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Abstract 

 

In this paper unvariate Padé approximation is applied to second order differential equations of Lane-Emden type. 

Numerical results show that Padé approximation is reliable, efficient and easy to use from a numerical 

computational viewpoint. 
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Lane-Emden diferansiyel denklem türlerinin Padé  yaklaşımları ile çözümü  
 
 

Özet 

  

Bu çalışmada  ikinci mertebeden  Lane-Emden türündeki diferansiyel denklemlere Padé yaklaşımı 

uygulanmıştır. Nümerik sonuçlar, Padé yaklaşımının güvenilir, etkili ve nümerik hesaplamalar  için kullanışlı 

olduğunu göstermektedir. 

 

Anahtar kelimeler: Padé yaklaşımı, Adomian ayrıştırma yöntemi, Lane-Emden türü denklemler. 
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1. Introduction 

 

Padé approximation [1,3] has been applied for rational series solutions in many areas. It 

is also known that Padé approximants,  show superior performance over series 

approximations. It can be seen in many papers that Padé approximants give better numerical 

results than approximation by polynomial. 

 

A reliable algorithm based mainly on the Adomian decomposition method has been 

constructed and applied on differential equations of Lane-Emden type by Wazwaz in [4,5]. In 

these papers [4,5] series solutions of  second order differential equations of Lane-Emden type  

has been obtained successfully. In this paper Padé approximation is applied to these series 

solutions of differential equations of Lane-Emden type that solved by Wazwaz in [5]. The 

algorithm, based mainly on the Adomian decomposition method, has been presented in [5]. 

So a short information will be given about that algorithm in section 2 as ‘’ Analysis of the 

method’’.   

     

Lane–Emden-type equations formulated as  [5] 

 

    

2
( ) 0, 0 1

(0) , (0) B.

y y f y x
x

y A y

′′ ′+ + = < ≤

′= =

                                                                                          (1) 

 

On the other hand, studies have been carried out on another class of singular initial value 

problems of the form [5] 

 

  

2
(x, ) ( ), 0 1,

(0) , (0) B.

y y f y g x x
x

y A y

′′ ′+ + = < ≤

′= =

                                                                                  (2) 

 

where A   and B   are constants, ( , )f x y is a continuous real valued function, and [ ]( ) 0,1g x ∈  

Eq. (2)  differs from the classical Lane–Emden type equations (1) for the function ( , )f x y  and 

for the inhomogeneous term ( )g x [5]. 
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The information above about Lane–Emden type equations has been taken from [5]and  a 

very large information about Lane–Emden-type equations can be found in [4,5]. 

 

2. Analysis of the method 

 

The Adomian decomposition method usually defines the equation in an operator form 

by considering the highest-ordered derivative in the problem [5]. To overcome the singularity 

behavior, Wazwaz [5] defined the differential operator  L  in terms of the two derivatives 

contained in the problem. Following [6,7], Wazwaz [5]  rewrote (2) in the form 

 

( , ) ( )Ly f x y g x= − +                                                                                                                 (3) 

 

where the differential operator L  is defined by 

 

2 2 .
d d

L x x
dx dx

−  
=  

 
                                                                                                                  (4) 

 

Wazwaz [5]  therefore considered the inverse operator 1L−   as a two-fold integral operatör 

defined by 

 

( ) ( )1 2 2

0 0

. . .

x x

L x x dxdx− −= ∫ ∫                                                                                                           (5) 

 

Operating with 1L−  on (3), Wazwaz [5] obtained 

 

1 1( ) ( ) ( , ).y x A Bx L g x L f x y
− −= + + −                                                                                        (6) 

 

The Adomian decomposition method introduces the solution ( )y x  by an infinite series of 

components [5] 

 

0

( ) ( ),n

n

y x y x
∞

=

=∑                                                                                                                        (7) 
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and the nonlinear function ( , )f x y by an infinite series of polynomials 

 

,

0

( , ) n

n

f x y A
∞

=

=∑                                                                                                                         (8) 

 

where the components ( )ny x  of the solution ( )y x  will be determined recurrently, and nA  are 

Adomian polynomials that can be constructed for various classes of nonlinearity according to 

specific algorithms set by Adomian [8,9], and Adomian and Rach [10] and calculated by 

Wazwaz [11]. For a nonlinear function ( )F u , the first few polynomials are given by 

 

( )

0 0

1 1 0

2

1
2 2 0 0

3

1
3 3 0 1 2 0 0

2 2
42 1

4 4 0 1 3 0 0 1 0

( ),

( ),

( ) ( ),
2!

( ) ( ) ( ),
3!

