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Tiirkiye

OZET

Bu c¢aligmada, degismezlik grubu i¢in alt yoriingesel ¢izgeleri arastirdik. Fyn
cizgesinde devre olabilmesi i¢in gerekli ve yeterli sartlar1 verdik. Ayrica T'[N]
grubunun iretici eliptik elemanlariyla, Fyn ¢izgesindeki devrelerin uzunluklar
arasindaki bazi bagintilar1 gosterdik.

Anahtar Kelimeler: Degismezlik grubu, Yoriinge, Blok, Alt yériingesel ¢izge,
Devre.
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ABSTRACT

In this paper, we investigate some suborbital graphs for the invariance group. We
gave a necessary and sufficient condition for the graph Fyn to be circuit. And
also we went further to show some relations between the lengths of circuits in F
Fun and the generate elliptic elements of the group I'[N].
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1. INTRODUCTION

Towards the end of the 19" century, some significant results which
could serve as a basis for discrete groups theory were first
displayed by Henry Poincare and these were used in the
generalization of elliptic functions theory. Many scientists carried
out studies on functions left invariant by these discrete groups
which were named Fuchsian groups and systematic work of which
were developed by Henry Poincare. With the discovery of Non-
Euclidean geometry and invariant theory in the 19" century, linear
fractional transformation groups gained a particular importance and
were deeply studied by analysis and algebraic methods, due to
them being suitable to topologic group structure. Due to their
importance in elliptic curves, integral quadratic forms and elliptic
modular functions, congruence subgroups of I' modular group
I'(N),Ty(N),T;(N) etc. groups were mostly studied. It has become
evident in recent years that congruence subgroups of I' modular
group played an important role in proving Pierre de Fermat’s Last
Theorem in 1637.

The main purpose on this issue in previous studies and in
this study, is to set the foundations of a new method which would
help to identify the congruence subgroups in modular group much
better, which have been subject to many studies and gaining
particular importance since 1970s and to reveal how the producing
elements of the congruence subgroups can be gained by this
method (in fact, one of the most important discrete group the
normalizer of Ty(N) in PSL(2, R)).With this corresponded which
we name as the graph method, the relations between the length of
some closed circuits and the orders of the elliptic elements in the
subgroups are examined. It is by this way that the signature
problem was transferred to the suborbital graphs and a new
approach was tried to be obtained.
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2. PRELIMINARIES

Let C the field of complex number and C the Riemann sphere. The
modular fractional linear transformation is a map T:C — C,
T(Z)' __az+b
ad — bc = 1. It is isomorphic to the integral uimodular matrix
group

p—y where a,b,c,d € Z are parameters which satisfy

a b
I := PSL(2,Z) = {(C d
' is clearly discrete group and hence a Fuchsian group. It is
known that modular group acts freely properly discontinuously on
complex upper half plane H:= {z € C:Imz > 0}. For a natural
number N let zy denote the residue class of z € Z modulo N
and let Z, denote the ring of all residue classes modulo N. As
before T denotes the group of homogeneous modular
transformations which is isomorphic to the special linear group
SL(2,Z). Correspondingly, we use the sembol Iy for the group
SL(2,Zy).

): a,b,c,dEZ,ad—bc=1}.

Definition 2.1. The ring homomorphism z — zy, of Z onto Zjy
induces the group homomorphism o of I' into T,  with

ol > 1y ,(Z 2) - (2’: ZZ)
a b a by_(1 0
The kernel T'(N) := {(C d) er: (C d) = (O 1) modN}

of o isa normal subgroup of " and is called the homogeneous
principal congruence group of level N. And also the image o(T") is
isomorphic to the full group I'y. The homogeneous group

[[N]:=T(N) U (-=DT(N)
will likewise be called the principal congruence group.

For example Ty :=T[2]UT[2]T, T? = —I is also called the theta
group.
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Let M = (z g) be a matrix of order N. We assume that the

entries of M are relatively prime, (a,8,y,6) = 1. The linear
transformation corresponding to M will be called a transformation
of order N. For fixed N we will let uy denote both the set of all
such matrices and their corresponding transformations. By a
transformation group T, of order N we mean the group [}, :=
I'NnM~ITM, which may be considered either as a group of
matrices or as a group of linear transformations.

