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Abstract

The Long-Short-Wave interaction system plays a significant role between low frequency long waves and high
frequency short waves. Besides being an important complex model it is also related with several physical
phenomenon such as, gravity and water waves, plasma and bio-physics, nonlinear optic. This system was handled
by many researchers and solutions of this system were obtained by using different methods. In this paper, new
travelling wave solutions for the Long-short-wave interaction system are formaly drived by using different method
namely the unified method. The obtained solutions can be considered as improved version of the previous
solutions. This study also shows the efficiency of the unified method. Mathematica and Maple facilitates the
tedious algebraic calculations.
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Unified Yontem Kullamlarak Uzun-Kisa-Dalga Etkilesimi Sisteminin
Hareketli Dalga Coziimlerinin Elde Edilmesi

Oz

Uzun Kisa Dalga etkilesimi sistemi, diisiik frekansli uzun dalgalar ve yiiksek frekansh kisa dalgalar arasinda
onemli bir rol oynar. Onemli bir kompleks model olmasinin yani sira, yer¢ekimi ve su dalgalari, plazma ve
biyofizik, dogrusal olmayan optik gibi ¢esitli fiziksel olgularla da ilgilidir. Bu sistem bir¢ok arastirmaci tarafindan
ele alinmig ve sistemin farkli yontemler kullanilarak bir ¢ok ¢6ziimii elde edilmistir. Bu ¢alismada, uzun kisa dalga
etkilesim sisteminin yeni hareketli dalga ¢6ziimleri, unified yontem adi verilen yontemle elde edilecektir. Elde
edilen ¢6ziimler dnceki ¢éziimlerin gelistirilmis versiyonu olarak diistiniilebilir. Bu ¢alisma aym zamanda unified
yontemin etkinligini de gostermektedir. Uzun cebirsel islemler i¢in Maple ve Mathematica kullanilacaktir.

Anahtar kelimeler: Hareketli Dalga Coziim, Uzun-Kisa-Dalga Etkilesimi Sistemi, Unified Y 6ntem.

1. Introduction

Let ¥(x, t) is a complex variable function and v(x, t) is a real variable function. The long-short-wave
interaction system (LSWIS) is given by

e+ Yy —yYv=0
ve + v + ([W?)y = 0. 1

In this system of equations, x represents the spatial coordinate and t represents time. The interaction
between short and long waves is expressed by this system. Wang et al have considered LSWIS and
obtained various periodic wave solutions expressed by Jacobi elliptic function of the system in terms of
the F-expansion method [1]. The periodic and solitary wave solutions of the system were obtained using
the first integral method [2]. Sirendaoerji constructed the infinite number of exact traveling wave
solutions of the LSWIS via an extended tanh—function method [3].
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Previously, conventional methods such as Laplace and Fourier transforms were used to solve partial
differential equations. These transformations have made the solutions easier because they have
transformed the differential equations into algebraic equations. Using these integral transformations,
however, involved many complex algebraic operation. In the recent years, with the production of
powerful computers, it has become easier to solve these mixed algebraic operations. As a result, it
allowed a major step in the current calculation methods and led to the discovery of powerful solution
methods. One of these methods was the tanh-coth method. In the last years, based on this method, many
researchers have introduced another modification of this method and put it into practice. For more
information, we refer the readers to [4-9] and the references therein.

In an our previous work [10], we have compared main hyperbolic methods in the literature and
introduced a new method namely "the unified method" that can be used instead of all of them. We have
also proved that this method gives all of the solutions obtained by all of them.

In this work, the LSWIS has been considered and obtained new solutions by using the unifid method.
Even more, all of the solutions obtained using different methods have been handled in only one method.

2. Despription of the Unified Method

The unified method can be summarized as follows:

(i) First, consider a nonlinear partial differential equation (NPDE)

P(u, Ug, Uy, Uyer) Ut Uy - ) = 0. )
(ii) To find the travelling wave solutions of (2), use the wave variable ¢ = x — ct so that

ux, t) = U(4). ©)
(iii) Using (3) changes PDE (2) to an ODE.

