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ÖZET 
 
Modülerlik, çizgelerden bilgi çıkarmak için, çok kullanılan bir makine öğrenimi algoritmasıdır. Modülerlik, 
özünde, ele alınan ağı daha küçük kümelere böler. Oluşturulan kümeler, aynı kümedeki düğümler arasındaki 
paylaşılan özellikleri vurgular. Bu çalışmada 6×6 at çizgesini modülerlik yöntemiyle analiz ederek 6 At Kaplama 
Probleminin (6-AKP) çözümlerini elde ettik. Araştırmamız 0,1 ile 2,0 arasındaki çözünürlükler için değişmektedir. 
Çözünürlük 1,2 için bulunan maksimum modülerlik puanı 0,318'dir. 0,3 ve 0,4 olmak üzere çözünürlükler, tüm 
çözümleri 8 at ile tanımladı. Ayrıca, 0,2 çözünürlükler için 8 at ve 0,2, 0,3 ve 0,4 çözünürlükler için 9, 10, 11, 12, 
13 at ile bazı çözümler elde edilmektedir. Ayrıca, çözünürlük 0,3, 6-AKP çözümlerini bulmak için en verimli 
çözünürlüktür. Ayrıca, analizlerimiz gösterdi ki 0,2 çözünürlüğü, 6-AKP'nin 195 çözümünü daha fazla çözüm 
bulmak için en iyi çözünürlüktür. Son olarak, modülerlik yöntemi, 2253 çözüm arasından 0,5 çözünürlük için 
61'den, 0,2 çözünürlük için 195'e kadar olan çözümleri çıkarıyor. 

Anahtar Kelimeler: At çizgesi, modülerlik, At Kaplama Problemi, Makine öğrenmesi 

 

UNSUPERVISED MACHINE LEARNING ALGORITHM TO SOLVE 
KNIGHT COVERING PROBLEM FOR 6 BY 6 BOARD 

ABSTRACT 
 
Modularity is a well-known method as a machine-learning algorithm to extract information from graphs. The 
modularity, in essence, divides the considered network into smaller clusters. The extracted clusters highlight the 
shared properties between the nodes in the same cluster. In the present study, we analyze the 6×6 knight graph by 
modularity method to obtain 6 Knight Covering Problem (6-KCP) solutions. Our investigation is ranged for the 
resolutions from 0.1 to 2.0. The maximum modularity score is 0.318 found for resolution 1.2.  The resolutions, 
namely 0.3 and 0.4, identified all solutions, by 8 knights.  Moreover, some solutions are obtained by 8 knights for 
the resolutions 0.2 and by 9, 10, 11, 12, 13 knights for the resolutions 0.2, 0.3, and 0.4. Moreover, resolution 0.3 is 
the most efficient resolution to find 6-KCP solutions. Also, within our analysis, resolution 0.2 is the best resolution 
to find more solutions, 195 solutions of 6-KCP. Lastly, the modularity method extracts the solutions from 61, for 
resolution 0.5, to 195, for resolution 0.2, out of 2253 solutions. 

Keywords: Knight graph, modularity, Knight Covering Problem, Machine learning 

1.   Introduction 
The Knight Covering Problem (KCP a.k.a. N-KCP) is an interesting problem for computer 

scientists since there is no analytical solution. The problem is introduced based on the knights' 
movements on the chess-board-likes. The uniqueness of knight moves became subject to various 
researches such as the knight's tour problem [1-5] extended problems [6-8]. image encryption [9-13] and 
the N-KCP [14-21]. In the N-KCP, the knights are placed on a N×N board in such a way so no knights 
attack each other and the placed knights cover the board by either occupy or threaten. The N-KCP is an 
NP-Complete problem with Quadratic Time Complexity: O(n²). Nevertheless, there are many numerical 
methods are developed to identify some or all KCP solutions such as the independent set [22, 23] and 
the Girvan-Newman clustering algorithm [24] of the responding knight graphs of N-KCP. Additionally, 
modularity algorithm is introduced for 3-KCP [25], 4-KCP [26], and 5-KCP [27]. At present, the knight 
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graph representation of 6-KCP is introduced and classified by the modularity. The classified graph is 
analyzed by means of 6-KCP solutions. The details of the analysis are discussed in the following sections. 

6-KCP is the problem to place a certain number of knights on 6 by 6 chessboard-like, so every 
cell is either occupied or threatened. In Figure 1, 2 of the 6-KCP solutions which are found  by binary 
graph method [22] are depicted. The solutions consist of 18 knights on the 6 by 6 boards. The solutions 
are shown in Figure 1 are rotationally, vertically, and horizontally symmetric solutions Thus, they 
represent only 1 unique solution. 

               
Figure 1. 2 of the 6-KCP solutions by utilizing the binary graph method. 

We intend to use the unsupervised clustering algorithm, namely modularity, to solve 6-KCP. Thus, 
the first step of the algorithm is the conversion of the board (6x6) to the knight graph. Figure 2 shows 
the particular knight graph in which every node is colored and proportionally sized with respect to the 
degrees of the nodes. Every cell on the board is represented by a node on the board and is labeled by an 
index number. To highlight the indexing, the graph is presented in the board layout. The cells on the 
corners (colored orange) can cover 2 cells. The cells on the edges (colored green) can cover 3 cells, and 
the cells (colored purple) are next can cover 4 cells. The cells, colored light blue, can cover 6 cells. 
Lastly, 4 cells (colored dark green) can cover 8 cells. The cells which are covered are reachable by one 
legal knight move. Hence,  the cells in which the knight covers and an extra cell is occupied by the 
particular knight. To sum up, the graph form of 6-KCP is composed of 36 nodes and 80 edges. The nodes 
have 2, 3, 4, 6, and 8 degrees. They are distributed from the entire graph by the portion respectively 
11.11%, 22.22%, 33.33%, 22.22%, and 11.11%. Every knight and their place on the board is explicitly 
shown in Figure 3. 

