Adiyaman University Journal of Science ADYUSCI

dergipark.org.tr/adyusci 9 (1) (2019)
149-164

Reverse and Jordan (a, ) — biderivation on Prime and Semi-prime Rings
Baris ALBAYRAK!” and Neset AYDIN 2

YCanakkale Onsekiz Mart University, Faculty of Applied Sciences, Department of Banking and Finance,
Canakkale, Tiirkiye, balbayrak@comu.edu.tr

ORCID Address: http://orcid.org/ 0000-0002-8255-4706

2Canakkale Onsekiz Mart University, Faculty of Arts and Sciences, Department of Mathematics,
Canakkale, Tiirkiye, neseta@comu.edu.tr

ORCID Address: http://orcid.org/ 0000-0002-7193-3399

Abstract

In this study, we prove that any nonzero reverse (a, 8) — biderivation on a prime
ring is (a, B) — biderivation. Also, we show that any Jordan (a, ) — biderivation on
non-commutative semi-prime ring R with char(R) # 2 is an (a, ) — biderivation. In
addition, we investigate commutative feature of prime ring with Jordan left (a,a) —
biderivation.

Keywords: Prime ring, Semi-prime ring, Reverse (a,f) — biderivation, Jordan

(a, B) — biderivation, Jordan left («, @) — biderivation.

Asal ve Yariasal Halkalarda Ters ve Jordan (a, ) —bitiirev
Ozet

Bu ¢aligmada, asal halka tizerinde tanimli sifirdan farkli bir ters (@, 8) — bitlirevin
aynt zamanda (a, ) — bitiirev oldugu ispatlanmustir. Ayrica, char(R) # 2 olacak
bicimdeki degismeli olmayan bir yar1-asal R halkasi lizerinde tanimli Jordan (a, ) —
bitirevin ayn1 zamanda («, B) — bitlirev oldugu gosterilmistir. Bunlarin yaninda, Jordan

sol (a, @) —bitiirevli asal halkalarin degismeli olma 6zellikleri arastirilmistir.
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Anahtar Kelimeler: Asal halka, Yari-asal halka, Ters (a,f) — bitiirev, Jordan

(a, B) — bitiirev, Jordan sol (a, a) —bitiirev.

1. Introduction

Let R be aring and Z(R) be its center. Remember that R is prime if x;Rx, = (0)
implies x; = 0 or x, = 0 forany x;,s € R. Also, R is semi-prime if x;Rx; = (0) implies
x; = 0 for any x; € R. For x;,x, € R, the notation [x, x,] denote for commutator

X1Xx, — X,x4. Following identities holds for all x;, x,, x5 € R.
* [xlxz,x3] = x1[x2;x3] + [xl,x3]x2
* [xl,x2x3] = [x1;xz]x3 + xz[xpxs]

Let R be aring and S be a subring of R. A D bi additive map from S x S into R is
termed a biderivation of S if x, - D(x;,x,) and x, - D(x,,x;) maps are denotes
derivations from S into R for all x, € S. Recall that a D map from R X R into R is termed
symmetric if D(xy,x;) = D(x,,x;) for all x,,x, €R. For all x;,x,,x3 €R, a D
symmetric bi additive map from R X R into R is termed a biderivation if D (x;x,, x3) =

D (x1,x3)x, + x1D(x3, X3).

Several authors have studied biderivations and investigated properties of
biderivations. Also, concept of symmetric biderivation is generalized different forms in
time. One of these generalizations is the generalization for Jordan derivation. An d
additive map from R into R is termed a Jordan derivation if d(x?) = x,d(x;) + d(x1)x;
for all x; € R. Similarly this definition, a J bi additive map from R X R into R is termed

a symmetric Jordan biderivation if /(a?,x;) = aJ(a, x1) + J(a,x;)a for all a,x, € R.

In time, researchers have introduced definitions of reverse biderivation, left

(similary right) biderivation and Jordan left (similarly right) biderivation.