QU,cU', U, cU",c*U",U",...) = 0. 4)
(iv) If necessary one integrates (4) as many times as possible. Adhering to the boundary conditions

U - 0, d"de) 50 (n=123,..) for § - Foo

the integration constants should all be set zero.

(v) Suppose the solution of (2) can be expressed by a polynomial in ¢ as follows:

u(®) = ag + XL, (a;0" + bip™") (5)

where ¢ = @ (&) satisfies the equation

9'(§) = 9*(§) + a, (6)
where ¢’ = Z—? and a;, b; and a are constants. M is a positive integer in most cases. If M is not an

integer, this problem can be solved by using a transformation formula. The general solution of (6) as
follows:
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Family 1. When a < 0,

[ JW_A\/—_bcosh(Zx/—_a(f*'fo))

Asinh(2v=a(§+80))+B

- —(A2+BZ)a—A\/—_acosh(z\/—_a(€+§0))

(p(f) =< Asinh(Z\/—_a(€+€0))+B (7)

\/—_CZ + —24V=a

A+cosh(2v=a(§+£o))-sinh(2v=a(§+&0))

_ /__a + 2AV=a

A+cosh(z«/—_a(€+€0))+sinh(Z\/—_a(€+€0))

Family 2. When a > 0,

\/m_A\/Ecos(z\/ﬁ(f*'fo))

Asin(zﬁ(f+€o))+8

- J(42-B2)a-avBeos(2vaie+0))

() = 1 Aon(waE+50) 5 ®)

: —24iWa
l\/a + A+cos(2\/5(f+€0))—isin(2\/5(5+$0))

. 2AiVa
\ iva + A+cos(2va(§+§0))+isin(2va(§+£o))

Family 3. When a = 0,

9(E) = —= (©)

where A and B are two real arbitrary constants, &, is an arbitrary constantand i = v—1.

(vi) To determine the parameter M, the linear terms of highest order with the highest-order nonlinear
terms in (4) are balanced.

(vii) When M determined, using (5) and (6) into (4) one gets a polynomial of ¢. All the coefficients of
powers of ¢ in the resulting equation must be zero. This yields a set of algebraic equations for a;, b;, ¢
and a.

(viii) Solving the equation system and using (5), one obtains an analytic solution in a closed form of (2)
depending on the value of a.

3. Travelling Wave Solutions of the LSWIS

Using the following transformation to (1)

P(xt) = ePUE),v(xt) = V(&)
0 =mx+nt,é=x—ct (10)

where m and n are real constants, u(x, t) and v(x, t) are real functions. If we substitute (10) into (1)
then we get ¢ = 2m. The equation system (1) turns into a system of ODE as follows:

U'—-(m+m?)HU—-UV =0 (12)
(2m — V' — 200" = 0. (12)

If one integrates (12) and considers the constant of integration to be zero, then finds
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UZ

V= .
2m-1

(13)

Setting (13) into (11), we get only one ODE in the following form:

1

"n_ 2 _
U'—(n+m=)U pv—

U3 =0, (14)

Balancing U"" with U3 in (14) gives M = 1. Using the finite expansion

1
u(®) = ap + ) (ap' + big™)
i=1

the solutions of (14) must be in the form

u@) =ag+a;9+bip7". (15)

If we substitute (15) into (14) the collect the coefficients of each power of ¢ we get a system of
equations. Solving this system for a,, a;, b; and c, we obtain following four sets of solutions:

Set 1:

ap =0, a; =+vV=-2+4m, b; =0, c =+2V-n+2a

Set 2

ap=0,a, =0, by=+V-2+4ma, c=+2V-n+2a

Set 3:

ap =0, a; =+V-2+4ma, by =+V-2+4m, c=+2V-n—4a
Set 4:

ap=0, a; =+v-2+4m, by =+V-2+4ma, c =+2V/—n+8a

These four sets give the solutions respectively:

1,01 _ imew \/(AZ—BZ)a—A\/ECOS(Z\/E(f"'fO))
Asin(zﬁ(f+fo))+3

Y R e e GG DAY
! Asin(Z\/&(E+fo))+B

by = VT el® <_ /(AZ-BZ)a-Aﬁcos(zﬁ<f+fo)))
, = V=

Asin(z\/&(€+fo))+B

v, = 2020 —\/(Az—Bz)a—AﬁCOS(Z«/&(&s‘o)) 2
2 Asin(z\/&(§+fo))+3

b3 = £V=2 + dme® (was 241/ )

" atcos(2va(§+£o))-isin(2va(E+£0) )
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2
vy = 20216 (i\/E + “2ane )
A+cos(2va(E+&) )-isin(2va(E+))
_ 5 = dmoif [ _: =, 2AiVa
Yy = £V-2 + 4me ( h/a'A+cos(zﬁ(f+fo))+sin(2ﬁ(f+€o)))
2
— 9,20 . 24ia
vs = 2e ( lﬁ+A+cos(z\/E(§+§o))+sin(z\/E(€+$o)))

Ps = V=2 + 4m ae'® <J(A2—BZ)a—Aﬁcos(2ﬁ<€+fo>)>
5 = I

Asin(zﬁ(€+€o))+3

-2
e = 20220 1/(AZ—B2)0{—A\/ECOS(Z\/E(5+50))
5 Asin(Z\/E(f+§0))+B

i6 [ —|(4*-B?)a-avacos(2va(+§o)
o = T qo ()
Asin(2Va(§+§0))+B

, — |(A2-B2)a-Avacos(2vVa(§+&g)
Vg = 2q2e2i0 < J( ) ( ° )>

Asin(zﬁ(f+€0))+3

-1
Y i0 ( . —24ia )
Y7 = V=24 dmae” (e Atcos(2va(§+Eo))~isin(2va(+£0))
-2
v, = 2a%e? (L a —2Aa )
7 " A+cos(2va(E+£o))~isin(2va(E+£0) )

' -1

Pg = +V—2 + 4m ae®® <—i\/5 + 240 )
A+cos(2\/E(§+fo))+sin(2\/5(f+fo))

-2
vg = 2a‘e —iva + 24Va
8 A+cos(2\/5(§+§0))+Sin(2\/a(f+fo))

where é = x —ct,c = x2v—n+2a ,a >0, Aand B are two real constants;

Yo = +V—n + 4m e

< /'_(Az_BZ)a—A\/&COS(Z\/&(f+EO))> ta (x/ (AZ_BZ)a—A«/&cos(Z\/&(ER’o))>—1]

asin(2va(E+o) ) +B asin(2Va(§+£0))+B
—_112
—n+4m .| ([47-B2)a-avacos(2va(E+&y)) N S8 a-aacos(Va@+e)\
Vg = ———¢e a
T 2m-1 asin(2va(E+£,))+B asin(2Va(§+£0))+B

P10 = +V—n + 4m e’ [('\](A2-Bz)“-A\/aws(z‘/E(fJffo))) +a (W(AZ_BZ)“_A‘/E°°S(2‘/E(5+50))) 1]

Asin(2Va(E+80) ) +B Asin(2va(§+§0))+B

—112
_ndm L, [( /(Az_Bz)a_Aﬁcos(zmmo))) e ( /(AZ—32>a—Av&cos(zﬁ<f+fo>)> ]

V1o =

2m—1 Asin(2Va(§+§0))+B Asin(2Va+£0) )48
0 Wa e B
=+vV- 4 v ( + 2 ) ( } o) )
Y = 2V-n+dme [ e A+cos(2vVa(+¢) )~isin(2va(§+£o)) e A+cos(2Va(E+0))-isin(2Va(E+40)