 

 

Color code Degree Number of Nodes Percentage in the graph (%) 

 2 4 11.11 

 3 8 22.22 

 4 12 33.33 

 6 8 22.22 

 8 4 11.11 

Figure 2. 6-KCP graph is depicted with the nodes that are colored and sized proportionally to the 
degrees of nodes. Please see Figure 3 for a more detailed view of relations. 

The graph analyses provide important information to extract information from data presented in 
the form of networks such as computational networks [28-30], social networks [31-34], biological 
networks [35-37], word networks [38-40], infection networks [41, 42]. One of the many analysis 
methods is clustering which divides the whole network into smaller relational clusters of the nodes. Each 
cluster presents a relatively stronger relation of included nodes in the same cluster. The clustering 
algorithms are extensively utilized since it is relatively computationally efficient. There are numerous 
graph clustering algorithms which are based on different properties of the graph, so they end up with 
different clusters. For example, the Girvan-Newman algorithm is based on edge betweenness, Highly 
Connected Clusters utilizes graph connectivity, k-means clustering divides the network by mean value, 
and Modularity generates modules (a.k.a. clusters) by means of the strength of division of a network. In 
this study, we investigated 6-KCP by modularity. The modularity algorithm has many advantages such 
as it is a flexible algorithm by the changing resolution. To increase resolutions divide the network to a 
greater number of clusters and to decrease the resolution is a lesser number of clusters. The appropriate 
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resolution can be found based on the intention and the modularity score. Since we intend to provide 6-
KCP solutions by modularity application, we changed the resolution from 0.1 to 2.0 which are all 
meaningful clusters. 

2.   Unsupervised Machine Learning  
Unsupervised machine learning algorithms have a wide range of applications such as image 

processing [43-45], digital signal processing [46, 47], biomedical research [48], segmentation [49-52]. 
Likewise, in this study, we have applied the unsupervised learning algorithm, namely modularity. Knight 
graph for 6×6 board, as shown in Figure 2, is clustered to extract the relational information, so the 
relational information provides heuristic information in the sense of 6-KCP solution. 

There are developed algorithms to solve N-KCP based on knight graphs [22]. In Figure 1, two of 
the 6-KCP solutions are presented which are found by the binary layout of the graph. Likewise, in this 
study, we are benefited by graph forms in the search of 6-KCP solutions. Specifically, we use modularity 
to analyze the 6-KCP graph to find solutions. The considered analysis method divides the 6-KCP 
network into densely connected smaller clusters. The clustered nodes present a stronger relationship 
between the knights. Thus, this heuristic highlights the knights which are less likely to be in the same 
solution. The details of the modularity method and the solution algorithm is introduced in the following 
sections. 

      

      

      

      

      

      
Figure 3. 6-KCP has 36 cells to place a knight. Each cell is represented by a node, and they are 

connected to the nodes which they can cover 
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3.   Modularity 
We used the modularity to identify the closely related knights for the 6-KCP. The modularity 

score is calculated by various formulas. The formula which we utilized is as follows [53, 54] 

 𝑄𝑄 =
1

2𝑚𝑚
��𝐴𝐴𝑖𝑖𝑖𝑖 − 𝛾𝛾

𝑘𝑘𝑖𝑖𝑘𝑘𝑖𝑖
2𝑚𝑚

�𝛿𝛿(𝑐𝑐𝑖𝑖 , 𝑐𝑐𝑖𝑖)
𝑖𝑖,𝑖𝑖

 (1) 

 
where 𝑚𝑚 stands for the number of edges in the graph.  𝐴𝐴𝑖𝑖𝑖𝑖 represents the weights of the edge between 
nodes 𝑖𝑖 and 𝑗𝑗. 𝛾𝛾 is the resolution parameter. 𝛿𝛿-function is 1 if 𝑐𝑐𝑖𝑖 = 𝑐𝑐𝑖𝑖; in other words, node 𝑖𝑖 and 𝑗𝑗 are in 
the same cluster and 0 otherwise. 𝑘𝑘𝑖𝑖 is the degree of node 𝑖𝑖 and 𝑘𝑘𝑖𝑖 is the degree of node 𝑗𝑗. 

Throughout our analysis, we used the Gephi [55-57], and the resolutions are limited from 0.1 to 
2.0 which is defined specific to the 6-KCP graph. The analysis and implementation results will be given 
in the Results and Discussion section. 

4.   Results and Discussion 
The investigated relational information of the 6-KCP graph by modularity score extracted 

communities from 1 to 16 with respect to the changing modularity resolution. 
The modularity identifies the strong relationships between nodes. However, the 6-KCP solutions 

are to place the knight which should have weak/no relations in the same solution. Thus, the extracted 
clusters reveal the list of positions that are the least likely to be in the same solutions. 

In Figure 5, modularity results on 6-KCP (for resolution = 0.1 – 2.0) graphs are presented. The 
resolutions 1.9 and 2.0 is extracted 1 cluster in 6-KCP graph as shown in Figure 5.s and t. Thus, in the 
generated possible solutions from the graphs, there is no two nodes could be included simultaneously in 
a solution, so no solution is identified. In Figure 5.o, p, q, and r, 2 clusters are generated by modularity 
with the resolutions 1.5, 1.6, 1.7, and 1.8 respectively. Likewise, 2 nodes (a.k.a. 2 knights) solutions do 
not exist for 6-KCP. Likewise, modularity application for resolution 1.4 cannot generate 6-KCP solutions 
since there is only 3 clusters. For the resolution = 1.1, 1.2 and 1.3, in Figure 5.k, l, and m, the 6-KCP 
graph is divided into 4 clusters which leads to no solutions. For resolutions = 0.7, 0.8, 0.9, 1.0, 6-KCP 
graph is divided to 6 cluster with different topology therefore no solution generated. The resolution is 
0.6 extracts 6 clusters again which is not sufficient for 6-KCP solutions. The resolution 0.5 divides 12 
clusters, so 61 solutions are identified. Resolution 0.4 leads to 80 solutions with length 8, 9, 10, 11, and 
12. The resolution 0.3 is found the solutions for changing lengths from 8 and 13, and the total number 
of solutions are 185. The resolution 0.2 results with 2 solutions with length 8 and 13, also, 6, 36, 48, 101 
solutions with length 9,10, 11, 12 respectively. In summary, the modularity mostly covers the solutions 
with length from 8 to 13. The relation with the number of clusters and found solutions are summarized 
in Figure 10. 

