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Abstract

Let R be a prime ring with characteristic not 2 and o, T, o, B, A, W, v
automorphisms of R. Let h: R—R be a nonzero left (resp. right)-generalized (a,p)-
derivation, beR and U, V nonzero right (o,t)-Jordan ideals of R. In this article we have

investigated the following situations:
(1) bh(y(U))=0, (2) h(y(U))b=0, (3) h(y(U))=0, (4) UcCru(V), (5) bh()=
Cru(U) or h(I)bcCau(U), (6) bVeCanw(U) or VbcCau(U).

Keywords: Prime Ring, Generalized Derivation, (o,t)-Jordan Ideal.

Sag (o,7)-Jordan Idealler ve Tek Yanh Genellestirilmis Tiirevler Uzerine

Ozet

R, karakteristigi 2 den farkli bir asal halka ve o,t,0,B,A,1,y doniisiimleri R
tizerinde otomorfizmler olsunlar. h:R—R sifirdan farkli bir sol (sag)-genellestirilmis
(a,p)-tiirev, bER ve U ile V, R halkasinin sifirdan farkli sag (o,7)-Jordan idealleri

olsunlar. Bu makalede, asagidaki durumlari arastirdik:

(1) bh(y(U))=0, (2) h(y(U))b=0, (3) h(y(U))=0, (4) UcCu(V), (5) bh(l)=
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C1.4(U) or h(DbcC iu(U), (6) bVEC 1u(U) or VbeC au(U).

Anahtar Kelimeler: Asal Halka, Genellestirilmis Tiirev, (c,t)-Jordan Ideal.

1. Introduction

Let R be a ring and o, T two mappings of R. For each r, s€R set [1,5]6.r =r6(s)-T(s)r
and (r,8)s=ro(s)+t(s)r. Let U be an additive subgroup of R. If (U, R)cU then U is
called a Jordan ideal of R. The definition of (o,t)-Jordan ideal of R is introduced in [7]
as follows: (i) U is called a right (o,t)-Jordan ideal of R if (U,R)s:CU, (ii) U is called a
left (o,1)-Jordan ideal if (R,U)s:CU. (ii1) U is called a (c,1)-Jordan ideal if U is both
right and left (o,7)-Jordan ideal of R. Every Jordan ideal of R is a (1,1)-Jordan ideal of
R, where 1:R—R is the identity map. The following example is given in [7]. Let Z be

. Xy x 0 Xy
the set of integers. If R= |x,yeZ , U= |er , O =
0 0 0 0 0 0
x 0 Xy x -y . : :
and 1 = , then U is (o,1)-right Jordan ideal but not a
0 0 0 0 0 O

Jordan ideal of R.

A derivation d is an additive mapping on R which satisfies d(rs)=d(r)s+rd(s), Vr,
s€R. The notion of generalized derivation was introduced by BreSar [2] as follows. An
additive mapping h: R—R will be called a generalized derivation if there exists a

derivation d of R such that h(xy)=h(x)y+xd(y), for all x, yER.

An additive mapping d:R—R is said to be a (o,1)-derivation if
d(rs)=d(r)o(s)*+t(r)d(s) for all r, s€ER. Every derivation d:R—R is a (1,1)-derivation.
Chang [3] gave the following definition. Let R be a ring, ¢ and T automorphisms of R
and d:R—R a (o,7)-derivation. An additive mapping h:R—R is said to be a right
generalized (o,t)-derivation of R associated with d if h(xy)=h(x)c(y)+t(x)d(y), for all
x,yER and h is said to be a left generalized (o,t)-derivation of R associated with d if
h(xy)=d(x)o(y)+t(x)h(y), for all x, yER. h is said to be a generalized (c,t)-derivation of
R associated with d if it is both a left and right generalized (o,t)-derivation of R

associated with d.