A D bi additive map from R X R into R is termed a symmetric reverse biderivation

if D(xlxz, x3) = D(xz, x3)x1 + xzD(xl, x3) fOI' a” xl, xz, x3 € R.

150



A D bi additive map from R X R into R is termed a symmetric left biderivation if

D(x1x5,x3) = x1D (x4, x3) + x,D (x4, x3) for all x;,x,,x3 €R.

A ] bi additive map from R X R into R is termed a symmetric Jordan left

biderivation if /(a?,x,) = 2aJ(a, x,) for all a,x; € R.

In [6], Herstein showed that a Jordan derivation on R prime ring with charR # 2
is also derivation. In [3], Bresar and Vukman presented brief proof his result. Then, Daif,
Haetinger and Tammam EI-Sayiad showed that any reverse biderivation on R prime ring
is also biderivation in [7]. They studied on Jordan biderivation and showed that Jordan
biderivation on R semi-prime ring with charR # 2 is also biderivation. Also, showed
that R prime ring with charR # 2,3 that contains a nonzero Jordan biderivation is also

commutative.

In this paper, we study on reverse (a,f) — biderivation, Jordan (a,pB) —

biderivation and Jordan left («, @) — biderivation. Let « and 8 are automorphism on R.

A D bi additive map from R X R into R is termed a symmetric (a, ) — biderivation

if D(x1%5,x3) = a(x1)D(xy,x3) + D(xq,x3)B(x;) forall x4, x,, x5 € R,

A D bi additive map from R X R into R is termed a symmetric reverse (a, ) —

biderivation if D (x;x5,x3) = D (x5, x3)a(x,) + B(x3)D (x4, x3) for all x4, x,, x5 € R.

A ] bi additive map from R X R into R is termed a symmetric Jordan (a,8) —

biderivation if J(a?, x;) = a(a)/(a, x;) + J(a, x;)B(a) forall a,x; € R.

A bi additive map J from R X R into R is termed a symmetric Jordan left (a, a) —

biderivation if J(a?, x;) = 2a(a)/(a, x,) for all a,x; € R.

In [1], authors proved that any symmetric Jordan (a, ) —biderivation (or
generalized Jordan (a, 8) —biderivation) on R prime ring with charR # 2 is also
symmetric (a, ) —biderivation (or generalized Jordan («, ) —biderivation). Detailed
information on previous studies of ring theory and different biderivations can be obtained
from [1,2,4,5,7,8].
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We generalize some previous studied on biderivations to reverse (a,B) —
biderivation, Jordan (a, ) — biderivation and Jordan left (a,a) — biderivation. We
prove that any nonzero reverse (a, ) — biderivation on a prime ring is (a,B) —
biderivation. Also, we show that any Jordan (a, B) — biderivation on non-commutative
semi-prime ring R with charR # 2 isan (a, 8) — biderivation. In addition, we investigate

commutative feature of prime ring with Jordan left (a0, «) — biderivation.
2. Preliminaries

Lemma 2.1 [1, Lemma 4.1] Let R be a prime ring such that charR # 2 and U be a
non-zero square closed Lie ideal of R. Suppose that o, are endomorphisms of R. If J: R X
R — R isasymmetric generalized Jordan (o, T) —biderivation with associated symmetric
(o, T) —biderivation B: R X R — R such that J(u?,w) = J(u,w)(u) + (uw)B(u,w) holds

for all u,w € U, then for all u, v,w,t € U;
) J(uv +vu,w) = J(u,w)a(v) + J(v,w)o(u) + t(w)B(v,w) + t(v)B(u,w)
i) J(uvu,w) = J(u,w)oc(v)t(uw) + t(w)B(v,w)o(u) + t(w)t(v)B(u,w)

i) J(uvt + tvu,w) = J(u,w)o(v)a(t) + J(t, w)a(v)o(u) +
t(w)B(v,w)a(t) + t(t)B(v,w)a(u) + t(w)t(v)B(t,w) + t(t)t(v)B(u, w)

v) J (uv, w) = J(w,w)a(v) — t(w)B(v, w)}[o(w), o (v)] = 0.