 
 

Figure 4. (Color Online) Black empty squares show the number of total solutions by the specified 
number of knights. The red circle, upside blue triangle, and downside triangle show the number of found 
solutions for the resolutions 0.2, 0.3, and 0.4 respectively. 
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The modularity identifies some solutions of 6-KCP. Figure 7 presents the number of solutions vs 
the number of required knights. The found solutions are limited to length 8 and 13.  While resolution 0.2 
has the highest capacity for the solution places more knights on the board such as 11 and 12, resolution 
0.5 finds less number of solutions such as 9, 10, and 11. 

 

   
Resolution = 0.1 Resolution = 0.2 Resolution = 0.3 

   
Resolution = 0.4 Resolution = 0.5 Resolution = 0.6 

   
Resolution = 0.7 Resolution = 0.8 Resolution = 0.9 

   
Resolution = 1.0 Resolution = 1.1 Resolution = 1.2 

   
Resolution = 1.3 Resolution 1.4 Resolution 1.5 

   
Resolution 1.6 Resolution = 1.7 Resolution = 1.8 

  
Resolution = 1.9 Resolution = 2 

Figure 5. The modularity method is applied to 6-KCP graph for various resolutions from 0.1 to 2.0 
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The applied modularities for the resolutions between 0.1 to 2.0 clustered the 6-KCP graph. In 
Figure 6, the increasing resolutions divide the network into smaller numbers of clusters. However, the 
modularity score does not follow any particular trend. The maximum modularity score is 0.318 for the 
resolution 1.2, so the best clusters in the sense of modularity algorithm.  The investigations show the 
increasing number of clusters more likely to find 6-KCP solutions (See Figure 4 and Figure 7). The 
modularity score as a quality measurement shows no explicit correlation with the number of found 
solutions for the same resolutions as shown in Figure 6. The highest modularity score is 0.318 (for 
resolution 1.2). Thus, clustering for 1.2 presents the best sub-communities by means of modularity. 

In Figure 7, the number of generated permutations is compared with the number of identified 
solutions for the resolution between 0.1 and 1.2. Although communities are identified, no solutions are 
obtained for the resolutions 1.2-1,8. The resolution 0.1 leads to 107495424 permutations which is beyond 
our computational capability.  The resolutions 0.2, 0.3, 0.4, 0.5, and 0.6 generates 44789760, 24883200, 
21870000, 12960000, and 1470000permutations respectively. These permutations are ended with 
several solutions such as 195, 185, 80, 61 respectively. The relational information is depicted in 
computational efficiency (See Figure 8).  

The number of generated permutations has a strong correlation with the identified solutions. Thus, 
the computational efficiency of the particular resolution shows the efficiency of this correlation. The 
computational efficiency of a resolution is defined in equation 2 and presented with changing resolution 
in Figure 8. The computational efficiency is formulated as: 

 𝐸𝐸𝐸𝐸𝐸𝐸𝑖𝑖𝑐𝑐𝑖𝑖𝐸𝐸𝐸𝐸𝑐𝑐𝐸𝐸 𝑜𝑜𝐸𝐸 𝑡𝑡ℎ𝐸𝐸 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝐸𝐸𝑐𝑐 =
𝑁𝑁𝑐𝑐𝑚𝑚𝑁𝑁𝐸𝐸𝑐𝑐 𝑜𝑜𝐸𝐸 𝐸𝐸𝑜𝑜𝑐𝑐𝐸𝐸𝑓𝑓 𝑐𝑐𝑜𝑜𝑐𝑐𝑐𝑐𝑡𝑡𝑖𝑖𝑜𝑜𝐸𝐸𝑐𝑐 ∗ 100

𝑁𝑁𝑐𝑐𝑚𝑚𝑁𝑁𝐸𝐸𝑐𝑐 𝑜𝑜𝐸𝐸 𝑝𝑝𝐸𝐸𝑐𝑐𝑚𝑚𝑐𝑐𝑡𝑡𝑝𝑝𝑡𝑡𝑖𝑖𝑜𝑜𝐸𝐸𝑐𝑐
 (2) 

Resolution 0.2 introduces the best clustering by means of 6-KCP, 195 solutions. However, it is 
not computationally efficient (4.35367×10-4) because it is one of the resolutions which generate the 
highest number of permutations. The most computationally efficient resolution is 0.3 by 7.43474×10-4. 
It finds 185 solutions by 24883200 permutations. Thus, resolution 1.0 extracts relatively more 
meaningful clusters for solution identification of 6-KCP. 

 

 
Figure 6. (Color online) While the resolution increase causes to the lower number of communities for 

6-KCP graph, the modularity score does not follow a particular pattern 
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Figure 7. (Color online) The number of found solutions are strongly related to the number of 

permutations. 

 
Figure 8. (Color online)  Resolution 0.3 has the highest computational efficiency concerning the 

other resolutions. However, the highest number of solutions, namely 195, is obtained by resolution 0.2 
which is considerably computationally less efficient. Our analysis does not include resolution 0.1. 

 

 
Figure 9. (Color online) Modularity score has no explicit relation with the number of found solutions 

for the 6-KCP graph in the application of modularity algorithm  
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Figure 10. The number of communities increases up to reach a threshold and then it starts to identify 

the 6-KCP solution. 

5.   Conclusion 
In this study, we have applied an unsupervised learning algorithm namely the Modularity on 6-

KCP. The analyses show resolution 0.3 is the computationally efficient resolution to find some solutions 
of 6-KCP. Moreover, the analysis shows resolution 0.2 is the best resolution to find some solutions of 6-
KCP. The maximum modularity score is 0.318 found for resolution 1.2.  Moreover, resolution 0.2 is the 
best resolution to find more solutions of 6-KCP. However, no solution is identified for that particular 
resolution. Lastly, modularity extracts the solutions from 61 to 195 out of 2253 solutions. 
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APPENDİX 
The extracted solutions are listed by the clustered graph for the resolutions, namely 0.2, 0.3, 0.4, 

and 0.5. 

