orientation angle on the 
critical torsional buckling load was examined by using 
FEA. Fig. 9 illustrates the change of critical buckling load 
for various ply orientation angles. As it can be seen from 
Fig. 9, the ply orientation angle has a significant influence 
on the critical torsional buckling load. When compared to 
0° ply orientation angle, critical torsional buckling load 
reduces by 8.7% and 3.9% for 30° and 45° ply orientation 

angles, respectively. However, further increasing the ply 
orientation angle results in a sharp increase in critical 
buckling load. Critical torsional buckling load increases by 
30.9% and 201.9% for 60° and 90° ply orientation angles, 
respectively, in comparison to 0° ply orientation angle. 
Badie et al. [45] also reported that 90° ply orientation angle 
is the best for the peak torsional buckling. The fibers aligned 
in the hoop direction at this ply orientation angle result in 
an increasing modulus �𝐸𝐸𝑦𝑦�. Since 𝑇𝑇𝑐𝑐𝑐𝑐  is directly 
proportional to the cube of 𝐸𝐸𝑦𝑦 according to Equation (18), 
𝑇𝑇𝑐𝑐𝑐𝑐  increases as the ply orientation angle increases. The 
highest value of the buckling torque is reached when the 
fibers are orientated at 90 degrees since the expression of 
buckling torque is dominantly related to the elasticity 
modulus of the composite driveshaft in the hoop direction. 

 
Figure 9. Variation of critical torsional buckling load of 
composite driveshaft with the change of ply orientation 

angle 

3D surface and contour plots showing the variation of 
critical torsional buckling load with MWNCTs content and 
ply orientation angle are illustrated in Fig. 10. According to 
Fig. 10, the ply orientation angle of continuous carbon 
fibers dominates the critical torsional buckling load rather 
than MWCNTs. Furthermore, it is evident that the ply 
orientation angle has no bearing on the beneficial effects of 
MWCNTs on 𝑇𝑇𝑐𝑐𝑐𝑐 , excluding the 90° ply orientation angle. 
Increases in 𝑇𝑇𝑐𝑐𝑐𝑐  are 26.7%, 30.4%, 30.7%, 27.3%, and 
14.2% in the case of 10vol.% MWCNTs addition compared 
to pure lamina for 0°, 30°, 45°, 60°, and 90° ply orientation 
angle, respectively. At a 90° ply orientation angle, the 
beneficial effect of MWCNTs on 𝑇𝑇𝑐𝑐𝑐𝑐  decreases. 
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(a) 

 
(b) 

Figure 10. a) 3D surface and b) Contour plot of critical 
torsional buckling load versus MWCNTs concentration 

and ply orientation angle 

Table 4. Comparison of 𝑇𝑇𝑐𝑐𝑐𝑐  values obtained by FEA and 
by using regression equation 

𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 
(vol.%) 𝜃𝜃 (°) 𝑇𝑇𝑐𝑐𝑐𝑐 (Nm)-FEA 𝑇𝑇𝑐𝑐𝑐𝑐 (Nm)-Reg.Eq Relative 

error (%) 
0 0 709.87 676.73 -4.67 
0 30 648.06 752.88 16.17 
0 45 682.18 671.17 -1.61 
0 60 929.54 849.39 -8.62 
0 90 2143.90 2145.45 0.07 
3 0 834.11 804.63 -3.53 
3 30 776.03 876.87 12.10 
3 45 817.83 804.84 -1.59 
3 60 1095.40 1037.80 -5.26 
3 90 2347.50 2397.97 2.15 
6 0 881.96 839.95 -4.76 
6 30 826.75 906.56 9.65 
6 45 871.83 835.41 -4.18 
6 60 1160.00 1083.89 -6.56 
6 90 2421.40 2451.30 1.23 
10 0 899.11 887.39 -1.30 
10 30 845.11 941.27 11.38 
10 45 891.41 864.99 -2.96 
10 60 1183.20 1113.13 -5.92 
10 90 2447.40 2470.98 0.96 

In order to have a better comprehension of the relationship 
between the critical torsional buckling load, fiber 
orientation angle, and MWCNTs concentration, a 
regression equation with the 𝑅𝑅2 = 99.07 was constructed 
as follows:  

