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Abstract 

In this paper, we show that any 𝑈 noncentral square closed Lie ideal of a	2 −torsion free 

semiprime ring 𝑅 contains a nonzero ideal. With this result, some theorems will be extended on 

the multiplicative generalized derivations of Lie ideals of semiprime rings. 

Keywords: Semiprime ring; Lie ideal; Multiplicative generalized derivation. 

Yarıasal  Halkaların Lie İdealleri Üzerinde Bazı Değişmelilik Teoremleri 

Öz 

Bu çalışmada, 2 −torsion free bir 𝑅 yarıasal halkasının kare kapalı merkezi olmayan bir 𝑈 

Lie idealinin, halkanın sıfırdan farklı bir idealini kapsadığı gösterilecektir. Ayrıca bu sonuçla, yarı 

asal halkaların Lie ideallerinin çarpımsal genelleştirilmiş türevleri üzerine bazı teoremler 

genelleştirilecektir. 

Anahtar Kelimeler: Yarıasal halka; Lie ideal; Çarpımsal genelleştirilmiş türev. 
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1. Introduction 

Let 𝑅 be an assosiative ring with center 𝑍(𝑅). Recall that 𝑅 is prime if for 𝑎, 𝑏 ∈ 𝑅,𝑎𝑅𝑏 =

{0} implies either 𝑎 = 0 and 𝑏 = 0. 𝑅 is said to be semiprime if for 𝑎 ∈ 𝑅,	𝑎𝑅𝑎 = {0} implies 

𝑎 = 0. Let 𝑅 be a prime ring. For any pair of elements implies either 𝑥, 𝑦 ∈ 𝑅, we shall write 

[𝑥, 𝑦] (resp.𝑥𝑜𝑦) for the commutator 𝑥𝑦 − 𝑦𝑥 (resp., for the Jordan product 𝑥𝑦 + 𝑦𝑥). An additive 

subgroup 𝐿 of 𝑅 is called a Lie ideal of 𝑅 if [𝑢, 𝑟] ∈ 𝐿 for all 𝑢 ∈ 𝐿 and 𝑟 ∈ 𝑅. It is clear that if 

characteristic of 𝑅 is 2, then Lie ideals of 𝑅 coincide. Lie ideal 𝑈 of 𝑅 is said to be square closed 

if 𝑢! ∈ 𝑈 for all 𝑢 ∈ 𝑈. 

An additive map 𝑑: 𝑅 → 𝑅 is called a derivation if 𝑑(𝑥𝑦) = 𝑑(𝑥)𝑦 + 𝑥𝑑(𝑦) holds, for all 

𝑥, 𝑦 ∈ 𝑅. In [1], Bresar introduced the generalized derivation: An additive mapping 𝐹: 𝑅 → 𝑅 is 

called a generalized derivation if there exists a derivation (an associated derivation of 𝐹) such that 

for all 𝑥, 𝑦 ∈ 𝑅. The notion a generalized derivation covers both the notions of a derivation and 

of a left multiplier (i.e., an additive mapping 𝑓: 𝑅 → 𝑅 satisfying 𝑓(𝑥𝑦) = 𝑓(𝑥)𝑦, for all 𝑥, 𝑦 ∈

𝑅). 𝑅 is said to be 2 −torsion-free, if 2𝑥 = 0, 𝑥 ∈ 𝑅 implies 𝑥 = 0. 

In the present paper, our main object is to investigate commutativity of semiprime ring 

satisfying certain differential identities on a nonzero Lie ideal. Let us first recall that the study of 

commutativity of rings using differential identities goes back to the wellknown Posner’s 

Theorems [2] in which he researched that the presence of a nonzero centralizing derivation 𝑑 on 

a prime ring 𝑅 forces the ring 𝑅 to be commutative. This result is known by Posner’s Second 

Theorem. Also motivated by this theorem, several authors have introduced new kind of 

differential identities. 

It is important to mention that the study of identities on square closed Lie ideals. Indeed, it 

is clear that every ideal is a square closed Lie ideal. By [3] Theorem 1.1, every nonzero Jordan 

ideal of 2-torsion free semiprime rings contains a nonzero ideal. In this paper, we give a similar 

result for square closed Lie ideals. Then, only the case of ideals could be of interest. Recall the 

background of study about multiplicative (generalized)-derivations. Firstly, the concept of 

multiplicative derivation was considered by Daif motivated by Martindale in [4], in the year 1991. 