 
For resolution 0.2. 
3,8,9,10,12,27,28,33,34 
3,8,9,10,12,28,31,33,34,35 
3,9,10,12,19,28,31,33,34,35 
7,8,9,10,11,12,27,28,33,34 
2,3,6,8,9,12,18,27,28,33,34 
2,3,6,8,9,12,18,28,31,33,34,35 
2,3,6,9,12,18,19,28,31,33,34,35 
2,6,7,8,9,11,12,18,27,28,33,34 
4,7,9,10,24,27,32,33,34,36 
3,4,9,10,27,28,33,34 
3,4,9,10,24,27,32,33,34,36 
3,4,9,10,31,32,33,34,35,36 
3,4,9,10,24,31,32,33,34,36 
3,4,9,10,19,28,31,33,34,35 
3,4,9,10,19,31,33,34,35,36 
3,4,9,10,19,24,31,33,34,36 
4,7,9,10,11,27,28,33,34 
4,7,9,10,11,27,32,33,34,36 
9,10,15,16,30,31,32,33,35,36 
9,10,15,16,31,32,33,34,35,36 
1,3,6,8,12,13,18,27,28,30,33 
1,3,6,8,12,13,18,27,28,33,34 
1,3,6,8,12,13,18,28,30,31,33,35 
1,3,6,8,12,13,18,28,31,33,34,35 
1,3,6,8,13,18,23,28,30,31,33,35 
1,3,6,12,13,18,19,28,30,31,33,35 
1,3,6,12,13,18,19,28,31,33,34,35 
1,3,13,17,18,19,23,31,33,35 
1,3,13,17,18,19,23,24,31,33 
1,3,5,8,10,12,13,27,28,30,33 
1,3,5,8,10,12,13,27,28,33,34 
1,3,5,6,8,12,13,27,28,30,33 
1,3,5,6,8,12,13,27,28,33,34 
1,3,5,6,12,13,19,28,30,31,33,35 
1,3,5,6,12,13,19,28,31,33,34,35 
1,3,5,10,12,13,19,28,30,31,33,35 
1,3,5,10,12,13,19,28,31,33,34,35 
1,3,5,13,17,19,23,31,33,35 
1,3,5,13,17,19,23,24,31,33 
1,3,5,6,8,12,13,28,30,31,33,35 
1,3,5,6,8,12,13,28,31,33,34,35 
1,3,5,6,8,13,23,28,30,31,33,35 
1,3,5,8,10,12,13,28,30,31,33,35 
1,3,5,8,10,12,13,28,31,33,34,35 
1,6,7,8,11,12,13,18,27,28,30,33 
1,6,7,8,11,12,13,18,27,28,33,34 
1,5,6,7,8,11,12,13,27,28,30,33 
1,5,6,7,8,11,12,13,27,28,33,34 
1,5,7,8,10,11,12,13,27,28,30,33 
1,5,7,8,10,11,12,13,27,28,33,34 
1,2,3,6,8,12,18,27,28,33,34 
1,2,3,6,8,12,18,28,31,33,34,35 
1,2,3,6,12,18,19,28,31,33,34,35 
1,2,3,17,18,19,23,26,31,33,35 
1,2,3,17,18,19,23,24,26,31,33 
1,2,3,5,6,8,12,27,28,33,34 
1,2,3,5,6,8,12,28,31,33,34,35 
1,2,3,5,6,12,19,28,31,33,34,35 
1,2,3,5,17,19,23,26,31,33,35 
1,2,3,5,17,19,23,24,26,31,33 
1,2,6,7,8,11,12,18,27,28,33,34 
1,2,5,6,7,8,11,12,27,28,33,34 
1,4,6,7,13,18,24,27,30,32,33,36 
1,4,6,7,13,18,24,27,32,33,34,36 
1,4,5,6,7,13,24,27,30,32,33,36 
1,4,5,6,7,13,24,27,32,33,34,36 
1,4,5,7,10,13,24,27,30,32,33,36 
1,4,5,7,10,13,24,27,32,33,34,36 
1,3,4,6,13,18,27,28,30,33 
1,3,4,6,13,18,27,28,33,34 
1,3,4,6,13,18,24,27,30,32,33,36 
1,3,4,6,13,18,24,27,32,33,34,36 
1,3,4,6,13,18,30,31,32,33,35,36 
1,3,4,6,13,18,31,32,33,34,35,36 
1,3,4,6,13,18,24,30,31,32,33,36 
1,3,4,6,13,18,24,31,32,33,34,36 
1,3,4,5,6,13,27,28,30,33 