Lemma 2.2 [2, Lemma 4] Let R be a 2 —torsion free semiprime ring and let a, b €
R. If for all x € R the relation axb + bxa = 0 holds, then axb = bxa = 0 is fulfilled for
all x € R.

Lemma 2.3 [7, Lemma 1] Let R be a semiprime, 2 —torsion-free ring and let T be

a Lie ideal of R. Suppose that [T,T] c Z; then T c Z.

Corollary 2.4 [8, Corollary 2.1]Let R be a 2 —torsion free semiprime ring, L be a
Lie ideal of R suchthat L € Z(R) and let a,b € R. If aLa = 0, then a = 0.
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3. Results on Reverse and Jordan (e, B) — biderivation

Theorem 3.1 If R is a prime ring and 0 # D is a symmetric reverse (a,f) —

biderivation, then R is commutative. Also, D is a symmetric («, 8) — biderivation.
Proof. Let
D(ajay,x;) = D(ay, x)ala,) + B(ay)D(ay, x,) forall a;, a,, x; € R. (3.1)
Replacing a, by a,as, a; € R in Equation (3.1), we get
D(ay(ayas), x;) = D(ayasz, x;)a(a,) + B(azas)D(aq, xq)
= D(as, x1)a(az)a(a,) + B(as)D(a,, x)ala,)
+B(aya3)D(ay, x1)
Also, replacing a, by a,a, and a, by a;, a; € R in Equation (3.1), we have
D((alaz)ag,xl) = D(as,x,)a(a,a,) + B(az)D(a,a,,x;,)
= D(as, x,)a(a,a,) + B(az)D(ay, x,)ala,)
+B(as)B(az)D(ay, x1)

Using equality of two relations, we obtain

D(a3; x1)a[a1. az] = ﬁ[az. as]D(a1;x1) forall a,a,, as,x; €R.

Replacing as by a, in above relation, we get

D(a,, x;)ala,,a,] = 0 for all a;, a,, x; € R.
Replacing a, by ra,, r € R in above relation, we have
D(a,, x;)rala,,a,] = 0 forall a;,a,,r,x; €R.

Using primeness of R and «a is automorphism, we get
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D(a,,x;) =0or[a;,a,] =0foralla,,a,, x; €R.

Let C = {az € R|D(a2,x1) = 0,Vx1 € R} and E = {az € R|[a1,a2] = O,Val €
R}. C and E are subgroups of additive group R whose R = C U E, but R can’t be written
as a union of its two proper subgroups. Then, R=C or R=E. From D # 0 by

hypothesis, we have R = E and R is commutative. Using commutativity of R, we obtain

D(ajay,x;) = D(apxy)alay) + f(az)D(ay, x;)
= a(ay)D(az x1) + D(ay, x1)B(a,)

for all a;, a,, x; € R. This relation gives us that D is (a, 8) — biderivation.

Lemma 3.2 If R is a ring with charR # 2 and J is a symmetric Jordan (a, ) —
biderivation, then (](alaz,xl) —a(ay)](ay, xq1) —](al,xl)ﬁ(az))a(r)a([apaz]) +
a([ay, aDa(r) (](a1a2; x;) — alay)](ayz, x1) —J(ay, x1),3(a2)) =0 for all

a;,a,,r,x; €R.