Following [5], 𝑑: 𝑅 → 𝑅 is called a multiplicative derivation if 𝑑(𝑥𝑦) = 𝑥𝑑(𝑦) + 𝑑(𝑥)𝑦 holds 

for all pairs 𝑥, 𝑦 ∈ 𝑅. These maps are not additive. Later, this mapping were completely described 

in [6]. Inspired by the definition of multiplicative derivation, Daif and Tammam-El-Sayiad 

defined the notion of multiplicative generalized derivations. Further, the concept of multiplicative 

derivations was extended to multiplicative generalized derivations for rings by they in [7] as 

follows: A mapping 𝐹: 𝑅 → 𝑅 is called a multiplicative generalized derivation if there exists a 
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derivation 𝑑 such that 𝐹(𝑥𝑦) = 𝐹(𝑥)𝑦 + 𝑥𝑑(𝑦) holds, for all 𝑥, 𝑦 ∈ 𝑅. For completeness of 

notation, in the present paper, a multiplicative generalized derivation will be denoted by (𝐹, 𝑑). 

A slight generalization of this concept was made by Dhara and Ali [8] by taking 𝑑 as a mapping 

(𝑑 isn’t necessarily a derivation). Therefore, one may find that the definition of multiplicative 

generalized derivation covers the notion of multiplicative derivation as well as multiplicative left 

centralizers. The examples of this concepts can be found in [9]. Obviously, any generalized 

derivation is a multiplicative generalized derivation,but the converse is not true in general ( see 

[8]). So, it should be interesting to extend some results concerning derivations and generalized 

derivations to multiplicative generalized derivations. However, there are only few papers about 

this subject ( see [2, 6, 10-13]), for a partial bibliography). The main objective of the present paper 

is to explore the cases when a multiplicative generalized derivation (𝐹, 𝑑) satisfies the identities: 

i) 𝐹([𝑢", 𝑢!]) = ±𝑢", 𝑑(𝑢!)],  

ii) 𝐹(𝑢"𝑜𝑢!) = ±(𝑢"𝑜𝑑(𝑢!)),  

iii) 𝐹([𝑢", 𝑢!]) = ±(𝐹(𝑢!)𝑢"),  

iv) 𝐹(𝑢"𝑜𝑢!) = ±(𝐹(𝑢!)𝑢"), 

for all 𝑢", 𝑢! in some appropriate subsets of 𝑅. These results investigated by Huang [14]. In this 

study, these identities are proved without assuming 𝑑(𝑈) ⊆ 𝑈. 

In this paper, we will make a lot of calculations with Lie product and Jordan product and 

mostly use the following identities: 

[𝑢"𝑢!, 𝑢#] = 𝑢"[𝑢!, 𝑢#] + [𝑢", 𝑢#]𝑢! and [𝑢", 𝑢!𝑢#] = 𝑢![𝑢", 𝑢#] + [𝑢", 𝑢!]𝑢#, 

 𝑢"𝑜(𝑢!𝑢#) = (𝑢"𝑜𝑢!)𝑢# − 𝑢![𝑢", 𝑢#] = 𝑢!(𝑢"𝑜𝑢#) + [𝑢", 𝑢!]𝑢#, 

 (𝑢"𝑢!)𝑜𝑢# = 𝑢"(𝑢!𝑜𝑢#) − [𝑢", 𝑢#]𝑢! = (𝑢"𝑜𝑢#)𝑢! + 𝑢"[𝑢!, 𝑢#]. 

2. Results 

The following Lemmas are required for the proof of our main results. 

Lemma 1. [7, Lemma 1.3] Let 𝑅 be a ring with no non-zero nilpotent ideals in which 2𝑥 =

0 implies 𝑥 = 0. Suppose that 𝑈 ≠ (0) is both a Lie ideal and a subring of 𝑅. Then either 𝑈 ⊆ 𝑍, 

the center of 𝑅, or 𝑈 contains a non-zero ideal of 𝑅.  
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Lemma 2. [15, Lemma 2.1] Let 𝑅 be a semiprime ring, 𝐼 be a nonzero two-sided ideal of 

𝑅 and 𝑎 ∈ 𝑅 such that 𝑎𝑥𝑎 = 0, for all 𝑥 ∈ 𝐼, then 𝑎 = 0.  