According to Chang's definition, every (o,t)-derivation d:R—R is a generalized
(o,7)-derivation associated with d and every derivation d:R—R is a generalized (1,1)-
derivation associated with d. A generalized (1,1)-derivation is simply called a
generalized derivation. Every right generalized (1,1)-derivation is a right generalized

derivation and every left generalized (1,1)-derivation is a left generalized derivation.

The definition of generalized derivation which is given in [2] is a right

generalized derivation associated with derivation d according to Chang's definition.

The mapping h(r)=(a,r)s: for all r€R is a left-generalized (o,t)-derivation
associated with (o,t)-derivation di(r)=[a,r]s: for all r€R and right-generalized (o,1)-

derivation associated with (o,t)-derivation d(r)=-[a,r]s, for all r€R.
In this paper we generalized some results which are given in [6, 8, 9, 10].

Throughout the paper, R will be a prime ring with center Z, characteristic not 2
and o, T, 0, B, A, K, y automorphisms of R. We set Co:(R)={c€R| co(r)=1(r)c, VrER}

and shall use the following relations frequently.
[1s,t]o,=1[S,t]o,cH[1,T(t)]s=T1[S,0(t)]+[1,t]6.S
[1,st]o,=T(s)[1,t]c.cH[1,S]6.70(t)
(18,t)6,=1(8,t)o.r-[1,T(t) |s=1[S,0(t) | +(1,t)5.1S.

(1,5t)5,=1(s)(1,t)o,r 1,5 ]6.:0(t)=-T(s)[T,t]6.1H(T,S)o.25(t)

2. Results

We begin with the following known results, which will be used to prove our

theorems.

Lemma 1 [5, Lemma 7] Let I be a nonzero ideal of R and a, beER. If h:R—R is a
nonzero left-generalized (o,t)-derivation associated with (o,t)-derivation d:R—R such

that [h(I)a,b]»,=0, then a[a,A(b)]=0 or d(t'(u(b)))=0.



Lemma 2 [4, Lemma 2.6] Let h:R—R be a nonzero right-generalized (o,1)-
derivation associated with a nonzero (o,t)-derivation d and I be a nonzero ideal of R. If

a, beR such that [ah(I),b],.,=0, then [a,,(b)]a=0 or d(c'(M(b)))=0.

Lemma 3 [7, Lemma 4] Let U be a nonzero (c,1)-right Jordan ideal of R and a€R.
(1) If UcCo(R) then R is commutative. (ii) If UCZ then R is commutative. (iii) If aU=0
or Ua=0, then a=0.

Lemma 4 [7, Lemma 5] Let U be a nonzero (o,t)-right Jordan ideal of R and a,

beR. If aUb=0 then a=0 or b=0.

Lemma 5 [7, Lemma 2] If R is a ring and U a nonzero (o,t)-right Jordan ideal of

R then 27([R,R])UcU and 2Us([R,R])cU.

Lemma 6 [1, Lemma 1] Let R be a prime ring and d:R—R be a (c,1)-derivation.

If U is a nonzero right ideal of R and d(U)=0 then d=0.

Lemma 7 Let d:R—R be a nonzero (a,B)-derivation. If d(y([R,R]))=0 then R is

commutative.

Proof. If d(y([R,R]))=0 then we have, for all r,s€R

0=d(y([r,rs))=d(v(r)y([r.sD))=d(y(r))oly([r,s D)+By(1))d(v([r,s]))

=d(v(r)a(y([r.s])

and so for all r,seR

d(v(r)a(y([r,s1))=0. 2.1

Replacing s by st, tER in (2.1) for any r€R, we get d(y(r))=0 or r€Z. Let
K={reR|d(y(r))=0} and L={r€R|r€Z}. Then K and L are subgroups of R and R=KUL.
Given the fact that a group can not be the union of two proper subgroups, Brauer's
Trick, then we have R=K or R=L. That is, d(y(R))=0 or RcZ. Since d#0 then d(y(R))#0

by Lemma 6. On the other hand, RCZ means that R is commutative.