2

— -1
n+dm [/ oaiVE , —24iVa
V11 = —2 e iva+ — + a | iva+ —
m-—1 A+cos(2\/a($+€0))—lsm(2\/a(€+fo)) A+C05(2V06(5"‘50))—!51“(2\/“(5*‘50))

137



S. Akcagil / BEU Fen Bilimleri Dergisi 7(1), 133-143, 2018

— ¥ dm el® (__ : 24ia )
lplZ - nt+dme [ e A+cos(2\/ﬁ($+§o))+isin(Z\/E(f*'fo))
-1
+a|—iva+ 24iVa
Acos(2va(E+&) ) +isin(2va(E+£o))
v = ﬂ eZie (—i\/g+ 24iVa )
127 om—1 A+cos(2va(+§o))+isin(2va(E+€0) )

2

-1
. 24iVa
+al —iva +
< \/_ A+cos(2x/E(€+§0))+iSin(Z\/E(f+fo))> ]

where é = x —ct,c = +2v—n—4a ,a >0, Aand B are two real constants;

Y1s = V2 F dm ¥

( (AZ-BZ)a—A\/Ecos(Z\/E(§+$0))> <4 <,/(AZ_BZ)a—A\/Ecos(Z\/E(f.FfO))>—1]

Asin(2Va(E+£0))+B asin(2va(§+80) ) +B
172
by = 2,2i6 ,(Az_Bz.)a_A\/acos(z\/z(&go)) Ta 1/(AZ_B2)oc—A\/Ecos(Z\/E(f+fo))
Asin(2Va(§+§0) ) +B Asin(Z\/E(f+fo))+B
s = AT o8 | (AT e 0)) o (VB acos(2Va ) -
Asin(2Va(E+E0))+B asin(2va(§+60) ) +B
172
D1y = 220 [rBteGeor(w@s450) | o (/@B avacos(2VaE +50)
Asin(2Va(§+80) ) +B Asin(Z\/E(f+fo))+B
-1
= +\/— i0 (i a+ “2Aia ) + ( _2akia )
P15 =EV-2+4me [ Ve A+cos(2va(§+§o))-isin(2va(E+E0) ) ta h/m/“cos(2\/5(f+fo))-iSi“(Zﬁ(f’ffo))

2
-1
Vs = 2e?% ( ¥ “2Aia )ia(' + 24N )
15 W A+cos(2\/a(f+€0))—isin(zﬁ(f+fo)) Wa A+cos(2\/a(f+fo))—isin(2\/&(5+$0))

= +vV-2+4me' (—\/’: 24ia )
Pie = e A+cos(z\/E(S+$0))+isin(2\/5(£+€0))
-1
Fa (—ix/&+ 24a )
A+cos(2x/§(f+€0))+isin(zﬁ(f+§0))
2
-1
v, = 2210 (—i\/E' 24iVa ) Ta (—i\/&' 24iVa )
16 Atcos(2va(§+£g))+isin(2va(E+4o)) A+cos(2va(§+£o) )+isin(2va(§+£o) )

where ¢ = x —ct,c =1+2v—n+8a ,a>0,Aand B are two real constants;

Y1, = +V=2 + 4me'? JW—A\/—_acosh(Zx/—_a(f+fo))
Asinh(z\/?z(g.q.go))_,_B
2
Vi = zezi9 \/W—A\/—_acosh(z\/—_a(&.go))
17 = Asinh(2v=a(§+£0))+B

Pig = +mei9 <_\/W—A\/—_acosh(z\/—_a(g+go))>
18 — LV ™

Asinh(z«/—_a(€+fo))+B

2
Via = 2€2i9 <_ _(AZ+BZ)a—A\/—acosh(Z\/—a(f+fo)))
18 —

Asinh(z«/—_a(€+€0))+B
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Yoo = £V=ZF dme’? (=2 AV )