1
( ) ( ) ( ) F ( ),

2! 2! 4!

iv

A F u

A u F u

u
A u F u F u

u
A u F u u u F u F u

u u
A u F u u u F u F u u u

=

′=

′ ′′= +

′ ′′ ′′′= + +

 
′ ′′ ′′′= + + + + 

 

M

                                             (9) 

Substituting (7) and (8) into (6) wazwaz [5] obtained 

 

1 1

0 0

( ) ( ) .n n

n n

y x A Bx L g x L A
∞ ∞

− −

= =

= + + −∑ ∑                                                                                   (10) 

 

To determine the components ( )ny x , Wawaz [5] used Adomian decomposition method that 

suggests the use of the recursive relation 

 

1

0

1

1

( ) ( ),

( ) ( ), 0,k k

y x A Bx L g x

y x L A k

−

−

+

= + +

= ≥
                                                                                                    (11) 

 

which gives 
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( ) ( ),

( ) ( ),

y x A Bx L g x

y x L A

y x L A

y x L A

−

−

−

−

= + +

=

= −

= −

M

                                                                                                       (12) 

Wazwaz [5] combined the scheme (12) with (9) that will enable us to determine the 

components ( )ny x  recursively, and hence the series solution of ( )y x  defined by (7) follows 

immediately. For numerical purposes, the n term− approximant 

 

1

0

,
n

n k

k

yφ
−

=

=∑                                                                                                                               (13) 

 

can be used to approximate the solution [5]. 

 

3. Padé approximation  

 

Consider a formal  power   series  

 

   
2

0 1 2( )f x c c x c x= + + +L                                                                                                    (14)   

 

with   0( 0)c ≠ [12]. In this paper p∂  is written for the exact degre of a polynomial  p  and 

pω for the order of a power series p [12]. (i.e the degree of the first nonzero term). 

 

The Padé approximation problem of order ( ),m n  or [ ],m n  for f  consists in finding 

polynomials 

 

0

( )
m

i

i

i

p x a x
=

=∑ ,  
0

( )
n

i

i

i

q x b x
=

=∑                                                                                                 (15) 

 

such that in the power series ( )( )fq p x−  the coefficients of  i
x  for 0,i m n= +K  disappar, i.e 

[12]. 
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( )

( )

( ) 1

p m

q n

fq p m nω

∂ ≤

∂ ≤

− ≥ + +

                                                                                                              (16) 

 

Condition (16) is equivalent with the following two linear systems of equations 

 

 

0 0

1 0 0 1 1

0 1 1

0

m m m n n m

c b

c b c b a

c b c b c b a− −

=


+ =


 + + + =

M

L

                                                                                            (17) 

 

1 0 1 1

0 1 1 0

m m m n n m

m n m n m n

c b c b c b a

c b c b c b

+ − +

+ − +

+ + + =


 + + + =

K

M

K

                                                                                           (18) 

 

with  0ic =  for 0i <  [12]. For 0n = the systems of equations (18) is empty. In this case, 

i ia c= ( )0, ,i m= K  and 0 1b =  satisfy  (16), in the other words the partial sums of (14) solve 

the Padé approximation problem of order ( ),0m . 

 

In general a solution for the coefficients ia  is known after substitution of a solution for 

the ib in the left hand side of  (17). So the crucial point is to solve the homogeneous system of 

n  equations (18) in the 1n +  unknowns  ib . This system has at least one nontrivial solution 

because one of the unknowns can be chosen freely [12].   

                                                                                       

 

In short, by solving the equations (17) and (18) the coefficients ia  and ib  are found. 

Then the Padé equations (15) are found. After finding these polynomials we get The Padé 

approximation of order ( ),m n  or [ ],m n  for f . 

 

 

 

 



Batman Üniversitesi                                                                 Batman University                                                                                 

Yaşam Bilimleri Dergisi; Cilt 5 Sayı 1 (2015)                                                     Journal of Life Sciences; Volume 5 Number 1 (2015)  

 

32 

 

 

 

4. Applications and results 

 

In this section Padé series solutions of differential equations of Lane-Emden type shall 

be illustrated by two examples.  

 

Example 4.1.  

 

Consider the nonlinear singular initial value problem[5]: 

 

( )/22
4 2 0,

(0) 0, (0) 0.

y y
y y e e

x

y y

′′ ′+ + + =

′= =

                                                                                                  (19) 

 

Wazwaz solved equation (19) by using the method that we mentioned in section 2 and  

                                                                                                  

 

2 4 6 8 10 121 1 1 1 1
( ) 2

2 3 4 5 6
y x x x x x x x

 
= − − + − + − + 

 
L            (20) 

 

 

series solution has been obtained in [5]. For more information about the solution of equation 

(19) by Wazwaz can be seen in [5]. Exact solution for equation (20) is given as 

2( ) 2ln(1 )f x x= − +  in [5]. 