Proof. Taking the element a,a,ra,a, + a,a,ra,a, € R for a,,a, r,€ R and

using  J(aja,ay,x1) = a(asaz)j(ay, x1) + alay)j(az, x)p(a,) + J(ay, x1) B (aza,)
from Lemma (2.1), we have

J(aya,raza, + azaira,ay, x,) = J(a;(ayraz)a; + ay(airay)a,, x;)
= a(aya;raz)](ay, x,) + alay)j(azray, x,)p(ay) + J(ay, x1)B(azraza;)
t+a(a,airaq)j(az x1) + alaz)j(ayraqy, x1)p(az) + J(az, x1)f(aira a;)

for all a;,a,,x; €R. On the other hand, using J(a,a,a;+ asa,a;, x;) =
a(aia;)f(as, x1) + alazaz)/(ag, x1) + alay)j(az, x1)B(as) +

a(az)j(az, x)B(ar) +J(ay, x)B(azas) +J(as, x;)B(aza,) from Lemma (2.1), we
have

J(a,a,raza, + azairaaz, x;) = ]((alaz)r(azaﬂ + (a2a1)r(a1a2),x1)

= a(a,a,r)j(azaq, x1) + alaair)j(a,a,, x41) + alagay)j(r, x,)f(aza,)
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+a(a,a,)](r,x1)B(ara,) + J(aia,, x1) B (rayay) + J(ayaq, x1)B(ra,a;)

for all ay, a,, x; € R.Using equality of two relations, we obtain

0 = a(aya ray)(ay, x1) + alayaq r)j(aqy, x1)B(ay) + ala,)/(aq,, x1)B(ra,a,)
+/(ay, x1)B(ara a,) + alaa,ra,)j(aq, x1) + alaa,r)(ay, x1)B(aq)
+a(ay)/(ay, x1)B(raya,) + jJ(aq, x1)B(araza,) — alaa,r)j(azaq, xq)
—a(aya r)](ayay,x1) — J(aia,,x1)B(rayay) — J(ayaq, x1)B(ra,a;)

= a(aza;r)(a(ar)j(az, x1) +J(ag, x1)B(az) — J(a1az,x1))

+(a(ay)](az x,) +J(ay, x)B(ay) — ] (araz,x1))B(razay)
+a(aya;r)(aaz)j(ay, x1) + J(az, x1)B(ay) — J(aza1, x1))
+(a(ax))(ay, x,) + J(az, x1)B(ay) —J(aza,x1))B(rasa,)

for all a,, ay, x; € R. Using Lemma (2.1), it is easily seen

J(aya,x1) — alay)j(az, 1) — J(ay, x1)B(a;) = —J(aza4,x1) + ala,)/(as, x,)

+J(az, x1)p(a,)

for all a,, ay, x, € R. Using this equation above relation, we get

0 = (J(a1az, 1) — a(ar)] (az, 1) = J (a1, x)B(ax))a(r)a((as, a;])
ta(lar, aD)a() (J(ara2,x1) — ala)(az, %) —J (a1, ) (ar))

forall a;,a,, 7, x; €R.

Theorem 3.3 If R is a semi-prime ring with charR # 2 andJ is a symmetric Jordan

(a, B) — biderivation, then R is commutative or J is an symmetric (a, 8) — biderivation.
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Proof. From Lemma (3.2), we have
0 = (J(ayaz,x1) — alay)f (a, x1) — J(ay, x1)B(az))a(r)a(las, a,])
+a([ay, a;))a(r)(J(asaz,%,) — a(ay)](az,x1) — J (a1, x:)B(a5))
for all ay, a5, 7, %, € R. Using Lemma (2.2), we get
U/ (@1a,x1) = ala) (az, %) = J (a1, 2)B(az))a(Malas, as] = 0 (32)

for all a,,a,,r,x; € R. Replacing a, by a, + a3, a; € R in Equation (3.2) and using
Equation (3.2), we obtain

0= (]((11‘13' x;) — al(ay)](as, x1) —J(ay, xl),[?(ag,))a(r)a[al, a,]

3.3
+(J(@rap %) — ala)] (@ x1) — J(ap, x)B(an)a ) alas, as] (3.3)

forall a,,a,,as;,7,x; €R.