Let j be a non-constant modular function for the full modular
group. Extended complex upper half plane we will be denoted by
H" :==HUQU {0} and then we define the function j, by

ju(@) =j(M(x)),r e H".

Definition 2.2. The invariance group for all transforms j,, of j of

order N is the group  T*(N):= {T Er: T = (;f ﬁ)

6
a 0
(O a) modN}.
From this we see that the index of the principal congruence group
I'(N)in T*(N) is equal to the number n of incongruent solutions
modulo N of the congruence x2? =1 (modN). If N has the
prime factorization

N =2% ..p° with 2<p, <--<p, and s>0
then n known to be

25 , a=0 or a=1
n = {25“ , a=2 thus the index of T'*(N)
25t2 a>?2

inT isequal to |I:T*(N)| =

1, N=1 or N=2 - U
{2 , N=p* or N=2p] and in this cases I'*(N) = T'[N].

|r:rn(1v)| . We note especially that n =
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In addition to that a complex form can be put on the quotient group
H/T to get a noncompact Riemann surface. A general
compactification of Riemann surface is achieved by adding finitely
many points named the cusps of I'. In particularly , this is done by
considering the action of I' on the H*. The group I" acts on the
subset Q U {oo}. If T" acts transitively on Q U {0}, the space H*/T
becomes the special compactification of H/T.

Remark 2.3. Actually quotient groups of complex upper half
plane H that are compact do form for Fuchsian groups I' other than
subgroups of the modular group which is known; a class of them
constructed from quaternion algebras is also of significance in
number theory and combinatoric theory and it also has the merit of
being fairly interesting to many number theorists.

3. PERMUTATION GROUPS AND IMPRIMITIVE ACT

Every element of the extended set of rational Q := Q U {0} can be
represented as a reduced fraction 5 withx,y € Z and (x,y) = 1.

Since §= :—i , this representation is not unique. We represent oo

1 — 21 The action of the matrix (a ﬁ) er*(N) on = is
0 0 y 6 y

(a p ) X _, axtBy

y 6/°y  yxtsy

identical.

as

. The action of a matrix on % and on :—; is

Definition 3.1. Let (G,Q) be transitive permutation group,
consisting of a group G acting on a set Q transitively. An
equivalence relation = on Q is called G — invariant if whenever
v, V, € Q satisfy v; = v, then g(v,) = g(v,) forall g € G. The
equivalence classes are called blocks.

We call (G,Q) imprimitive, if Q admits some G —invariant
equivalence relation different from

(i) the identity relation, v; = v, ifand only if v; = v,;
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(ii) the universal relation, v; = v, forall v,,v, € Q.

Otherwise (G,Q) is called primitive. These two relations are
supposed to be trivial relations. In conclusion we have,

Lemma 3.2. Let (G, Q) be a transitive permutation group. (G, Q) is
primitive if and only if G, the stabilizer of ¢ € Q is a maximal
subgroup of G for each ¢.

From the lemma above we see that whenever, for some ¢, G, <
H < @, then Q admits some G —invariant equivalence relation other
than the trivial cases. Because of the transitivity, every element of
Q has the form g(e) for some g € G. Thus one of the non-trivial G
-invariant equivalence relation on Q is given as follows:

g1(¢e) = g,(¢) ifandonlyif g, € g, H.
The number of blocks is the index |G: H|.
We have the following statements:
4. MAIN CALCULATION
Lemma 4.1. (i) T*(N) acts transitively on Q.

(ii) Let T[N] which is the principal congruence subgroups of T.
Then T3 (N) < T[N] <T*(N) for each N, where I's(N) is the

stabilizer of o in @ is the set of {(é ’11) 1€ Z}.

Proof.
(i) It is enough to show that the orbit containing « is Q. If 3 € Q,
then as (x,y) = 1, there exits v,,v, € Z with xv; — yv; = 1. Then

X v
2) of I'*(N) sends o to %

the element (y Uy

(i) Since the action is transitive, stabilizers of any two points in Q
are conjugate. So it is sufficient to consider the stabilizer I';,(N) of
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oo, The consists of the elements of the form ((1) /11) with 1 € Z.

