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ABSTRACT

Stress analysis for a rock medium is essential for determination of stress concentration between two neighbo-
ring circular holes and prediction of fracture behavior. When two neighboring circular holes in a hard rock medi-
um such as granite are loaded internally by the pressure of a Non-Explosive Expansion Material (NEEM), stress
concentration occurs between the holes which then causes the rock to fracture. In this study, Finite Element (FE)
analysis using a Phase? computer code was employed to study the stress concentration between two neighboring
circular holes under internal pressure induced by the NEEM. The effects of different hole diameters and spacings,
rock properties and NEEM pressures were analyzed, and the data obtained from numerical analysis and statistical
studies were then used to develop two models. These models were then modified by using the FE data and poly-
nomial regression analysis. The developed statistical models were shown to be in a very good agreement with the
FE analysis. Validation of the equations is only for the points located on the line passing through the centers of the
holes in the elastic state. Hence, the developed models can be used with confidence to determine stress distribu-
tion and concentration factors around two neighboring circular holes, which are excavated in a hard -brittle rock
and loaded internally by the pressure induced from the NEEM.
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Komsu konumlu iki dairesel delik arasindaki gerilme konsantrasyonunun tayini ve kirk davranisinin tahmini icin
kaya ortaminda gerilme analizi yapilmasi gereklidir. Granit gibi sert kaya ortamlarindaki komsu konumlu dairesel
delikler Patlamayan-Kabaran Malzeme (PKB)’'nin basinciyla yiiklendiklerinde, kayanin kirlmasina neden olan ger-
ilme konsantrasyonlarn meydana gelir. Bu ¢alismada, PKB’nin neden oldugu i¢csel basing altindaki komsu kon-
umlu iki dairesel delik arasindaki gerilme konsantrasyonunun arastiriimasi icin Phase adli bilgisayar programi
kullanilarak Sonlu Elemanlar (SE) analizi yapilmis olup, bu analizlerde farkl delik caplari ve uzakliklari, kaya 6zel-
likleri ve PKB basinglari analiz edilmistir. Sayisal ¢6zliimlemelerden ve istatistiksel analizlerden elde edilen veri iki
modelin gelistirilmesi icin kullaniimistir. Daha sonra bu modeller SE ve polinomial regresyon analizleriyle modifiye
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edilmislerdir. Gelistirilen istatistiksel modeler SE analiziyle ¢ok iyi bir uyum gdstermistir. Esitlikler, sadece elas-
tik durumda deliklerin merkezinden gecen hattin (izeride yer alan noktalar icin gecerlidir. Bu nedenle gelistirilen
modeler, PKB’den kaynaklanan basincla icsel olarak yliklenmis ve sert kayada kazilmis komsu konumlu dairesel
delikler ceveresindeki gerilme konsantrasyonu faktdrlerinin ve gerilme dagiliminin belirlenmesi icin glvenilirlikle

kullanilabilirler.

Anahtar Kelimeler: Sonlu elemanlar yéntemi, patlatmasiz tas ocagdi isletmeciligi, istatistiksel model, gerilme kon-

santrasyonu.

INTRODUCTION

One of the main methods in quarry mining, es-
pecially in hard rocks, is the controlled fracture
method that is carried out by the introduction of
a slowly advancing crack using Non-Explosive
Expansion Material (NEEM). The application of
NEEM in hard rock quarry mining has recently
been increased (Hayashi et al., 1994; Pal Roy,
2005; Arshadnejad, 2007). This method of rock
breakage is without noise and vibrations and its
operation, compared to the blasting method, is
more controllable; it is very safe and easy and
does not leave extra undesirable cracks in the
rock block.