Theorem 3. Let 𝑅 be a 2 −torsion free semiprime ring and 𝑈 be a noncentral square-closed 

Lie ideal of 𝑅. Then 𝑈 contains a nonzero ideal of 𝑅.  

Proof.  By the hypothesis, we have 𝑢! ∈ 𝑈, for all 𝑢 ∈ 𝑈. Using this, we obtain that  

𝑢𝑣 + 𝑣𝑢 = (𝑢 + 𝑣)! − 𝑢! − 𝑣! ∈ 𝑈,  

for all 𝑢, 𝑣 ∈ 𝑈. That is, 

𝑢𝑣 + 𝑣𝑢 ∈ 𝑈, for all 𝑢, 𝑣 ∈ 𝑈.                                                                                          (1) 

On the other hand, using the fact 𝑈 a Lie ideal of 𝑅, then  

𝑢𝑣 − 𝑣𝑢 ∈ 𝑈,  for all 𝑢, 𝑣 ∈ 𝑈.                                                                                         (2) 

Combining Eqn. (1) and Eqn. (2), we arrive at 2𝑢𝑣 ∈ 𝑈, for all 𝑢, 𝑣 ∈ 𝑈. 

Let define 2𝑈 = {𝑢 + 𝑢|𝑢 ∈ 𝑈}. We prove that 2𝑈 set is subring and Lie ideal of 𝑅. Indeed, 

for all 2𝑢, 2𝑣 ∈ 2𝑈, we have 

 2𝑢 − 2𝑣 = 2(𝑢 − 𝑣) ∈ 2𝑈 

and  

 2𝑢2𝑣 = (𝑢 + 𝑢)(𝑣 + 𝑣) = 𝑢𝑣 + 𝑢𝑣 + 𝑢𝑣 + 𝑢𝑣 ∈ 2𝑈. 

We conclude that 2𝑈 is a subring of 𝑅. 

Moreover, for all 2𝑢 ∈ 2𝑈, 𝑟 ∈ 𝑅, 

 [2𝑢, 𝑟] = [𝑢 + 𝑢, 𝑟] = [𝑢, 𝑟] + [𝑢, 𝑟] = 2[𝑢, 𝑟] ∈ 2𝑈. 

Therefore, 2𝑈 is a Lie ideal of 𝑅. Furthermore, 2𝑈 ≠ (0). By Lemma 1, we conclude that 2𝑈 ⊆

𝑍 or 2𝑈 contains a nonzero ideal of 𝑅. 

If 2𝑈 ⊆ 𝑍, then 𝑈 ⊆ 𝑍, which is a contradiction. Hence 2𝑈 contains a nonzero ideal of 𝑅, 

and so 𝑈 contains a nonzero ideal of 𝑅, since 2𝑈 ⊆ 𝑈.  
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Theorem 4. Let 𝑅 be a 2 −torsion free semiprime ring and 𝑈 be a noncentral square-closed 

Lie ideal of 𝑅. If R admits a multiplicative generalized derivation (𝐹, 𝑑) satisfying 

 𝐹([𝑢", 𝑢!]) = ±[𝑢", 𝑑(𝑢!)],  for all 𝑢", 𝑢! ∈ 𝑈, 

 then there exists a nonzero ideal 𝐼 of 𝑅 and 𝑑 is commuting on 𝐼.  

Proof. By Theorem 3, 𝑅 contains a nonzero ideal 𝐼 such that 𝐼 ⊆ 𝑈. By the hypothesis, we 

get 

𝐹([𝑢", 𝑢!]) = [𝑢", 𝑑(𝑢!)], for all 	𝑢", 𝑢! ∈ 𝐼.                                                                   (3) 

Replacing 𝑢" by 𝑢" + 𝑢! in Eqn. (3), we get 

𝐹([𝑢", 𝑢!] + [𝑢!, 𝑢!]) = [𝑢", 𝑑(𝑢!)] + [𝑢!, 𝑑(𝑢!)],	 for all 	𝑢", 𝑢! ∈ 𝐼. (4) 

Using Eqn. (4) in the above relation yields that 

[𝑢!, 𝑑(𝑢!)] = 0,	for all 𝑢! ∈ 𝐼.                                                                                          (5) 

It means that 𝑑 is commuting on 𝐼. 