𝑇𝑇𝑐𝑐𝑐𝑐 = 743.00 + 50.20𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 − 17.76𝜃𝜃 − 3.34𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶2

+ 0.37𝜃𝜃2 + 0.126𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶𝜃𝜃 (19) 

where 𝜃𝜃 denotes the ply orientation angle. Table 4 shows 
the 𝑇𝑇𝑐𝑐𝑐𝑐  values obtained by FEA and by using Equation (19). 
It is obvious that this regression equation can accurately 
predict the 𝑇𝑇𝑐𝑐𝑐𝑐  value with an average error of 5.28%. 

Fig. 11a, b, c, and d illustrate the effect of MWCNTs 
volume fraction on the first mode shape of torsional 
buckling whereas Fig. 11b, e, f, g, and h show the influence 
of ply orientation angle on the first mode shape of torsional 
buckling. As shown in Fig. 11, MWCNT concentration has 
no impact on the first mode shape, but the ply orientation 
angle significantly alters it. As the ply orientation angle 
rises, number of circumferential waves increases. 
Moreover, it is obvious that all composite driveshafts 
exhibit helical buckling mod. 
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

 
(g) 

 
(h) 

Figure 11. First mode shape of torsional buckling for the 
composite driveshaft with a) 𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 = 0.0𝑣𝑣𝑣𝑣𝑣𝑣. % and 𝜃𝜃 =

30° b) 𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 = 3.0𝑣𝑣𝑣𝑣𝑣𝑣. % and 𝜃𝜃 = 30° c) 𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 =
6.0𝑣𝑣𝑣𝑣𝑣𝑣. % and 𝜃𝜃 = 30° d) 𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 = 10.0𝑣𝑣𝑣𝑣𝑣𝑣. % and 𝜃𝜃 =

30° e) 𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 = 3.0𝑣𝑣𝑣𝑣𝑣𝑣. % and 𝜃𝜃 = 0° f) 𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 = 3.0𝑣𝑣𝑣𝑣𝑣𝑣. % 
and 𝜃𝜃 = 45° g) 𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 = 3.0𝑣𝑣𝑣𝑣𝑣𝑣. % and 𝜃𝜃 = 60° h) 𝑉𝑉𝐶𝐶𝐶𝐶𝐶𝐶 =

3.0𝑣𝑣𝑣𝑣𝑣𝑣. % and 𝜃𝜃 = 90°  

 

Conclusions 
The following conclusions can be made: 

 Introducing MWCNTs into the epoxy resin results in a 
notable improvement in elasticity modulus, shear 
modulus, and density. When 1.00%, 4.00%, and 10% 
MWCNTs are included into epoxy resin, Young's 
modulus and shear modulus, respectively, improve by 
around 17%, 52%, and 72%. 

 The waviness and length of the MWCNT have a great 
influence on Young’s modulus of MWCNTs/epoxy 
resin. Increase of both waviness factor which means 
straighter MWCNT and length results in a boost of 
elastic modulus. 

 While MWCNTs concentration has an insignificant 
impact on the 𝐸𝐸1, it considerably affects the 𝐸𝐸2, 𝐺𝐺12, and 
𝐺𝐺23. 

 The addition of 10vol.% MWCNT to pure lamina raises 
𝑇𝑇𝑐𝑐𝑐𝑐  by 20.4% and 26.7%, respectively, according to the 
theoretical and numerical calculations. 

 Critical torsional buckling load decreases by 8.7% and 
3.9% for 30° and 45° ply orientation angles, 
respectively, when compared to 0° ply orientation angle. 
But as the ply orientation angle is increased further, the 
critical buckling load increases dramatically. For 60° 
and 90° ply orientation angles, respectively, the critical 
torsional buckling load rises by 30.9% and 201.9% as 
compared to the 0° ply orientation angle. 

 Except for the 90° ply orientation angle, the ply 
orientation angle has little to no impact on the favorable 
effects of MWCNTs on 𝑇𝑇𝑐𝑐𝑐𝑐 . 

 All composite driveshafts buckle in a helical mode. 
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