:A+cosh(2\/—_a(§+$0))—sinh(z\/—_a(§+§0))

2
vyg = 2€210 (J—_a: “24V"a )
A+cosh(2v=a(§+&0))-sinh(2v=a(¢+&p))

Yoo = V2 F e (= 24/ )

1A+cosh(2\/—_vz($+{0))+sinh(2\/—_ot(€+$o))

Do = 2210 (_ . 24V=a )
20 Ve A+cosh(2\/—_a(§+fo))+sinh(2«/—_a(€+€0))

1
Yon = NI T T a0 < /—(AZ+Bz)zx—A\/—_acosh(2\/—_a(§+§o))>
21=1%

Asinh(z«/—_a(€+fo))+B

-2
= 2g2e210 Jm—AJ——acosh(ZJ—_a(g+go))
Asinh(2v=a(§+&))+B

-1

Asinh(2v=a(§+£0))+B

— 2a262i9 <_\/W—A\/—_acosh(2\/—_a(f+go))>

Yoy = VT T dma el <—J—(Az+32)a—Av——acosh<z«——a(s+so>>)
22 — LV—

v =
22 Asinh(2v=a(§+§0))+B
' -1
Y3 = +V—2+dma e’ («——a+ e )
Atcosh(2v=a(§+E0))-sinh(2v=a(i+£0))
-2
vy3 = 20%e? (\/—_b+ g )
A+cosh(Zx/—_a(fR'o))—Si“h(z‘/__“(€+€0))
\ﬁ i0 AV—a -
=+V-2+4m ae' (—\/— + e )
Yo = * A+cosh(2v=a(§+§0))+sinh(2v=a(§+§o))
-2
Uy = 2a%e? (—\/— + e )
24 * A+cosh(2v=a(§+&0))+sinh(2vV=a(§+£o))

where ¢ = x —ct,c =+2v—n+2a ,a<0,Aand B are two real constants;

Vas

i*’—n+4mei9 \I‘(A2+32)“-A\/:1605h(2\/:1(€+€o)) ta 1/—(AZ+BZ)a—Axfmcosh(zqu(gwfo)) -1
Asinh(2v=a(§+£0))+B Asinh(zﬁ(&{o))m

—n+4m 0216 <1/—(A_Z+Bz)a—A\/—_acosh(2\/—_a(€+fo))> b ( /_(AZ+32)a—A\/—_bcosh(2\/—_a(f+fo)))

v =
7 2m-1 asinh(2v=a(E+£0) ) +B Asinh(2V=a(§+£0))+B

Vo = +V—n + 4m et® - [-(a2+82)a-av=acosn (2v=ae+£0)) ta ~ [ (47 +52)a-ay=eosh(2v=alE +£0)
Asinh(2v=a(§+£0))+B Asinh(2v=a(§+£0))+B
—172
i —q +4p 5216 _\/W—A\/—_acosh(zx/—_a(f+fo)) ta —\/W—Ax/—_acosh(zx/—_a(f+fo))
26 = 2p—1 Asinh(2v=a(§+£0) )+B Asinh(2V=a(§+£0))+B
T 7) i0 ( - —24V-a )
a7 = £V-n+4me [ Ve A+cosh(2v=a(§+§o))-sinh(2v=a(§+£o))

. —24V=a >_ !
" A+cosh(2v=a(§+£o) )-sinh(2v=a(§+£o))

+CZ<\/—_05
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" =—n+4m6219 (m . )
27 2m—1 A+cosh(2\/—_a(f+fo))—sinh(z«/—_a(€+€0))

~112
+a (m —2ave )
Atcosh(2v=a(§+£0))-sinh(2v=a(§+£o))
=+vV-n+4me® (— —a 24v=a )
lng + [ Ve A+cosh(2\/—_zx($+$0))+sinh(Z\/—_a($+$o))

-1

+a (— —a+ 24V=a )