Now, taking ((](a1a2: x;) — alay)](ay, x1) — J(ay, xl)ﬁ(az))a(r)a[al, a3]) z

J(ayaz,x1) — alay) J(az,x1) — J(ay, x1) B(az))a(r)alay, as] and using Equation
(3.3), this relation turns

((](a1a2»x1) —a(ay)/(az, xq) —](al,xl)ﬁ(az))a(r)a[al,a3]) z (J(a,a3,%;) —
a(ay) J(as, x1) —J(ay, x)p(az))a(r)ala, a,].

Using Equation (3.2) in this relation, we get

0= (](a1a2' x;) — a(ay)](az, x1) —J(ay, xl)ﬁ(az))a(r)a[al, as]
Z(](a1a2' x1) — a(ay)](ayz, x1) —J(ay, xl)ﬁ(az))a(r)a[al, as]

forall a,,a,,a;,r, x; € R. Using semi-primeness of R in above relation, we have

(](a1a2: x1) — alay)](ay, x1) —J(ay, xl)ﬁ(az))a(r)a[al, az] =0 (3.4)
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forall a,, a,, a;, 7, x; € R. Replacing a, by a; + a4, a, € R in above relation and using

and Equation (3.4), we obtain

0= (](a1a2' x;) — alay)](ay, x1) —J(ay, x1),3(a2))05(7”)a[a4: as]
+(](a4a2, x1) — a(ag)j(az, x1) —J(ay, x1),3(a2))a(r)a[a1: as]

for all a;,a,,as,a,,7,x; € R. Hence, applying smilarly method above paragraph and

using Equation (3.2), Equation (3.3) and « is automorphism, we have

(](a1a2» x1) —a(ay)](az, x1) — J(ay, xl)ﬁ(az))r[a4, a3] =0 (3.5)

for all ay,a,as3a4,7,x;, €R. Now, taking [J(ajay x;)—ala)f(ay x)—

J(ay, x1)B(az),az] v [J(aia;,x1) — ala,)](ay, x1) — J(aq, x1)p(az),as] and using
commutator properties, this relation turns

(](a1a2: x1) —aay)](az, x;) — J(ay, x1)ﬁ(a2)) azr [J(ayay, x,) — alay)j(ay, x;)
—J(ay, x1)p(ay), az] — as (](a1a2: x;) —alay)f(az, x1) —
J(aq, xl)B(az))r[](alaz, x1) — a(ay)j(ay, x1) —J(ay, x1)B(a,), as).

Using Equation (3.5), we get

0= [J(aiaz x1) —alay)j(ay, x1) —J(ay,x1)B(a,), asl

rlJ(a,a,,x,) — a(ay)](a,, x,) — J(aq, x1)B(a,), as] for all a;, a,,as,r,x; € R.
Using semi-primeness of R in above relation, we have
U(a,az, x1) — ala,)](az, x1) — J(aq,x1)B(az), as] = 0 forall a;, ay, as, 1, x; € R.

So, we get J(ajaz x;) —alay)j(azx,) —J(ay, x)B(a;) € Z(R) for all
a,, a,,x; € R. Hence, from Equation (3.5), we get

(](a1a2' x1) — a(a;)](az xq) —](al'xl),g(az))[R' R] = 0 forall a, ay, x; € R.
Using Corollary (2.4), we obtain
[R,R] Z(R)Or(](%az' x;) — alay)](ayz, x1) —J(ay, x1),3(‘12)) =0
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for all a,,a,,x; €R. If (](alaz,xl) —a(ay)J(a,,x,) —](al,xl)ﬁ(az)) =0 for all
a,,a,,x;, € R, then J is an (a, B) — biderivation. If [R, R] c Z(R), then R commutative

from Lemma (2.3).