Remark 1 Let U be a nonzero right (o,t)-Jordan ideal of R. Lemma 5 gives that
27([R,R])UcU and 2Ug([R,R])cU. Since ¢ and t are automorphisms of R then we will
use the relations 2[R,R]JUcU and 2U[R,R]cU.

Theorem 1 Let U be a nonzero right (o,t)-Jordan ideal of R and beR, let hR—R
be a nonzero left-generalized (a,3)-derivation associated with a nonzero (a,3)-derivation

d:R—R.

(1) If h(y(U))=0 then R is commutative.

(i1) If h(y(U))b=0 then b=0 or R is commutative.

Proof. We can use that 2[r,s][veU for all r, s€ER, v€U by Remark 1.

(1) If h(y(U))=0 then we have, for all r, s€R, veU

0=h(y(2[r,s]v))=h2y([r,s])v(v))=2d(v([r,s D)oy (V) +2B(v([r,s]))h(v(V))

=2d(y([r,sD))aly(v)).

That is y'(a'(d(y([r,s]))))U=0, for all r, s€ER. This means that d(y([R,R]))=0 by Lemma

3 (ii1). Using Lemma 7, we obtain R is commutative.

(11) If hy(U)b=0, then we get, for all r, s€ER, veU

0=h(y(2[r,s]v))b=2d(y([r.s)a(y(v)b+2B(y([r.s])h(y(v))b=2d(y([r,s))a(y(v))b

so v (o '(d(y([R,R])))Uy (o !(b))=0. This means that b=0 or d(y([R,R]))=0 by Lemma
4. If d(y([R,R]))=0 then R is commutative by Lemma 7.

Theorem 2 Let U be a nonzero right (o,7)-Jordan ideal of R, b€ER and let h:R—R
be a nonzero right-generalized (a,f)-derivation associated with a nonzero (a,p)-

derivation d.

(1) If h(y(U))=0, then R is commutative.

(11) If bh(y(U))=0, then b=0 or R is commutative.



Proof. Remark]1 gives that 2v[r,s]€U, for all r, sER, veU.

(1) If h(y(U))=0 then we have, for all r, s€ER, v€U

0=h(y(2v[r,s])=h2y(V)v([r,s]))=2h(y(V)a(y([r.s)+2P(v(V))d(v([r,s]))

=2B(y(V)d(y([r.s]))-

That is Uy '(B'(d(y([r,s]))))=0, for all r,s€R. This means that d(y([R,R]))=0 by Lemma

3 (ii1). Applying Lemma 7 to the last relation, we obtain that R is commutative.

(i1) If bh(y(U))=0, then we get, for all r, s€ER, v€EU

0=bh(2y(v)y([r,s]))=2bh(y(v))a(y([r,s))*+2bR(y(v)d(y([r.s])=2bB(y(V))d(y([r,s]))-

That is y(B~(b))Uy ' (B*(d(y([R,R]))))=0 so b=0 or d(y([R,R]))=0 by Lemma 4. If
d(y([R,R]))=0 then we obtain R is commutative by Lemma 7.

Corollary 1 [6, Lemma 5] Let d:R—R be a nonzero derivation and a€R. If
d(U)a=0 or ad(U)=0 then a=0 or R is commutative.

Proof. Since d is a derivation and so left (and right)-generalized derivation

associated with d then using Theorem 1 (ii) and Theorem 2 (ii) we get the result.

Theorem 3 Let U be a nonzero right (o,t)-Jordan ideal of R and a€R.

(1) If [a,U]nu=0 then a€Z or a€Cyu(R).

(11) If [U,a]r,u=0 then a€Z.

(111) If b[a,U]ru=0 or [a,U]rub=0 then b=0 or a€Z or a€Cyu(R).

(iv) If b[U,a]x,u=0 or [U,a]a,ub=0 then b=0 or a€Z.

Proof. Let us consider the mappings defined by d(r)=[a,r], for all rER and
g(r)=[r,a] »u for all r€R. Then d is a (A,pn)-derivation and so left (and right)-generalized
(A,w)-derivation associated with d. If d=0 then a€Cy u(R). On the other hand, g is a left-



generalized derivation associated with derivation di(r)=[r,u(a)], for all reR. If g=0 then

we obtain d;=0 and so a€Z. Let g#0.