1,3,4,5,6,13,27,28,33,34 
1,3,4,5,10,13,27,28,30,33 
1,3,4,5,10,13,27,28,33,34 
1,3,4,6,13,18,19,28,31,33,34,35 
1,3,4,6,13,18,19,23,24,30,31,33 
1,3,4,6,13,18,19,23,28,30,31,33,35 
1,3,4,6,13,18,19,30,31,33,35,36 
1,3,4,6,13,18,19,31,33,34,35,36 
1,3,4,6,13,18,19,24,30,31,33,36 
1,3,4,6,13,18,19,24,31,33,34,36 
1,3,4,6,13,18,23,30,31,32,33,35 
1,3,4,6,13,18,23,24,30,31,32,33 
1,3,4,5,10,13,24,27,30,32,33,36 
1,3,4,5,10,13,24,27,32,33,34,36 
1,3,4,5,6,13,24,27,30,32,33,36 
1,3,4,5,6,13,24,27,32,33,34,36 
1,3,4,5,6,13,19,28,31,33,34,35 
1,3,4,5,6,13,19,23,24,30,31,33 
1,3,4,5,6,13,19,23,28,30,31,33,35 
1,3,4,5,6,13,19,30,31,33,35,36 
1,3,4,5,6,13,19,31,33,34,35,36 
1,3,4,5,6,13,19,24,30,31,33,36 
1,3,4,5,6,13,19,24,31,33,34,36 
1,3,4,5,10,13,19,28,30,31,33,35 
1,3,4,5,10,13,19,28,31,33,34,35 
1,3,4,5,10,13,19,30,31,33,35,36 
1,3,4,5,10,13,19,31,33,34,35,36 
1,3,4,5,10,13,19,24,30,31,33,36 
1,3,4,5,10,13,19,24,31,33,34,36 
1,3,4,5,6,13,23,30,31,32,33,35 
1,3,4,5,6,13,23,24,30,31,32,33 
1,3,4,5,6,13,30,31,32,33,35,36 
1,3,4,5,6,13,31,32,33,34,35,36 
1,3,4,5,6,13,24,30,31,32,33,36 
1,3,4,5,6,13,24,31,32,33,34,36 
1,3,4,5,10,13,30,31,32,33,35,36 
1,3,4,5,10,13,31,32,33,34,35,36 
1,3,4,5,10,13,24,30,31,32,33,36 
1,3,4,5,10,13,24,31,32,33,34,36 
1,4,6,7,11,13,18,27,28,30,33 
1,4,6,7,11,13,18,27,28,33,34 
1,4,6,7,11,13,18,27,30,32,33,36 
1,4,6,7,11,13,18,27,32,33,34,36 
1,4,5,6,7,11,13,27,28,30,33 
1,4,5,6,7,11,13,27,28,33,34 
1,4,5,7,10,11,13,27,28,30,33 
1,4,5,7,10,11,13,27,28,33,34 
1,4,5,6,7,11,13,27,30,32,33,36 
1,4,5,6,7,11,13,27,32,33,34,36 
1,4,5,7,10,11,13,27,30,32,33,36 
1,4,5,7,10,11,13,27,32,33,34,36 
1,6,13,15,16,18,30,31,32,33,35,36 
1,6,13,15,16,18,31,32,33,34,35,36 
1,10,13,15,16,30,31,32,33,35,36 
1,13,15,16,17,18,31,32,33,34,35,36 
13,14,17,18,19,20,23,24 
5,13,14,17,19,20,23,24,29 
11,13,14,17,18,19,20,23,35 
5,11,13,14,17,19,20,23,29,35 
2,14,17,18,19,20,23,24,26 
2,5,14,17,19,20,23,24,26,29 
2,11,14,17,18,19,20,23,26,35 
2,5,11,14,17,19,20,23,26,29,35 
4,6,13,14,18,19,20,23,24,30 
4,6,13,14,18,19,20,24,30,36 
4,6,13,14,18,19,20,24,34,36 
4,6,13,14,18,20,23,24,30,32 
4,6,13,14,18,20,24,30,32,36 
4,6,13,14,18,20,24,32,34,36 
4,5,6,13,14,20,23,24,29,30,32 
4,5,6,13,14,20,24,29,30,32,36 
4,5,6,13,14,20,24,29,32,34,36 
4,5,6,13,14,19,20,23,24,29,30 
4,5,6,13,14,19,20,24,29,30,36 
4,5,6,13,14,19,20,24,29,34,36 
4,6,11,13,14,18,19,20,23,30,35 
4,6,11,13,14,18,19,20,30,35,36 
4,6,11,13,14,18,19,20,34,35,36 
4,6,11,13,14,18,20,23,30,32,35 