Corollary 3.4 If R is a noncommutative semi-prime ring with charR # 2 and J is

a symmetric Jordan (a, 8) — biderivation, then J is a symmetric (a, ) — biderivation.
Results on Jordan left (a, «) — biderivation

Lemma 4.1 If R isaring with charR # 2 and ] is a symmetric Jordan left (a, @) —

biderivation, then the following conditions is satisfied.
i) J(a;a, + ayaq,x1) = 2a(a,)](a,, x1) + 2a(ay)j(ay, x1) for all a;,a,,x; €R.

i) J(aiazaq,x;) = a(a%)](azﬁﬁ) + 3a(a,az)j(ay, x1) — alazay)f(aqy, x1) for

all a;,a,,x; €R.

i) J(ayaza3 + azazay,x;) = ala,as + aza,)j(az, x;) + 3a(aiay)j(as, xq) +

3a(asa,)/(aqy, x,) — ala,a,)](as, x;) — alayaz)/(a,,x,) for all a;, a,, as, x; € R.
Proof. i) Let
J(a?,x,) = 2a(a,)j(a,,x,) foralla;, x; €R. (4.1)
Replacing a, by a, + a,, a, € R in above relation, we have
J((ay + a3)?,x1) = 2a(a, + ay)](aq + ay, xq)
= 2a(ay)](ay, x1) + 2a(ay)](aq, x1)
+2a(a;)j(aq,x) + 2a(ay)](az x1)

for all a;,a,x;, €R. Using J((a; +ay)? x;) =J(a? + aya, + aya, + a3,x,) =

J(a?,x,) + J(aja, + ayay) + J(a3, x;) and Equation (4.1) in this relation, we get

J(aia; + azaq,x1) = 2a(a,)j(ay, x1) + 2a(a,)j(ay, x,) for all a;, a,, x; € R.
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i) Replacing a, by a,a, in (i), we get
J(a,(azay) + (ayai)aq, xq) = 2a(ay)](azaq, x1) + 2a(azaq)j(aq, x1)
for all a;, a,, x; € R. Also, replacing a, by a,a, in (i), we obtain
J(a (a,ay) + (a1az)aq, x1) = 2a(ay)](aia;, x1) + 2a(a,a,)](aq, x1)

forall a;,a,, x; € R.Summationing this relations and using J(a,(a,a,) +
(aa,)aq,x,) = J(aa,a, + aya?, x,) = J(aia,a4, x,) + J(aya%, x,) and
J(ai(a,a;) + (aa5)aq, x1) = ](a%az + aia,a,, %) = ](a%az, x1) +J(aia,a4, x1),

we have

2J(aa,a4,x,) = 2a(ay)](azaq, x1) + 2a(azaq)j(aq, xq) + 2a(ay)/(a a,, x1)

+2a(a,a,)](ay, x,) = J(afa, + ayaf, x;) (4.2)
for all a;,a,,x; € R. Using (i) for expression —J(a?a, + a,a?, x,), we have
J(azay + aya?, x;) = 2a(a?)](ay, x,) + 2a(a,)/ (a3, x,), for all a;, a,, x; € R.
Using this relation in Equation (4.2), we get
2J(a a5aq,x,) = 2a(ay)](a1a, + ayaq, x1) + 2a(ayaq)/(aq, x1)
+2a(a,a;)](aq, x1) — 2a(a?)j(ay, x1) — 2a(a,)2a(ay)](aq, x1)

for all a,, a,, x; € R. Using (i) for expression J(a,a, + a, a4, x;), we have
2J(aja5a4,%x,) = 2a(a?)](ay xy) + 6a(aia,)/(ay, x1) — 2a(azaq)j(aq, x1)
for all a;, a,, x; € R. From charR # 2, for all a;, a,, x; € R, we get