(1) If [a,U]ry=0 then we have d(U)=0. This means that R is commutative by

Theorem 1 (i). That is a€Z. Consequently, we obtain a€Z or a€Cyu(R) for any case.

(i1) If [U,a]auy=0 then g(U)=0. Since g#0 then we have R is commutative by

Theorem 1 (i) and so a€Z.

(i) If b[a,Uxu=0 then we have bd(U)=0. This means that b=0 or R is
commutative by Theorem 2 (ii). That is b=0 or a€Z. Finally, we obtain b=0 or a€Z or
a€Cu(R). If [a,U]rub=0 then d(U)b=0 and so b=0 or R is commutative is obtained by
Theorem 1 (ii). Again we obtain that b=0 or a€Z or a€Cyu(R) for any case.

(iv) If b[U,a]ruy=0 then bg(U)=0. Using Theorem 2 (ii) we obtain b=0 or R is
commutative and so b=0 or a€Z. Similarly if [U,a]»ub=0 then g(U)b=0. Hence, b=0 or
R is commutative by Theorem 1 (ii). Considering as above, we have b=0 or a€Z for any

case.

Corollary 2 [10, Lemma 2.7] Let R be a 2-torsion free prime ring and U be a

nonzero Jordan ideal of R. If U is a commutative then UCZ.

Proof. Every Jordan ideal is a right (1,1)-Jordan ideal of R, where 1:R—R is an
identity map. If U is commutative then we have [U,U] 1,1 =0. Using Theorem 3 (i1), we

obtain UCSZ.

Corollary 3 Let U, V be nonzero right (o,t)-Jordan ideals of R. If UcCy.u(V) then

R is commutative.

Proof. If Uc Cyu(V) then [U,V]1u=0. Using Theorem 3 (ii), we obtain VCZ.

Hence, R is commutative by Lemma 3 (i1).

Theorem 4 Let U be a nonzero right (6,t)-Jordan ideal of R and a, beR.

(1) If (a,U)»u=0 then a€Z or a€C,p.



(11) If (U,a)r,u=0 then a€Z.

(ii1) If b(a,U.p=0 or (a,U)xub=0 then b=0 or a€Z or a€Cy .

(iv) If b(U,a)1,,=0 or (U,a)rub=0 then b=0 or a€Z.

Proof.Let us consider the mappings defined by h(r)=(a,r) i for all r€ER and
g(r)=(r,a) »yu for all rER. Then h is a left-generalized (A,p)-derivation associated with
(A,p)-derivation di(r)=[a,r] ap, for all r€R and right-generalized (A,p)-derivation
associated with (A,p)-derivation d(r)=-[a,r] ., for all r€R. If h=0 then d=0=d: and so
a€C .y 1s obtained. Let h#0. On the other hand g is a left-generalized derivation
associated with derivation dz(r)=-[r,u(a)], for all r€R and right-generalized derivation
associated with derivation ds(r)=[r,M(a)], for all reR. If g=0, then d>=0=ds and we obtain
ae”Z.

(1) If (a,U) »,,=0 then we have h(U)=0. Using Theorem 1 (i) we get a€Z. Finally,

we obtain that a€Z or a€C .

(11) If (U,a) »,,=0 then g(U)=0. Similarly Theorem 1 (1) gives that a€Z.

(ii1) If b(a,U) »,=0 then we have bh(U)=0. Hence, b=0 or R is commutative by
Theorem 2 (ii). That is b=0 or a€Z. Finally, we obtain that b=0 or a€Z or a€C s. If
(a,U) au b=0 then we have h(U)b=0. Using Theorem 1 (ii) we get b=0 or R is

commutative. Consequently, we have b=0 or a€Z or a€Cy, for any case.