4,6,11,13,14,18,20,30,32,35,36 
4,6,11,13,14,18,20,32,34,35,36 
4,5,6,11,13,14,19,20,23,29,30,35 
4,5,6,11,13,14,19,20,29,30,35,36 
4,5,6,11,13,14,19,20,29,34,35,36 
4,5,6,11,13,14,20,23,29,30,32,35 
4,5,6,11,13,14,20,29,30,32,35,36 
4,5,6,11,13,14,20,29,32,34,35,36 
6,9,14,15,16,18,30,31,32,33,35,36 
6,9,14,15,16,18,31,32,33,34,35,36 
6,13,14,15,16,18,30,31,32,33,35,36 
6,13,14,15,16,18,31,32,33,34,35,36 
13,14,15,16,17,18,31,32,33,34,35,36 
3,8,9,10,12,25,27,28,29,34 
3,8,9,10,12,25,28,29,31,34,35 
3,9,10,12,19,25,28,29,31,34,35 
7,8,9,10,11,12,25,27,28,29,34 
2,3,6,8,9,12,25,27,28,29,34 
2,3,6,8,9,12,18,25,27,28,34 
2,3,6,8,9,12,25,28,29,31,34,35 
2,3,6,8,9,12,18,25,28,31,34,35 
2,3,6,9,12,19,25,28,29,31,34,35 
2,3,6,9,12,18,19,25,28,31,34,35 
2,6,7,8,9,11,12,25,27,28,29,34 
2,6,7,8,9,11,12,18,25,27,28,34 
4,7,9,10,24,25,27,29,32,34,36 
3,4,9,10,24,25,27,29,32,34,36 
3,4,9,10,25,27,28,29,34 
3,4,9,10,19,25,28,29,31,34,35 
3,4,9,10,19,25,29,31,34,35,36 
3,4,9,10,19,24,25,29,31,34,36 
3,4,9,10,25,29,31,32,34,35,36 
3,4,9,10,24,25,29,31,32,34,36 
4,7,9,10,11,25,27,28,29,34 
4,7,9,10,11,25,27,29,32,34,36 
6,9,15,16,18,25,30,31,32,35,36 
6,9,15,16,18,25,31,32,34,35,36 
9,10,15,16,25,30,31,32,35,36 
9,10,15,16,25,31,32,34,35,36 
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For the resolution 0.3 
2,4,5,6,7,14,24,29,31,32,34,36 
2,4,5,6,7,14,24,31,32,33,34,36 
2,4,6,14,18,20,24,32,34,36 
2,4,5,6,14,20,24,29,32,34,36 
4,5,6,7,13,14,23,24,29,30,31,32 
4,5,6,7,13,14,23,24,30,31,32,33 
4,5,6,7,13,14,24,29,30,31,32,36 
4,5,6,7,13,14,24,29,31,32,34,36 
4,5,6,7,13,14,24,30,31,32,33,36 
4,5,6,7,13,14,24,31,32,33,34,36 
4,6,13,14,18,20,23,24,30,32 
4,5,6,13,14,20,23,24,29,30,32 
4,6,13,14,18,20,24,30,32,36 
4,6,13,14,18,20,24,32,34,36 
4,5,6,13,14,20,24,29,30,32,36 
4,5,6,13,14,20,24,29,32,34,36 
5,6,7,8,13,14,23,24,29,30,31,32 
5,6,7,8,13,14,23,24,30,31,32,33 
6,8,13,14,18,20,23,24,30,32 
5,6,8,13,14,20,23,24,29,30,32 
1,6,15,16,21,22,31,36 
1,2,4,5,6,7,11,27,32,33,34,36 
1,2,4,5,6,7,24,27,32,33,34,36 
1,2,4,5,6,7,24,31,32,33,34,36 
1,2,3,5,6,12,21,22,27,28 
1,2,3,4,5,6,24,27,32,33,34,36 
1,2,3,4,5,6,24,31,32,33,34,36 
1,2,3,4,5,6,31,32,33,34,35,36 
1,2,3,4,5,6,27,28,33,34 
1,2,3,4,5,6,21,22,27,28 
1,2,3,4,6,18,25,27,28,34 
1,2,3,4,5,6,22,25,27,28,29,34 
1,2,3,5,6,8,12,27,28,33,34 
1,2,3,5,6,8,12,28,31,33,34,35 
1,2,3,6,8,12,18,25,27,28,34 
1,2,3,5,6,8,12,22,25,27,28,29,34 
1,2,3,5,6,8,12,22,25,28,29,31,34 
1,2,3,6,8,12,18,25,28,31,34,35 
1,2,3,5,6,8,12,25,28,29,31,34,35 
1,2,3,5,6,8,22,23,25,28,29,31 
1,2,3,5,6,12,19,28,31,33,34,35 
1,2,3,5,6,12,19,21,22,28,31 
1,2,3,5,6,12,19,22,25,28,29,31,34 
1,2,3,6,12,18,19,25,28,31,34,35 
1,2,3,5,6,12,19,25,28,29,31,34,35 
1,4,5,7,10,11,13,27,30,32,33,36 
1,4,5,7,10,11,13,27,32,33,34,36 
1,4,5,7,10,13,24,27,30,32,33,36 
1,4,5,7,10,13,24,27,32,33,34,36 
1,4,5,7,10,13,24,30,31,32,33,36 
1,4,5,7,10,13,24,31,32,33,34,36 
1,4,5,6,7,13,23,24,30,31,32,33 
1,4,5,6,7,11,13,27,30,32,33,36 
1,4,5,6,7,11,13,27,32,33,34,36 
1,4,5,6,7,13,24,27,30,32,33,36 
1,4,5,6,7,13,24,27,32,33,34,36 
1,4,5,6,7,13,24,30,31,32,33,36 
1,4,5,6,7,13,24,31,32,33,34,36 
1,5,6,7,8,13,23,24,30,31,32,33 
1,10,13,15,16,30,31,32,33,35,36 
1,3,4,5,6,13,23,24,30,31,32,33 
1,3,4,5,6,13,23,30,31,32,33,35 
1,3,4,5,6,13,24,27,30,32,33,36 
1,3,4,5,6,13,24,27,32,33,34,36 
1,3,4,5,6,13,24,30,31,32,33,36 
1,3,4,5,6,13,24,31,32,33,34,36 
1,3,4,5,6,13,30,31,32,33,35,36 
1,3,4,5,6,13,31,32,33,34,35,36 
1,3,4,5,10,13,27,28,30,33 
1,3,4,5,10,13,27,28,33,34 
1,3,4,5,10,13,25,27,28,29,30 
1,3,4,5,10,13,22,25,27,28,29,34 
1,3,4,5,6,13,27,28,30,33 
1,3,4,5,6,13,27,28,33,34 
1,3,4,6,13,18,25,27,28,30 
1,3,4,6,13,18,25,27,28,34 
1,3,4,5,6,13,25,27,28,29,30 
1,3,4,5,6,13,22,25,27,28,29,34 
1,3,4,5,10,13,24,27,30,32,33,36 
1,3,4,5,10,13,24,27,32,33,34,36 
1,3,4,5,10,13,24,30,31,32,33,36 

