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Abstract 

The concept of topology is widely used in mathematical modeling of spatial objects 

and in GIS. One such application of fuzzy topological operators, detecting areas 

affected by Mikania micrantha, was studied by Shi and Liu. The precision of the 

results was evaluated by applying the intuitionistic fuzzy pre-interior and pre-clouser 

operators defined by the author to the data included in this study. 

With this application example, it has been shown that the newly defined operators 

give results closer to the real bounds. 

 

 
1. Introduction 

 

The most important step for modeling real-world 

problems is to determine the topological relationships 

of spatial objects. Topological concepts are used in 

the analysis of spaces with uncertain boundaries, such 

as rivers, forests, oceans etc. The boundary 

determined by the crisp set topology are not suitable 

for the evaluation of problems involving uncertainty. 

On the other hand, fuzzy topology allows the 

definition of uncertainty in these spatial objects. 

Zadeh (1965) introduced the concept of the fuzzy set 

as an generalization of crisp set and the theory of 

fuzzy topology has been developed in following 

years. Some models have been developed by 

researchers to modelling the fuzzy relationship 

between spatial objects. Initially, the interior, 

boundary and exterior of spatial objects are 

determined. In the next step, fuzzy membership 

functions are defined to determine the membership 

degrees of these topological concepts. Since fuzzy 

topological concepts depend only on membership 

degrees, they are not sufficient to rank the hesitation 

relationships of objects. Intuitionistic fuzzy sets, 

introduced by Atanassov in 1983, allowed to 

modelling hesitation relationships of objects that 

contain uncertainty. Çoker defined the intuitionistic 

fuzzy topology in 1997[5]. Studies have been 

conducted by several authors to develop this concept. 
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The topology used in modeling real-world problems 

is based on identifying and using the common points 

of different spatial objects. The application of 

intuitionistic fuzzy topology on spatial objects was 

examined firstly by M.R. Malek[9]. In 2006, Saadati 

and Park examined properties of intuitionistic fuzzy 

metric spaces[12]. Singh and Srivastava studied the 

separation axioms[14]. In 2020, Marinov and 

Atanassov defined pre-interior and pre-clouser 

intuitionistic fuzzy topological operators and showed 

that these operators can be applied to determine the 

topological relations of spatial objects[10]. Marinov 

presented a software implementation of the 

framework of intuitionistic fuzzy sets[11]. In [16], 

author introduced 
,

,I  

   and 
,

,C 

   intuitionistic fuzzy 

topological operators. In this paper an application of 

these operators is examined. 

Atanassov introduced the concept of 

Intuitionistic Fuzzy Sets, form an extension of fuzzy 

sets by expanding the truth value set to the 
2

1 2 1 2{( , ) [0,1] : 1}L x x x x      is a lattice with 

1 2 1 2 1 1 2 2( , ) ( , ) : " ".x x y y x y and x y    The 

operator theory have an important role in intuitionistic 

fuzzy sets. The concept of intuitionistic fuzzy modal 

operators was given in 1999 by K. Atanassov and then 

modal operators have been extensively studied in 

theoretical and application areas[2, 3, 6, 7]. First 
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intuitionistic fuzzy topological operators were 

defined and new intuitionistic fuzzy topological 

operators were introduced in subsequent studies[3, 8, 

16]. Fuzzy pre-topological/topological operators and 

intuitionistic fuzzy pre-topological/topological 

operators were applied to compute of the values of 

fuzzy relations of spatial objects with uncertainty in 

determining the boundaries such as forest area, lake, 

sea, etc [10, 13, 16]. 

2. Material and Method 

 

Definition[2] An intuitionistic fuzzy set (IFS) on a set 

X  is an object  

{ , ( ), ( ) : }A AA x x x x X    where 

( ), ( : [0,1])A Ax X    is called the degree of 

membership of x  in A , ( ), ( : [0,1])A Ax X    is 

called the degree of non- membership of x  in A ,and 

where A  and A  satisfy the following condition: 

( ) ( ) 1, for all  .A Ax x x X     

The class of intuitionistic fuzzy sets on X  is denoted 

by ( )IFS X . The hesitation degree of x  is defined by 

( )A x  1 ( ) ( )A Ax x   . 