" Atcosh(2v=a(§+£o))+sinh(2v=a(E+£o))

v _—n+4me2i9 — =
28 — 2 -1 —v-ad — - —
m A+cosh(2\/ a($+$0))+smh(2\/ a($+$0))

2

-1
+al-v=a+ 24V=a )
( * A+cosh(2vV=a(§+&0))+sinh(2vV=a(§+&o))

whereé = x —ct,c =+2v—n—4a ,a<0,Aand B are two real constants;

Yoo = V=2 T dm e

< /—(AZ+Bz)a—A\/—_acosh(2\/—_a($+$0))> Ta <,/_(Az+32)a—Aﬁcosh(2M(§+go))>—1]

Asinh(2v=a(§+£0))+B Asinh(2v=a(¢+§0))+B

—_112
_ 2e2i9 [( —(AZ+Bz)a—A\/—_acosh(2x/—_a(€+fo))> Ta <,/—(AZ+BZ)a—A\/—_aCOSh(2\/—_a(§+§0))) 1]

v =
29 Asinh(2v=a(§+£0))+B Asinh(2v=a(§+£0))+B

P30 = +m ei@ [('\/W—A\/—_acosh(z\/—_a(§+go))>
30 — LV™—

Asinh(zv—_a(f+§0))+3

N _\/m—A\/—_bcosh(Zﬁ(fﬁLfo)) -
a
Asinh(Zﬁ(f*‘fo))"‘B

_112
pag = 26210 [(— /—(AZ+Bz)a—A\/—_acosh(2\/—_a(f+fo))> Ta <— —(AZ+Bz)a—A\/—_¢xcosh(2ﬁ(E+é’o))> 1]

Asinh(2v=a(§+£0))+B Asinh(2v=a(§+§0))+B

Yoy = +V"Z T dm o0 [(r ne )

: A+cosh(2\/:z(€+€0))—sinh(z\/—_a(f+€0))

-1
Fa (v-—a+ —247"a )
A+cosh(zx/—_a(f+fo))—sinh(zx/—_a(f+€0))

2

-1
v3; = 2e20 (\/—_a —2hVa ) FTa (J-—a “24Va )
31 A+cosh(Z\/—_a($+$0))—sinh(zx/—_a($+$0)) A+cosh(2ﬁ(f+fo))—sinh(2\/—_a(§+€0))

P3p = +V-2 + 4me'? (—v—_a+ 24V-a )
A+cosh(2x/—_a(f+fo))+sinh(2\/—_a(§+§0))
-1
Fa (—\/—_a: 24V-a )
A+cosh(2\/—_rx($+€0))+sinh(2\/:1(€+€0))
_172
Dy = 20200 (_\/__a, 24V=a >¢a(_\/__a. 24y=a )
32 A+cosh(2\/—_a(f+fo))+sinh(2\/—_¢z(§+§0)) A+cosh(2x/—_a(§+§0))+sinh(zx/—_a($+§0))

where ¢ = x —ct,c = +2v—n+8a ,a<0,4and B are two real constants.
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4. Graphical Presentations of Some Travelling Wave Solutions

In this section, we demonstrate the graphical descriptions of some solutions in figures 1-4 with the aid
of Mathematica.

Fig.3. Travelling wave solutions Re(y,5) and Re(vy5), wherea = —1,A=m=1,B=0n=3and c = 2.
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251083

~2x 1018
—4xc10ld
-6 1013

Fig.4. Travelling wave solutions Re(y3,) and Re(v3,), wherea = -1, A=m=1,n=—-9and c = 2.
5. Conclusion

The long-short—wave interaction system has been discussed in previous studies and some solutions of
this equation system have been obtained by using different methods. In this work, in addition to these
solutions, abundant new travelling wave solutions have been obtained via the unified method in
straightforward, concise, and elegant manner. Mathematica and Maple facilitates the tedious algebraic
calculations.
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