(iv) If b(U,a) au =0 then bg(U)=0. Considering as in the proof of (iii) and using
Theorem 2 (ii) we arrive b=0 or a€Z. If (U,a)rub=0 then g(U)b=0. Using Theorem 1

(i1), we get the same result.

Theorem 5 Let U be a nonzero right (o,t)-Jordan ideal of R, bER and let h:R—R
be a nonzero right-generalized (o,fB)-derivation associated with a nonzero (o,f)-

derivation d and I nonzero ideal of R. If bh(I)cCu(U) then beZ.

Proof. Let bh(I)cCyu(U). This means that [bh(I),v]r,=0, for all v€U. Using

Lemma 2 we obtain that, for any veU,



[b,1(v)]b=0 or da"A(v)=0.

Let K={veU | [b,u(v)]b=0} and L={veU | d(a'(M(v)))=0}. Using Brauer's Trick, we
get [b, wW(U)]b=0 or d(o'(M(U)))=0.The mapping di(r)=[b,r], for all r€ER is a derivation
and so left (and right)-generalized derivation associated with derivation di. If di=0 then
bEZ is obtained. Let d:#0. If [b, w(U)]b=0 then we can write di(u(U))b=0. Since d: is a
left-generalized derivation, then we have b=0 or R is commutative by Theorem 1 (i1).
Finally, we obtain b€Z for any case. If d(a'(A(U)))=0 then we have R is commutative
by Theorem 1 (i) and so bEZ.

Theorem 6 Let U be a nonzero right (c,t)-Jordan ideal of R, h:R—R be a nonzero
left-generalized (a,f3)-derivation associated with a nonzero (a,p)-derivation d:R—R and

I be a nonzero ideal of R. If b€R such that h(I)bcC;.u(U) then bEZ.

Proof. If h(I)bcCyu(U) then we have [h(I)b,v]»,=0, for all v€U. This means that
for any veU d(B~'(u(v))=0 or b[b,A(v)]=0 by Lemma 1. Let K={veU|d(B'((v)))=0}
and L={veU|b[b,M(v)]=0}. According to Brauer's Trick, we get d(p'(u(U)))=0 or
b[b,A(U)]=0. Since d is an (a,p)-derivation then d is a right (and left)-generalized (a.,f3)-
derivation associated with d. If d(B~'(u(U)))=0 then we have R is commutative by
Theorem 1 (i). That is bEZ. On the other hand, the mapping defined by di(r)=[b,r], for
all r€R is a derivation and so right (and left)-generalized derivation associated with
derivation di. If di=0 then b€Z is obtained. If di#0 then b[b,A(U)]=0 gives that b=0 or R

is commutative by Theorem 2 (ii). Finally, we obtain that b€Z for any case.

Corollary 4 Let U be nonzero right (o,t)-Jordan ideal of R and I be a nonzero
ideal of R. If b(a,l)e,sCCiu(U) or (a,])apbcC 1u(U) then bEZ or a€Cyp(R) for all
a,beR.

Proof. The mapping defined by h(r)=(a,r)ep, for all r€R is a left-generalized
(a,B)-derivation associated with (a,p)-derivation di(r)=[a,r]sp for all r€R and right-
generalized (o,f)-derivation associated with (a,p)-derivation d(r)=-[a,r]e.p, for all reR. If

h=0 then d=0=d: and so a€Cgp(R) is obtained. If b(a,[)o,cCarn(U) then we have



bh(I)cC.uw(U). Since h is a right-generalized (a,f)-derivation, then we obtain bEZ by

Theorem 5.

Similarly, if (a,])e,gbCCaru(U) then h(I)bcCyu(U). Since h is a left-generalized
(a,p)-derivation, then we have bEZ by Theorem 6. Finally, we obtain that b€EZ or

a€Cq,p(R) for any case.

Corollary 5 Let U, V be nonzero right (o,t)-Jordan ideals of R and beR. If
bVcCiru(U) or VbcCyu(U) then beZ.