Definition[2] An IFS A  is said to be contained in an 

IFS B  ( )A Bô  if and only if, for all 

: ( ) ( )A Bx X x x    and ( ) ( ).A Bx x   

It is clear that A B   if and only if A Bô  and 

.B Aô  

Definition[2] Let A IFS  and let 

{ , ( ), ( ) : }A AA x x x x X    then the above set 

is callede the complement of A 

{ , ( ), ( ) : }c

A AA x x x x X    

The intersection and the union of two IFSs A  and B  

on X  is defined by 

A⊓B

 , ( ) ( ), ( ) ( ) :A B A Bx x x x x x X        

A⊔B

 , ( ) ( ), ( ) ( ) :A B A Bx x x x x x X        

Some special Intuitionistic Fuzzy Sets on X  are 

defined as following; 

 ,0,1 :O x x X    

{ ,1,0 : }X x x X      

Definition[1] An pre  closure operator 

: c X X  is a map which associates to each set 

AX  a set  Ac  such that; 

1)   c  

2)  A A c  

3)       ,A B A B  c c c  for all 

, .A B X  

If in addition to above axioms the operator c  is 

idempotent, that is     A Ac c c  then c  is called 

closure operator in X.  X  can be    ,X FS X  or 

 .IFS X  

Definition[1] For the pre  closure operator c  

defined on X  we say that a set AX  is closed iff 

  .A Ac  Also, 

  :  &  A A A A   c
X c  

is the topology generated by the pre  closure 

operator c.  If X  is    ,X FS X  or  IFS X  

then   is called crisp topology, fuzzy topology or 

intuitionistic fuzzy topology, repectively. 

Definition[1] An pre   interior operator 

: i X X  is a map which associates to each set 

AX  a set  Ai  such that; 

1.   i X X  

2.  A Ai   

3.       ,A B A B  i i i  for all  

, .A B X  

If in addition to above axioms the operator i  is 

idempotent, that is     A Ai i i  then i  is called 

interior operator in .X  X  can be    ,X FS X  or 

 .IFS X   

Definition[1] For the pre  interior operator i  

defined on X  we say that a set AX  is open iff 
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  .A Ai  Also,   :  &  A A A A   i X i  is 

the topology generated by the pre  interior operator 

.i  If X  is    ,X FS X  or  IFS X  then   is 

called crisp topology, fuzzy topology or intuitionistic 

fuzzy topology, repectively. 

If i  is pre  interior operator then    A A  c i  

is its corresponding pre   closure. That is 

    ,A A c i  is a pair of conjugate preclosure-

preinterior operators. 

Proposition[1] If i  and c  is a conjugate pair of 

preinterior and preclosure operators in X,  then 

   :  and : .A A B B        c c

i i
 

In [10], Marinov and Atanassov generalized the 

pre   interior and pre   closure operators to 

intuitionistic fuzzy sets and they introduced new 

intuitionistic fuzzy topological operators. In the same 

paper, they examined topological properties of these 

operators. Then, author defined new generalized 

intuitionistic fuzzy topological operators by 

considering the operators defined by Marinov and 

Atanassov in [16]. 

Definition[16] Let X  be a set and ( ).A IFS X  For 

, , , [0,1],     the topological operator 
,

,I  

   is 

defined as follow; 

,

, : ( ) ( )I IFS X IFS X 

    

such that 

 
 

   

     

 
,
, 1

1

inf , 0 ( ) 1

1 , 1 ( )

( ) , ( )

( ), ( ) 1

A A

A A

I A
A A

A A

x x

x x
x

x x

x x

 
 





   

     

     

  





  


   


   
  

 

and 

 
 

   

   
 
    

   

, ,
, ,

, 0

min 1 ,1 ,

, 1

A A

A AI A I A

A A

x x

x x x x

x x

   
   



  

      

  



  



    


 

 

Proposition[16] Let X  be a set and ( ).A IFS X  

For , , , [0,1],     the topological operator 

 ,

,I A 

   is an intuitionistic fuzzy set. 

Proposition[16] Let X  be a set and ( ).A IFS X  

For , , , [0,1],     the operator  ,

,I A 

   is a 

pre   interior operator in ( ).IFS X  

Definition[16] Let X  be a set and ( ).A IFS X  For 

, , , [0,1],     the topological operator 
,

,C 

   is 

defined as follow; 

,

, : ( ) ( )C IFS X IFS X 

    

such that 

 
 

   

   

 
 

 

   

,
,

,
,

, 0

1 ,
min ,

1

, 1

A A

A

AC A

C A

A A

x x

x
x x

x

x x

 
 

 
 

  

  
   



  

  


    
    


   


 

 

and  

 
 

   

     

 
,
,

1

1

inf , 0 ( ) 1

1 , 1 ( )

( ) , ( )

( ), ( ) 1

A A

A A

C A
A A

A A

x x

x x
x

x x

x x

 
 



   

     


     

  



   


   
 

   
  

 

Proposition[16] Let X  be a set and ( ).A IFS X  

For , , , [0,1],     the topological operator 

 ,

,C A 

   is an intuitionistic fuzzy set. 