If we have 𝐹([𝑢", 𝑢!]) + [𝑢", 𝑑(𝑢!)] = 0, for all 𝑢", 𝑢! ∈ 𝑈, applying similar approach 

above with necessary varitions, we get the required result.  

Theorem 5. Let 𝑅 be a 2 −torsion free semiprime ring and 𝑈 be a noncentral square-closed 

Lie ideal of 𝑅. If 𝑅 admits a multiplicative generalized derivation (𝐹, 𝑑) satisfying 

 𝐹(𝑢"𝑜𝑢!) = ±G𝑢"𝑜𝑑(𝑢!)H,	 for all 𝑢", 𝑢! ∈ 𝑈, 

then there exists a nonzero ideal 𝐼 of 𝑅 and 𝑑 is commuting on 𝐼. 

Proof. By Theorem 3, 𝑅 contains a nonzero ideal 𝐼 such that 𝐼 ⊆ 𝑈. By the hypothesis, we 

get 

𝐹(𝑢"𝑜𝑢!) = G𝑢"𝑜𝑑(𝑢!)H,	 for all 𝑢", 𝑢! ∈ 𝐼.                                                                    (6) 

Taking 𝑢" by 𝑢"𝑢! in Eqn. (6), we have 

(𝑢"𝑜𝑢!)𝑑(𝑢!) = 𝑢"[𝑢!, 𝑑(𝑢!)], for all 𝑢", 𝑢! ∈ 𝐼. (7) 

Replacing 𝑢" by 𝑑(𝑢!)𝑢" and using Eqn. (7), we obtain 

[𝑑(𝑢!), 𝑢!]𝑢"𝑑(𝑢!) = 0, for all 𝑢", 𝑢! ∈ 𝐼.                   (8) 
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Right multiplying by 𝑢! to the Eqn. (8), we arrive at 

[𝑑(𝑢!), 𝑢!]𝑢"𝑑(𝑢!)𝑢! = 0	, for all 𝑢", 𝑢! ∈ 𝐼.                                                                     (9) 

Taking 𝑢" by 𝑢"𝑢! in Eqn. (8), we have 

[𝑑(𝑢!), 𝑢!]𝑢"𝑢!𝑑(𝑢!) = 0, for all 𝑢", 𝑢! ∈ 𝐼.             (10) 

Combining Eqn. (9) and Eqn. (10), we obtain 

 [𝑑(𝑢!), 𝑢!]𝐼[𝑑(𝑢!), 𝑢!] = 0, for all 𝑢", 𝑢! ∈ 𝐼.   

Thus, using Lemma 2, we achieved the required result. 

Also if we have 𝐹(𝑢"𝑜𝑢!) + 𝑢"𝑜𝑑(𝑢!) = 0 for all 𝑢", 𝑢! ∈ 𝑈, then using the same 

techniques as used above with necessary variations we get the required result.  

Theorem 6. Let 𝑅 be a 2 −torsion free semiprime ring and 𝑈 be a noncentral square-closed 

Lie ideal of 𝑅. If 𝑅 admits a multiplicative generalized derivation (𝐹, 𝑑) satisfying 

 𝐹([𝑢", 𝑢!]) = ±(𝐹(𝑢!)𝑢"), for all 𝑢", 𝑢! ∈ 𝑈, 

then there exists a nonzero ideal 𝐼 of 𝑅 and 𝑑 is commuting on 𝐼. 

Proof. By Theorem 3, 𝑅 contains a nonzero ideal 𝐼 such that 𝐼 ⊆ 𝑈. By the hypothesis, we 

get 

𝐹([𝑢", 𝑢!]) = 𝐹(𝑢!)𝑢", for all 𝑢", 𝑢! ∈ 𝐼.                                                                      (11) 

Replacing 𝑢! by 𝑢!𝑢" in Eqn. (11), we get 

𝐹([𝑢", 𝑢!])𝑢" + [𝑢", 𝑢!]𝑑(𝑢") = 𝐹(𝑢!)𝑢"! + 𝑢!𝑑(𝑢")𝑢"	, for all 𝑢", 𝑢! ∈ 𝐼. (12) 

Right multiplying by 𝑢" to the Eqn. (12), we arrive at 

𝐹([𝑢", 𝑢!])𝑢" = 𝐹(𝑢!)𝑢"!,	for all 𝑢", 𝑢! ∈ 𝐼.                                                                     (13) 