  

If the Padé approximation is applied to solution (20)  then Padé series of different orders 

can be obtained. By applying Padé approximation the following Padé approximation of order 

[ ] [ ]4,4 , 6,4  and [ ]8,2  for equation (19) are obtained: 

 

[ ]
4 2

( )
4 2

2
4, 4

1
1

6

y x

x x

x x

− −
=

+ +

                                                                                                          (21) 
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[ ]

6 2 2

( )
4 2

1 1
2

15 156, 4
3 6

1
10 5

y x

x x x

x x

− − −
=

+ +

                                                                                             (22) 

 

[ ]

8 6 4 2

( )
2

1 2 3
2

30 15 58, 2
4

1
5

y x

x x x x

x

− + − −
=

+

                                                                                   (23) 

 

To obtain the Padé series (21), (22), and (23) the solution tecnique that mentioned in 

section 3 for the linear systems of equations (17) and (18) is can be applied. If the numerical 

results are compared for example 1, the following tables and figures are obtained (Table 1 and 

figure 1, figure 2 ,figue 3 ); 

 

Example 4.2.  

 

Consider the nonlinear singular initial value problem[5]: 

 

6
14 4 ln ,

(0) 1, (0) 0.

y y y y y
x

y y

′′ ′+ + = −

′= =

                                                                                                      (24) 

 

Wazwaz solved equation (23) by using the method that we mentioned in section 2 and  

 

2 4 6 8 101 1 1 1
( ) 1

2! 3! 4! 5!
y x x x x x x= − + − + − +L                                                                       (25) 

 

series solution has been obtained in [5]. More information about the solution of equation (24) 

by Wazwaz can be seen in [5]. Exact solution for equation (24) is given as 
2

( ) x
f x e

−=  in [5]. 

 

If the Padé approximation is applied to solution (25)  then Padé series of different orders 

can be obtained. By applying Padé approximation the following Padé approximation of order 

[ ] [ ]4,4 , 6,4  and [ ]8,2  for equation (25) are obtained: 
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[ ]

4 2

( )
4 2

1 1
1

12 24,4
1 1

1
12 2

y x

x x

x x

− +
=

+ +

                                                                                                     (26) 

 

[ ]

2 4 6

( )
4 2

3 3 1
1

5 20 606, 4
1 2

1
20 5

y x

x x x

x x

− + − +
=

+ +

                                                                                      (27) 

 

[ ]

2 4 6 8

( )
2

4 3 1 1
1

5 10 15 1208, 2
1

1
5

y x

x x x x

x

− + − +
=

+

                                                                            (28) 

 

To obtain the Padé series (26), (27), and (28) the solution tecnique that mentioned in 

section 3 for the linear systems of equations (17) and (18) is can be applied. If the numerical 

results are compared for example 2, the following tables and figures are obtained (Table 2 and 

figure 3, figure 4 ,figue 5 ); 

 

5. Conclusion 

   

As it is seen from the numerical results in the tables ( Table 1, Table 2) and from figures 

(figure 1, figüre 2 figure 3 and figüre 4, figüre 5, figüre 6) The Padé approximations, show 

superior performance over series approximations, give results with no greater error bounds 

anda re reliable for more better numerical values. 
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Figure 1. Exact solution of equation 19 in Example 1,  series solution in Example 1,  Padé 

approximation of  series solution ( ). 

 

 

 

Figure 2. Exact solution of equation 19 in Example 1,  series solution in Example 1, Padé 

approximation of  series solution ( ). 

 

 

( )y x [ ]4 / 4

( )y x [ ]
( )

4 / 4
y x

( )y x [ ]6 / 4

( )y x [ ]
( )

6 / 4
y x
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Figure 3. Exact solution of equation 19 in Example 1,  series solution in Example 1, Padé 

approximation of  series solution ( ). 

 

 

Table 1.  Numerical and absolute error values for Example 1. 

 

 

 

( )y x [ ]8 / 2

( )y x [ ]
( )

8 / 2
y x
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Figure 4. Exact solution of equation 24 in Example 2, ( )y x  series solution in Example 2, [ ]4 / 4  Padé 

approximation of ( )y x  series solution ([ ]
( )

4 / 4
y x

). 

 

 

 

Figure 5. Exact solution of equation 24 in Example 2,  series solution in Example 2, [ ]6 / 4 Padé 

approximation of  series solution ([ ]
( )

6 / 4
y x

). 

 

( )y x

( )y x
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Figure 6. Exact solution of equation 24 in Example 2,  series solution in Example 2, [ ]8 / 2 Padé 

approximation of  series solution ([ ]
( )

8 / 2
y x

). 

 

 

 

Table 2.  Numerical and absolute error values for Example 2. 

 

 

 

 

 

( )y x

( )y x
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