Hence

= 0=

Thena =1, y=0,6d =1 andf = A € Z. Therefore T = ((1) ’11)
So 'y, (N) is the infinite cyclic group by the element ((1) 1) That

s, TsM = (5 1))

And also, it is clearly that I'y,(N) < T[N] < T'*(N). Hence, this
completes the proof.

We now consider imprimitivity of the action on I'*(N) on Q.
This will be a special case of the following:

We will define an equivalence relation =~ induced on @ by I'*(N).
Then T*(N) acts imprimitively on Q. Let ~ denote the I'*(N)
1

invariant equivalence relation on Q@ by I'[N], and let p; = Z— and
1

Py = % be elements of Q. Then there are the elements T, =

a ,31) — (“2 ﬁz) . _
(h 5 and T, = v, & in T'*(N) such that p; = T, (),
p, = T,(). So we have

p1 =~ p, ifandonlyif T; 1T, € T[N]. And so from the above we
can easily calculate that

T-1T, — (a251 —V2B1 6182 — 8254
v a1y, — a2¥1 162 —¥1Be
a;y1 = 0 (modN) is obtained. Similarly if & =% and & =22
1

then & =T,(0), & =T,(0). Thus & =¢&, if and only if
T T, € T[N]. It has clearly here &,8, — 8,61 = 0 (modN) is
achieved.

) € I'[N]. Hence a,y, —
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By our general discussion of imprimitivity, the number of the
blocks under = is given by |[T*(N):T[N]|. oo and O are blocks
respectively

[00] := [%] = {%| a,b€Z (a,b)=1and b=0 (modN)} and
[0] == [%] = {%| a,b€Z (a,b)=1and a=0 (modN)}.
Now we have two definition,

Definition 4.2. X # @ isasetand A c X x X is a relation. G=
(X,A) pairis called a graph. Elements of X are vertices of graph
and elements of A are edges of the graph. If (a,b) € A this is
indicated as a — b. If (a,b) € A or (b,a) €A, a and b are
connected by an edge. In this case, a and b are called neighboring
vertices.

Definition 4.3. Let a = ay, aq,a,, ...,a, = b be a sequence of G
graph vertices. If for 1 <i <mn, a;_; and a; are connected with
an edge, then this is indicated with the expression from a to b there
is a path with the length of n. If a = b and a,, a,, ..., a,,_; Vvertices
are all different, then this is called a n edged circuit. Furthermore,
if for the pairs of a;, a;,,, a; = a;,, then this is a circuit directed
at a circuit. A three edged circuit is called a triangle, four edged
circuit is quadrilateral and six edged circuit is called a hexagon.

Sims introduced the idea of suborbital graphs for a finite
permutation groups G acting on a set . These are graphs with a
vertex set Q, on which G induces automorphism. We summarize
Sims’ theory as follows.

Let (G,Q) denote a transitive permutation group. Then G acts on a
Cartesian product set A X Q by I: G X (A X Q) — (Q x Q). For
(v1,v2) €QxQ and g € G, we define
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(g, (v,v5)) = (g(v1), g(v,)). Therefore (G, Q x Q ) becomes a
permutation group. The orbit of this action are called suborbitals of
G, that containing (v4,v,) being denoted by O(v,,v;). From
0(v4,v,) we can form a suborbital graph G(v,, v,): its vertices are
the elements of Q, and there is a directed edge from a to b if
(a,b) € 0(vq,v,). A directed edge from a to b is denoted by
a — b. In this case we will say that there exists an edge a — b in
G (v41,v,). We can also say that the reader is refereed to [1], [2], [5],
[13], [14] and [15] for some relevant previous work on suborbital
graphs.

In this paper our calculation concern I'*(N), so we can draw
this edge as a hyperbolic geodesic in the complex upper half plane
H. Here graph is a combination of hyperbolic lines. In this study,
we investigate that G and Q are I'*(N) and Q, respectively. Since
I'*(N) acts transitively on @, each suborbital contains a pair (o, p)
for some p € Q; writing p=—, (u,N) =1, we denote this
suborbital by 0,y = O(%,%) and the corresponding suborbital
graph by G, y = G(%,%). Gy, Is a disjoint union of all subgraphs
forming blocks with respect to ~ I'*(N) invariant equivalence
relation. I'*(N) permutes these blocks transitively and so all of the

subgraphs are isomorphic. Therefore it is sufficient to do the
calculations only for the block [co].