Using last equation in Eqn. (12), we obtain 

[𝑢", 𝑢!]𝑑(𝑢") = 𝑢!𝑑(𝑢")𝑢", for all 𝑢", 𝑢! ∈ 𝐼.                                                              (14) 

Writing 𝑑(𝑢")𝑢! instead of 𝑢! in Eqn. (14) and using Eqn. (14), we have 

[𝑢", 𝑑(𝑢")]𝑢!𝑑(𝑢") = 0, for all 𝑢", 𝑢! ∈ 𝐼.                                                                    (15) 
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This equation is same as Eqn. (8) in the proof of Theorem 5. Applying the same arguments in the 

proof of Theorem 5, we get the required result. 

On the other hand, it is proved analogously using 𝐹([𝑢", 𝑢!]) + (𝐹(𝑢!)𝑢") = 0, for all 

𝑢", 𝑢! ∈ 𝑈. 

By using similar methods in this theorem, the following theorem can be proved.  

Theorem 7. Let 𝑅 be a 2 −torsion free semiprime ring and 𝑈 be a noncentral square-closed 

Lie ideal of 𝑅. If 𝑅 admits a multiplicative generalized derivation (𝐹, 𝑑) satisfying 

 𝐹([𝑢", 𝑢!]) = ±(𝐹(𝑢")𝑢!), for all 𝑢", 𝑢! ∈ 𝑈, 

 then there exists a nonzero ideal 𝐼 of 𝑅 and 𝑑 is commuting on 𝐼.  

Theorem 8. Let 𝑅 be a 2 −torsion free semiprime ring and 𝑈 be a noncentral square-closed 

Lie ideal of 𝑅. If 𝑅 admits a multiplicative generalized derivation (𝐹, 𝑑) satisfying  

 𝐹(𝑢"𝑜𝑢!) = ±(𝐹(𝑢!)𝑢"), for all 𝑢", 𝑢! ∈ 𝑈, 

then there exists a nonzero ideal 𝐼 of 𝑅 and 𝑑 is commuting on 𝐼. 

Proof. By Theorem 3, 𝑅 contains a nonzero ideal 𝐼 such that 𝐼 ⊆ 𝑈. By the hypothesis, we 

have 

𝐹(𝑢"𝑜𝑢!) = 𝐹(𝑢!)𝑢", for all 𝑢", 𝑢! ∈ 𝐼.                                                                        (16) 

Taking 𝑢! by 𝑢!𝑢" in Eqn. (16) and using this, we get  

(𝑢"𝑜𝑢!)𝑑(𝑢") = 𝑢!𝑑(𝑢")𝑢", for all 𝑢", 𝑢! ∈ 𝐼.	 (17) 

Writing 𝑑(𝑢")𝑢! instead of 𝑢! in Eqn. (17), we obtain  

𝑑(𝑢")(𝑢"𝑜𝑢!)𝑑(𝑢") + [𝑢", 𝑑(𝑢")]𝑢!𝑑(𝑢") = 𝑑(𝑢")𝑢!𝑑(𝑢")𝑢", for all 𝑢", 𝑢! ∈ 𝐼. (18) 

 Combining Eqn. (17) and Eqn. (18), we arrive at  

 [𝑢", 𝑑(𝑢")]𝑢!𝑑(𝑢") = 0, for all 𝑢", 𝑢! ∈ 𝐼. 

This equation is same as Eqn. (8) in the proof of Theorem 5. Applying the same arguments in the 

proof of Theorem 5, we get the required result. 
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Also if we have 𝐹(𝑢"𝑜𝑢!) + 𝐹(𝑢!)𝑢" = 0, for all 𝑢", 𝑢! ∈ 𝑈, then in same way, we can 

prove the same conclusion. 

Similary, in view of Theorem 8, we obtain the following result.  

Theorem 9. Let 𝑅 be a 2 −torsion free semiprime ring and 𝑈 be a noncentral square-closed 

Lie ideal of 𝑅. If 𝑅 admits a multiplicative generalized derivation (𝐹, 𝑑) satisfying 

 𝐹(𝑢"𝑜𝑢!) = ±(𝐹(𝑢")𝑢!),  for all 𝑢", 𝑢! ∈ 𝑈, 

then there exists a nonzero ideal 𝐼 of 𝑅 and 𝑑 is commuting on 𝐼.  
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