Proposition[16] Let X  be a set and ( ).A IFS X  

For , , , [0,1],     the operator  ,

,C A 

   is a 

pre   closure operator in ( ).IFS X  

Proposition[16] The operator 
,

,I  

   is generalization 

of the operator I  and the operator 
,

,C 

   is 

generalization of the operator .C  

Theorem[16] Let X  be a set and ( )A IFS X  then 

   , ,

, , ,C A I A   

       i.e 
,

,I  

   and 
,

,C 

   is a 

conjugate pair of pre   interior and pre   closure 

operators. They define the same topology  

 
,
,

,
,

: .
C

I
B B

 
 

 
 

     

The boundary of set A  in the intuitionistic fuzzy 

topology defined by these operators is  

    , ,

, ,A C A I A   

        according to the IF 

boundary definition given by Malek[9]. 
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Intuitionistic fuzzy generators are used to construct 

IFS and they are defined as a function: 

Definition[4] A function :[0,1] [0,1]   will be 

called intuitionistic fuzzy generator(IFG) if 

  1x x    for all .x X  

An important intuitionistic fuzzy generator is defined 

by Sugeno as following and implemented in the 

example examined in this study: 

1 ( )
, ( ), :

1 ( )

A
A

A

x
A x x x X

x







   
   

     

3. Results and Discussion 

 

In this study, the problem of detecting areas affected 

by Mikania micrantha, examined by Shi and Liu[13], 

is re-examined using intuitionistic fuzzy topological 

operators, pre   interior and pre  closure. 

Methodology 

(i) Aerial photographs of the studied area are viewed 

as intuitionistic fuzzy spaces. 

(ii) Areas affected by Mikania micrantha in the aerial 

photo are viewed as intuitionistic fuzzy sets in each of 

intuitionistic fuzzy spaces. 

(iii) The membership and non-membership values of 

affected areas are calculated. 

(iv) The fuzzy value is defined by 

 

 

 

 

log Area of certain affected area log

log Total area of affected area log *
  0

( )
0

A

if
x

otherwise


 
 


 

(v) From Sugeno's generator, the intuitionistic fuzzy 

non-membership function is given as[15]: 

1 ( )
( )

1 ( )

A
A

A

x
x

x










,   is computed using 

intuitionistic fuzzy entropy(IFE) which is given as: 

1 ( )

1 1

1
( ) ( ) ,A ij

NN
x

A ij

j i

IE A x e
N






 

   

and the optimum value of   is computed as:

 max ( , ) .opt IE A   In this example, 0.5h   

was chosen. 

Results and Analysis 

Each Mikania micrantha area has an identity number 

and its boundary has been digitized on the aerial 

photos by Shi and Liu. Table 1 shows the size of each 

area affected by Mikania micrantha on an aerial 

photo[13]. 

In Table2, membership and non-membership degrees 

of areas were calculated, pre-interior, pre-closure and 

boundary values obtained: for 

This method offers a suitable classification for 

modeling spatial objects that do not have clear 

boundaries. While fuzzy topological operators only 

make a classification over membership degrees, the 

operators used here provide a classification based on 

the non-membership degrees and hestigation degrees 

of spatial objects. Thus, an evaluation much closer to 

the real bounders is obtained. For different values of   

provide different values of interior, boundary, and 

exterior 

 

 

Table 1. Size of Each Area Affected by Mikania Micrantha 
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Table 2. 0.6, 0.5, 0.7      and 0,3   
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Table 3. 0.8, 0.2, 0.3      and 0,6   

 
Table 3. 0.8, 0.2, 0.3      and 0,6   

 

The optimal , , ,     values can be obtained for the 

spatial object examined. Also operators studied by 

Shi and Liu give more zero values for chosen alpha 

values. In the intuitinistic fuzzy topological operators 

examined in this study, the number of non-zero values 

obtained is larger. This allows us to obtain more 

realistic results in modeling objects with uncertain 

boundaries. 
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4. Conclusion and Suggestions 

 

In this paper, 
,

,I  

   and 
,

,C 

   intuitionistic fuzzy 

topological operators studied on a spatial object 

example. For optimal , , ,     values topological 

interior, closure and boundary values were obtained. 

Table 2 and Table 3 shows that the topological values 

obtained here are more sensitive than those obtained 

with fuzzy topological operators and crisp topology. 

This classification of topological relations offers a 

new way of modeling spatial object problems with 

uncertain boundaries. 
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