J(ajaza4,x,) = a(a?)](ay, x,) + 3a(a,a,)](ay, x1) — alaa;)j(ay, xq)

iii) Replacing a, by a, + a3, a; € R in (ii), we get
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]((a1 + az)az(a; + as);x1) = a((a; + az)*)j(az x;) + 3“((“1 + a3)a2)
]((a1 + a3),x1) - a(az (a; + a3))]((a1 + a3),x1)

for all ay,a,x; €R. Using J((a; +az)ay(a; + as),x;) = J(a,a,a; + ajaas +

asa,a,; + aza,as, x;), we obtain

J(a,a,a3 + azayaq, x1) = a(ai)](az, x1) + a(ayaz + azay)j(ay, x;1)
+a(a?)j(ay, x1) + 3a(aya,)j(ay, x1) + 3a(a,a,)j (as, x;)
+3a(aza,)/(ar, x1) + 3a(aza,))(as, x;) — a(a,a;)j(az, x;)
—a(aya,))(az, x,) — a(a,az)j(as, x;) — a(aya3)j(a, x1)
—J(a,a2a4, %) — J(azazaz, x;)

for all a;,a,,x; € R. Using (ii) for expressions J(a,a,a,,x;) and J(aza,as, x,)in this

relation, for all a,, a,, a;, x; € R, we have

J(aiaza3 + azazas,x,) = alajas +aza;)j(az xq) + 3a(aia,)/(as, xq)
+3a(aza,)/(as, x1) — alazay)(as, x;) — alazaz)j(ay, x;)

Lemma 4.2 If R is a prime ring with charR # 2,3, ] is a symmetric Jordan left

(a, @) — biderivation and a, € R, then the following statements are satisfied.
i) If J(ay, x1) # 0 for some x; € R, then [a, [al,az]]2 =0 forall a, €R.
i) If a? = 0, then J(a,, x,) = 0 for all x; € R.

Proof. i) Let J(a,,x,) # 0 for x; € R. Replacing a5 by a,a, in Lemma 4.1 (iii),
we get

J(a,a,(aiay) + (a1az)a,a4, x1) = a(ay(a;a,) + (aa3)a,)j(ay, x4)

+3a(a1a2)]((a1a2), x1) + 30{((“1“2)“2) J(ay, x1)
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—a(a2a1)]((a1az); x1) - a(az (alaz))](al, X1)

for all a,,x; €R. Also, using J(aja,(a,a,)+ (ayay)a,aq,x;) =J((aja;,)? +
a,asa,, x,) and Lemma 4.1 (i), we obtain

J((a1a,)* + aza3ay, %) = 2a(aya,)j(aray,x1) + ala?)j (a3, x,)
+3a(a,a3)j(ay,x,) — alasay)j(ay, x,)

for all a,, x; € R. Using equality of above expressions, we get

0 = -—a(afay))(ayxy) +ala,a,a,)](ay, x,) + alaia,)/(aia;,x,)
—a(ayay)j(a,a;,,x,) — alaaia,)f(aqg, x1) + a(a%al)](al, x1)

(4.3)
for all a,, x; € R. Replacing a, by a, + a, in Equation (4.3), we have
0 = =2a(d?ay)j(a,,x,)+ 4ala,aa;)j(ay, x;) — 2alaa?)j(a,, x;)
—a(afay)(az x1) + ala;a,a,)](az, x1) + ala,a,)j(asa,,x,)
—a(aza,)](a,az,%,) — a(aza,a;)j(ay, x1) + alaza,)j(as, x,)
for all a,, x; € R. Using Equation (4.3) and charR # 2, we obtain
—a(a?a,)](aqy, x1) + 2a(a,a,a,)](ay,x,) — alaya?)j(a,, x;) = 0 for all a,, x; € R.
If above expression is rearranged, we get
alay, [ay, a,]]j(ay, x;) = 0 for all ay, x; € R. (4.4)
Replacing a, by a, a3, a; € R in above relation and using Equation (4.4), we have

(2alay, a;llay, as] + alay, [ay, az]]as)j (ay, x;) = 0 for all ay, az, x; € R.