1,3,4,5,10,13,24,31,32,33,34,36 
1,3,4,5,10,13,30,31,32,33,35,36 
1,3,4,5,10,13,31,32,33,34,35,36 
1,3,5,6,8,13,23,24,30,31,32,33 
1,3,5,6,8,13,23,30,31,32,33,35 
1,3,5,8,10,12,13,27,28,30,33 
1,3,5,8,10,12,13,27,28,33,34 
1,3,5,8,10,12,13,28,30,31,33,35 
1,3,5,8,10,12,13,28,31,33,34,35 
1,3,5,8,10,12,13,25,27,28,29,30 
1,3,5,8,10,12,13,22,25,27,28,29,34 
1,3,5,8,10,12,13,22,25,28,29,31,34 
1,3,5,8,10,12,13,25,28,29,30,31,35 
1,3,5,8,10,12,13,25,28,29,31,34,35 
1,3,5,6,8,12,13,27,28,30,33 
1,3,5,6,8,12,13,27,28,33,34 
1,3,5,6,8,12,13,28,30,31,33,35 
1,3,5,6,8,12,13,28,31,33,34,35 
1,3,5,6,8,13,23,28,30,31,33,35 
1,3,6,8,12,13,18,25,27,28,30 
1,3,6,8,12,13,18,25,27,28,34 
1,3,5,6,8,12,13,25,27,28,29,30 
1,3,5,6,8,12,13,22,25,27,28,29,34 
1,3,5,6,8,12,13,22,25,28,29,31,34 
1,3,6,8,12,13,18,25,28,30,31,35 
1,3,6,8,12,13,18,25,28,31,34,35 
1,3,5,6,8,12,13,25,28,29,30,31,35 
1,3,5,6,8,12,13,25,28,29,31,34,35 
1,3,5,6,8,13,22,23,25,28,29,31 
1,3,6,8,13,18,23,25,28,30,31,35 
1,3,5,6,8,13,23,25,28,29,30,31,35 
1,3,5,10,12,13,19,28,30,31,33,35 
1,3,5,10,12,13,19,28,31,33,34,35 
1,3,5,10,12,13,19,22,25,28,29,31,34 
1,3,5,10,12,13,19,25,28,29,30,31,35 
1,3,5,10,12,13,19,25,28,29,31,34,35 
1,3,5,6,12,13,19,28,30,31,33,35 
1,3,5,6,12,13,19,28,31,33,34,35 
1,3,5,6,12,13,19,22,25,28,29,31,34 
1,3,6,12,13,18,19,25,28,30,31,35 
1,3,6,12,13,18,19,25,28,31,34,35 
1,3,5,6,12,13,19,25,28,29,30,31,35 
1,3,5,6,12,13,19,25,28,29,31,34,35 
1,4,5,7,10,11,26,27,30,32,33,36 
1,4,5,7,10,24,26,27,30,32,33,36 
1,4,5,7,10,24,26,30,31,32,33,36 
1,3,4,5,10,26,27,28,30,33 
1,3,4,5,10,25,26,27,28,29,30 
1,3,4,5,10,24,26,27,30,32,33,36 
1,3,4,5,10,24,26,30,31,32,33,36 
1,3,4,5,10,26,30,31,32,33,35,36 
1,3,5,8,10,12,26,27,28,30,33 
1,3,5,8,10,12,26,28,30,31,33,35 
1,3,5,8,10,12,25,26,27,28,29,30 
1,3,5,8,10,12,25,26,28,29,30,31,35 
1,3,5,10,12,19,26,28,30,31,33,35 
1,3,5,10,12,19,25,26,28,29,30,31,35 
4,7,9,10,11,27,32,33,34,36 
4,7,9,10,24,27,32,33,34,36 
4,7,9,10,24,31,32,33,34,36 
9,10,15,16,30,31,32,33,35,36 
9,10,15,16,31,32,33,34,35,36 
3,4,9,10,24,27,32,33,34,36 
3,4,9,10,24,31,32,33,34,36 
3,4,9,10,31,32,33,34,35,36 
3,4,9,10,27,28,33,34 
3,4,9,10,25,27,28,29,34 
3,8,9,10,12,27,28,33,34 
3,8,9,10,12,28,31,33,34,35 
3,8,9,10,12,25,27,28,29,34 
3,8,9,10,12,25,28,29,31,34,35 
3,9,10,12,19,28,31,33,34,35 
3,9,10,12,19,25,28,29,31,34,35 
2,3,4,6,9,18,25,27,28,34 
2,3,4,6,9,25,27,28,29,34 
2,3,6,8,9,12,18,25,27,28,34 
2,3,6,8,9,12,25,27,28,29,34 
2,3,6,8,9,12,18,25,28,31,34,35 
2,3,6,8,9,12,25,28,29,31,34,35 
2,3,6,9,12,18,19,25,28,31,34,35 
2,3,6,9,12,19,25,28,29,31,34,35 
2,4,6,7,9,14,24,29,31,32,34,36 
4,7,9,10,11,26,27,30,32,33,36 

4,7,9,10,24,26,27,30,32,33,36 
4,7,9,10,24,26,30,31,32,33,36 
3,4,9,10,24,26,27,30,32,33,36 
3,4,9,10,24,26,30,31,32,33,36 
3,4,9,10,26,30,31,32,33,35,36 
3,4,9,10,26,27,28,30,33 
3,4,9,10,25,26,27,28,29,30 
3,8,9,10,12,26,27,28,30,33 
3,8,9,10,12,26,28,30,31,33,35 
3,8,9,10,12,25,26,27,28,29,30 
3,8,9,10,12,25,26,28,29,30,31,35 
3,9,10,12,19,25,26,28,29,30,31,35 
3,9,10,12,19,26,28,30,31,33,35 
5,7,8,13,14,17,23,24,29,31,32 
5,7,8,13,14,17,23,24,31,32,33 
8,13,14,17,18,20,23,24,32 
5,8,13,14,17,20,23,24,29,32 
5,7,13,14,17,19,23,24,29,31 
5,7,13,14,17,19,23,24,31,33 
13,14,17,18,19,20,23,24 
5,13,14,17,19,20,23,24,29 
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For the resolution 0.4 
13,14,17,18,19,20,23,24 
4,6,13,14,18,20,23,24,30,32 
4,6,13,14,18,20,24,30,32,36 
4,6,13,14,18,19,20,23,24,30 
4,6,13,14,18,19,20,24,30,36 
8,13,14,17,18,20,23,24,32 
6,8,13,14,18,20,23,24,30,32 
6,12,13,14,18,19,20,24,30,36 
2,14,17,18,19,20,23,24,26 
2,4,6,14,18,20,24,32,34,36 
2,4,6,14,18,20,23,24,26,30,32 
2,4,6,14,18,20,24,26,30,32,36 
2,4,6,14,18,19,20,24,34,36 
2,8,14,17,18,20,23,24,26,32 
2,6,8,14,18,20,23,24,26,30,32 
2,12,14,17,18,19,20,24,26,36 
2,12,14,17,18,19,20,24,34,36 
2,6,12,14,18,19,20,24,34,36 
6,12,14,15,18,20,21,24,30,36 
6,12,14,15,18,20,21,30,35,36 
1,6,15,16,21,22,31,36 
1,10,13,15,16,25,30,31,32,35,36 
1,10,13,15,16,30,31,32,33,35,36 
1,3,6,12,15,18,20,21,24,27,30,36 
1,3,6,12,15,18,20,21,30,35,36 
5,13,14,17,19,20,23,24,29 
4,5,6,13,14,20,23,24,29,30,32 
4,5,6,13,14,20,24,29,30,32,36 
4,5,6,13,14,19,20,23,24,29,30 
4,5,6,13,14,19,20,24,29,30,36 
5,6,8,13,14,20,23,24,29,30,32 
5,8,13,14,17,20,23,24,29,32 
5,6,12,13,14,19,20,24,29,30,36 
2,5,14,17,19,20,23,24,26,29 
2,4,5,6,14,20,24,29,32,34,36 
2,4,5,6,14,20,23,24,26,29,30,32 
2,4,5,6,14,20,24,26,29,30,32,36 
2,4,5,6,14,19,20,24,29,34,36 
2,4,5,6,14,19,20,23,24,26,29,30 
2,4,5,6,14,19,20,24,26,29,30,36 
2,5,8,14,17,20,23,24,26,29,32 
2,5,6,8,14,20,23,24,26,29,30,32 
2,5,12,14,17,19,20,24,26,29,36 
2,5,12,14,17,19,20,24,29,34,36 
2,5,6,12,14,19,20,24,29,34,36 
2,5,6,12,14,19,20,24,26,29,30,36 
5,6,12,14,15,21,24,30,31,33,36 
5,6,12,14,15,21,30,31,33,35,36 
5,6,12,14,15,20,21,24,30,36 
5,6,12,14,15,20,21,30,35,36 
4,7,9,10,11,27,28,33,34 
4,7,9,10,11,27,32,33,34,36 
4,7,9,10,11,26,27,28,30,33 
4,7,9,10,11,26,27,30,32,33,36 
4,7,9,10,24,27,32,33,34,36 
4,7,9,10,24,26,27,30,32,33,36 
9,10,15,16,25,31,32,34,35,36 
9,10,15,16,31,32,33,34,35,36 
9,10,15,16,25,30,31,32,35,36 
9,10,15,16,30,31,32,33,35,36 
3,4,9,10,27,28,33,34 
3,4,9,10,26,27,28,30,33 
3,4,9,10,24,27,32,33,34,36 
3,4,9,10,24,26,27,30,32,33,36 
3,4,9,10,24,31,32,33,34,36 
3,4,9,10,24,26,30,31,32,33,36 
3,4,9,10,19,24,31,33,34,36 
3,4,9,10,19,24,26,30,31,33,36 
3,4,9,10,31,32,33,34,35,36 
3,4,9,10,26,30,31,32,33,35,36 
3,4,9,10,19,31,33,34,35,36 
3,4,9,10,19,28,31,33,34,35 
3,4,9,10,19,26,30,31,33,35,36 
3,4,9,10,19,26,28,30,31,33,35 
3,9,10,12,19,24,31,33,34,36 
3,9,10,12,19,24,26,30,31,33,36 
3,9,10,12,19,31,33,34,35,36 
3,9,10,12,19,28,31,33,34,35 
3,9,10,12,19,26,30,31,33,35,36 
3,9,10,12,19,26,28,30,31,33,35 