Proof. If bVcC.u(U) then we have b(V,R)s:CCau(U). Hence

bEZ or VECiu(R) (2.2)

by Corollary 4. If VcCyu(R) in (2.2) then we can write [V,R]x,=0. Using Theorem 3
(i1) we get RcZ, and so we obtain beZ. If VbcCy. u(U) then we have (V,R)s:bcCiu(U).
Using Corollary 4 and considering as above we obtain that b€Z. This completes the

proof.

The following Lemma is a generalization of [8] and [9].

Lemma 8 Let U be nonzero right (c,1)-Jordan ideal of R and a, beR. If' b, baeC
au(U) or b, abeCa,u(U) then b=0 or a€Z.

Proof. If b, ba€C.u(U) then, for all veU we get

0=[ba,v]ru,=b[a,M(V)]+[b,v]r.na=b[a,A(V)]

so A '(b)[A'(a),U]=0. This means that b=0 or a€Z or a€ Ci1,1(R) by Theorem 3 (iii).
That is b=0 or a€Z. If b, abeCyru(U), then for all veU, the relation
O0=[ab,v]rp=a[b,v]rut[a,u(v)]b=[a,u(v)]b gives that [pu'(a),U]Ju'(b)=0. Smilary using
Theorem 3 (iii), we get b=0 or a€Z.

Theorem 7 Let U be nonzero right (o,t)-Jordan ideal of R, let I be ideal of R and
a, beR. If by([L,a]ep)=Cou(U) or y([1,a]e.p)bCrpn(U) then b=0 or a€Z.

10



Proof. If by([L,a]e,p)cCru(U) then we get, for all x€EI

by([xa(a).alep)=by(x)y([a(a),a(a))+by([x,a]ep)y(a(a))=by([x,a]wp)y(a(a)) ECru(U)

and so

by([La]ap)y(a(a)) ECan(U). (2.3)

If we use hypothesis and Lemma 8 in (2.3), then we get y'(b)[[,a]a.g=0 or a€Z. If
v'(b)[Lalep=0 then we obtain that b=0 or a€Z by Theorem 3 (iv). If
v([La]op)bcCopn(U), then we have for all x€I

Y([B(a)x,a]a.p)b=y(B())V([X,a]o.p)bY([B(2),B() )Y ()D=Y(B(2))V([X,2]0.p)DE Copn (V).

That is

Y(B(@)y[(L,a]o.p)bCon(U). (2.4)

If we use Lemma 8 and hypothesis then (2.4) gives that [[,a]o.py '(b)=0 or a€Z. If
[L,a]opy '(b)=0 then we obtain that b=0 or a€Z by Theorem 3 (iv). This completes the
proof.

Theorem 8 Let U be nonzero right (c,7)-Jordan ideal of R, I be an ideal of R and
a,beR. If by(l,a)e,sSCau(U) or y(I,a)e,sb=Cau(U) then b=0 or a€Z.

Proof. If by(I,a)e,p=Copu(U) then we get, for all x€l

by((xa(a),a)ap)=by(x)y([a(a),o(@)])+by((X,a)ep)y(0(@))=by((X,a)a.p)y(a(a)) ECru(U)

and so

by((1,a)o.p)y(e(a)) ECan(U). (2.5)

If we use hypothesis and Lemma 8 in above relation,then we get y'(b)((I,a)e,5)=0 or
a€Z. If y'(b)(L,a)wp=0 then we obtain that b=0 or a€Z by Theorem 4 (iv). If
v((1,a)a,p)bcCiuw(U) then we have, for all x€l

11



V((B(2)X,2)e.p)b=Y(B())Y((X,2)e.p)b-Y([B(2),B(R) DY ()D=Y(B())V((X,2).$)DE Cois (V).

That is

Y(B(2)y((1,2)e.p)bCon(U). (2.6)

If we use Lemma 8 and hypothesis, then (2.6) gives that (I,a)qpy '(b)=0 or a€Z. If
(L,a)a.py '(b)=0 then we obtain that b=0 or a€Z by Theorem 4 (iv).
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