Let F,y:= F(%,%) denote the subgraph of G,y whose
vertices form the block [oo]. we represent the edges of F,y as
hyperbolic geodesics in the upper half-plane H. And also we can
show that the subgraph F, y of G, y does not cross in the upper
half-plane.
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2-gon  H - Quadrilateral H - Triangles

Figure 1. Circuits

Theorem 4.4. Let % and % be in the block [o]. Then there is
1 2

an edge
a1

A 5%, F, y ifand only if either
Y1 V2 ’

(@) a; = ua; (modN), y; = uy; (modN) and a1y, —y,a; =N
(b) a, = —ua; (modN), vy, =-uy; (modN) and a;y, —
)/10(2 = _N

Proof. Let %—)%E F, n, then there exists some T =
1 2

(;[ 'B) € I'*(N) such that T(%) = % =2 and T(E) =

5 Y1 N
aut+pN _ az _ _ : —
N 7, Hence @ = a; , ¥y = y;1. Then these equations a, =

ua, (modN) and y, = uy,; (modN) are satisfied. So we have the

matrix equation
G 86 V=G )

If we take determinant, it is easily seen that a,y, — y;a, = N.
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Conversely, we suppose that a, = ua,; (modN), vy, =
uy, (modN) and «a;y, —y,a, = N. Then there exist integers
6, and 6, such that a, =ua; +6; N and y, =uy; +6,N. In
this case

(0(1 91) (1 u) _ (al ua; + 6, N) _ (a1 az)
]/1 92 0 N }/1 uyl + 92N )/1 Vz
is obtained. Since a;y, — y;@, = N from determinants we get a,0, —

y160; = 1. Consequently, (“1 91) er*(N) and 2 —-2Z¢
)/1 92 Y1 Y2

Fyn.

(b) The proof for minus sign is similar. We get above matrix

equation with @, and y, replaced by —a, and —y,, so that
41 _ T2 _ X

2
=—€F, .
Y1 =V2 Y2 whN

Theorem 4.5. The graph F, y contains directed triangles if and
only if u?2 +u+ 1 = 0 (modN).

. . k m X
Proof. Assume first that F, y has a triangle l—° — n—° — y—° —
0 0 0

k . :
1_0' It can be easily shown that T'[N] permutes the vertices and
0
edges of F, y transitively. Therefore we suppose that the above
. . 1 1
triangle is transformed under T'[N] to the = — LN
0 N Yo 0

X0

<
Without loss of generality, from the edge of 252 the
N YoN

equation of x, = —u *(modN) and from the uy,N — Nx, = —N
equation, x, = uy, + 1 is achieved.

For y, = 1 situation, % — % and x, =u+1 and eventually %

e% is found. And also u+1 = —u?(modN) then u? +
u+1 =0(modN). Again y, =2 can not be true because for
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1 - -, . - - - >
20 _, 2 there is not an edge condition. Similarly if LR
2N 0 N yoN
holds then we conclude that u?—u+1 = 0(modN).

Consequently we have u? +u + 1 = 0 (modN).

On the other hand suppose that u? +u + 1 = 0 (modN). Then,

. 1 u uti 1 .
using Theorem 4.4., we see that —— — —> — —> - is a
0 N N 0

triangle in  F, 5. Hence, as the hyperbolic triangle the following
shape:

Figure 2. H -Triangle in F,,

Corollary 4.6. For some u € N, F, y contains a triangle if and
only if the group I'[N] has a period 3.
Proof. Firstly suppose F,, y contains a triangle. Then, Theorem 4.5.

shows that u? +u+ 1= 0 (modN). Therefore we have the
elliptic element

_ u?tu+1
Q= ( u N ) of order 3 in I'*(N). That is, ¢3 = FI. The
—-N utl1l

elements of this form must be in T[N]. It is clear that, ¢ ((1)) =
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() 0()=(5Y. o(2Y)= () matis -2

u+1

N O

Conversely, suppose that T'[N] has a period for order 3, so I'[N]
contains an elliptic element of order 3. Let this element be ¢, =

a b _ ) ,
(N —a+ 1), detp,; = 1. From this we get N|(a®*+a+1).

Therefore F,,  contains a triangle.
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