For the resolution 0.5 
 
13,14,17,18,19,20,23,24 
3,4,9,10,27,28,33,34 
1,6,15,16,21,22,31,36 
8,13,14,17,18,20,23,24,32 
4,7,9,10,11,27,28,33,34 
3,4,9,10,26,27,28,30,33 
3,4,9,10,25,27,28,29,34 
12,13,14,17,18,19,20,24,34,36 
2,12,14,17,18,19,20,24,34,36 
2,12,14,17,18,19,20,24,26,36 
4,6,13,14,18,19,20,24,34,36 
6,12,13,14,18,19,20,24,34,36 
6,8,13,14,18,20,23,24,30,32 
4,6,13,14,18,20,23,24,30,32 
4,6,13,14,18,19,20,23,24,30 
4,6,13,14,18,19,20,24,30,36 
6,12,14,15,18,20,21,24,30,36 
6,12,13,14,18,19,20,24,30,36 
6,12,14,15,18,20,21,30,35,36 
5,6,12,14,15,20,21,30,35,36 
5,6,12,14,15,20,21,24,30,36 
3,4,9,10,19,24,31,33,34,36 
3,9,10,12,19,24,31,33,34,36 
3,4,9,10,19,28,31,33,34,35 
3,9,10,12,19,28,31,33,34,35 
3,9,10,12,19,31,33,34,35,36 
3,4,9,10,19,31,33,34,35,36 
4,7,9,10,11,26,27,28,30,33 
3,4,9,10,25,26,27,28,29,30 
4,7,9,10,11,25,27,28,29,34 
3,4,9,10,19,24,26,30,31,33,36 
3,4,9,10,19,26,30,31,33,35,36 
3,4,9,10,19,26,28,30,31,33,35 
3,9,10,12,19,24,26,30,31,33,36 
3,9,10,12,19,26,30,31,33,35,36 
3,9,10,12,19,26,28,30,31,33,35 
3,4,9,10,19,24,25,29,31,34,36 
3,4,9,10,19,25,29,31,34,35,36 
3,4,9,10,19,25,28,29,31,34,35 
4,7,9,10,11,25,26,27,28,29,30 
3,9,10,12,19,24,25,29,31,34,36 
3,9,10,12,19,25,29,31,34,35,36 
3,9,10,12,19,25,28,29,31,34,35 
1,3,6,12,15,18,20,21,30,35,36 
1,3,5,6,12,15,20,21,30,35,36 
3,4,9,10,19,24,25,26,29,30,31,36 
3,4,9,10,19,25,26,29,30,31,35,36 
3,4,9,10,19,25,26,28,29,30,31,35 
3,9,10,12,19,24,25,26,29,30,31,36 
3,9,10,12,19,25,26,29,30,31,35,36 
3,9,10,12,19,25,26,28,29,30,31,35 
1,2,3,12,17,18,19,20,25,34,35,36 
1,2,3,12,17,18,19,20,24,25,34,36 
1,2,3,12,17,18,19,25,31,34,35,36 
1,2,3,12,17,18,19,24,25,31,34,36 
1,2,3,12,17,18,19,20,25,26,35,36 
1,2,3,12,17,18,19,20,24,25,26,36 
1,2,3,12,17,18,19,25,26,31,35,36 
1,2,3,12,17,18,19,24,25,26,31,36 
1,3,6,12,15,18,20,21,24,27,30,36 
1,3,5,6,12,15,20,21,24,27,30,36 
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