Replacing a; by [a4,asa,], a, € R in above relation and using Equation (4.4), we

have

“([ap [a;, az]] [ay, a3]a4)](a1, xq) + a([al, [as, az]]ag [as, a4])](a1, x;) =0 (4.5)

for all a,,as, a4, x; € R. Replacing a, by [a,,a,] in above relation and using Equation
(4.4), we obtain
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a([ab [a, az]] [ay, as]la, a4])](a1, x)=0 (4.6)

for all a,,as, a,s,x; € R. Now, replacing a; by [ay,as] in Equation (4.5) and using
Equation (4.6), we get

a([ab [a;, az]][ap [ay, ag]])a(a4)](a1,x1) =0

for all a,, as, a4, x; € R. Using primeness of R, J(a,,x;) # 0 and a is automorphism in

above relation, we have

[al, [ay, az]][al, [ay, a3]] = 0 for all a,,a; € R.

So, for a; = a,, we get [a,, [a, az]]2 = 0 foralla, € R.
ii) Let a? = 0. Using 0 = J(a?,x;) = 2a(a,)J(a,,x,) and charR # 2, we get
a(a,)J(ay,x;) = 0forall x; €R. 4.7)

Now, taking a,a,a,asa, + a,asa,a,a, € R, a,,a; € R and using Lemma 4.1

(ii) and Equation (4.7) , we have

J(ai(aya a3 + azayaz)ay,x;) = 3alaya,aa; + ayazaia;)j(aqg, x;)

for all a,, as,x; € R. Also, using Lemma 4.1 (iii), Equation (4.7) and a? = 0, we get
J(a,a3(a,a3a,) + (ajazay)azaq,%,) = Y9alajaa,az)j(aqg, xq)

+3a(ajaza a,)j(ay, x4)

for all a,, a3, x; € R. From equality of two expressions, for all a,, as,x; € R, we obtain
6a(a,a,a,a3)f(aq, x1) = 0. Using charR + 2,3, a is automorphism, for all a,,x; € R

we have a,a,a; = 0 or J(a,,x;) = 0. Using primeness of R in this relation, we obtain
a, = 0orJ(as,x;) = 0 forall x; € R. Inboth cases, J(a;,x,) = 0 is hold for all x; € R.

Theorem 4.3 If R is a prime ring and charR # 2,3, ] iS @ nonzero symmetric

Jordan left (a, «) — biderivation, then R is commutative.
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Proof. Let J(a,,r) # 0 for a;, v € R. Then [a,, [al,xl]]2 =0 forall x; € R from
Lemma 4.2 (i). Hence, J([ay, [ay, x,1],7) = 0 for all x; € R. Using J([ay, [ay, x,]],7) =
J(a?x; + x,a2,1) — 2J(a;x,a,,7), We get 6alay, x,]/(a;, ) = 0 forall x; € R. Using

charR + 2,3, we have
alay, x,1/(as,7) = 0 forall x; € R. (4.8)

Replacing x; by x;x,, x, € R in above relation, then using Equation (4.8), we
obtain a[ay, x;]1x,J(a;,7) = 0 for all x;, x, € R. Using primeness of R in this relation,
we have ala;,x;] =0o0rj(a;,vr) =0forallx; € R. Using J(a;,r)#0 from
assumption and « is automorphism, we get a, € Z(R). So, if there exist r € R such that
J(ay, ) # 0,thena, € Z(R).Hence, we have a, € Z(R) or J(a,,x,) = 0 forall x; € R.

Let C ={a, € Rla; € Z(R)} and E = {a, € R|J(a;,x;) =0forallx; ER.}. C
and E are subgroups of additive group R whose R = C U E, but R can’t be written as a
union of its two proper subgroups. Hence, R = C or R = E. Since | # 0 by hypothesis,

R = C and R is commutative.
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