In this method, some circular holes of equal
length, diameter and spacing (centre-to-centre
distance) are drilled closely together in a rock
block. The holes are then filled with the NEEM,
which by its expansion will generate an incre-
mental static load into the holes after about two
to four hours (Goto et al., 1988; Zhongzhe et
al., 1988; Jana, 1991; Hayashi et al., 1994; Pal
Roy, 2005). If the spacing of the holes is suitab-
le, it will create a crack between two neighbo-
ring holes, and the rock will fracture along the
high-stress concentration path between the ho-
les. If the material of the medium is brittle, such
as hard rocks (e. g. granite and quartzite), it will
not yield and before failure no plastic behavi-
our will be observed in the material (Hoek and
Bieniawski, 1965; Lajtai, 1972; Lawn and Wils-
haw, 1975; Ingraffea and Schmidt, 1978; Fo-
well, 1995; Eberhardt et al., 1999; Orekhov and
Zertsalov, 2001; Yagiz, 2009). Thus, the mate-
rial is considered to behave in a linear elastic
mode until the onset of failure.

When there are two neighboring holes in a pla-
te loaded internally, stress concentration will
occur. The maximum elastic stresses (stress

concentration) have been examined by several
methods, such as photoelastic analysis (Hoek
and Bieniawski, 1963; Joussineau et al., 2003),
direct strain measurement (Nesetova and Lajtai,
19783; Chong et al., 1987) and numerical mode-
ling (Bazant, 1982; Yan, 2007). There are many
empirical models for estimating stress concent-
ration in different geometries, such as a circu-
lar hole. Stress concentration factors due to
uniform and axisymmetrical external pressu-
re around a single circular hole were analyzed
by Howland (1929), Forcht (1935), Lipson and
Juvinall (1963). One of the first studies of pla-
ne elasticity in bipolar coordinates in an infini-
te plate with two circular holes was carried out
by Jeffrey (1920). Howland (1935) investigated
the stress distribution around an infinite row of
equal sized circular holes spaced equally in an
infinite elastic plate. The plate was subjected
to a uniaxial stress field. Howland and Knight
(1939) presented stress functions for problems
involving equal sized circular holes. Ling (1948)
developed a solution (in bipolar coordinates) for
the stresses in a plate containing two equal cir-
cular holes when the distances between them
are variable. He considered three stress fields:
uniaxial stress parallel, perpendicular to the line
of centers and equal stresses in all directions
(Gergek, 2005). Haddon (1967), using the con-
formal mapping and complex variable techni-
ques, presented a solution for stresses around
two unequal circular holes in an infinite plate.
The plate was subjected to a uniaxial stress fi-
eld with a variable inclination to the line of ho-
les’ centers (Gercek, 2005). Obert and Duvall
(1967) studied the stress distribution around
pillars (rock columns) between two parallel cir-
cular excavations subjected to uniaxial comp-
ressive external loading, by the photoelasticity
method. Two empirical models were developed
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by Schulz (1942) and Peterson (1974) when the
type of external loading is tensile in biaxial, Ling
and Tsai (1969) presented an analytical soluti-
on for the stresses in a thick plate of infinite size
containing a spherical inclusion or cavity ec-
centrically located between the surfaces. The
plate had been subjected to a stress system
symmetrical about the axis of revolution of the
plate, while the surfaces were stress-free. Ger-
cek (1988, 1996) presented a solution for bo-
undary stresses for two parallel circular tunnels
located in a biaxial in situ stress field. It was
obtained by superposing the solutions develo-
ped by Ling (1948) (Gercek, 2005). Zimmerman
(1988, 1991) suggested approximate equations
for stress concentrations in an infinite elastic
plate containing two circular holes.

Unfortunately, almost all existing solutions are
only applicable to stress-free conditions at the
boundary of the holes, which is not always the
case in engineering applications, such as a hole
with internal pressure caused by the NEEM.
The scope of this study is to develop a model to
analyze stress concentration between two ne-
ighboring circular holes - the points located on
the line passing through the centers of the ho-
les in elastic state - excavated in a hard rock
medium and loaded internally by the NEEM.
The base of the model is a statistical method,
and verification by the finite element method
has been upgraded.

STRESS DISTRIBUTION AROUND A
CIRCULAR HOLE DUE TO INTERNAL AND
EXTERNAL LOADS

Stress distribution around a circular hole de-
pends on the stress field condition. Kirsch
(Kirsch, 1898) initially studied this problem for
a single circular hole under a biaxial stress field.

The stress distribution within a thick-walled
cylinder under uniform external and internal lo-
ading is as follows (Timoshenko and Goodier,
1951).
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Where 0, and o, are the radial and tangential
stresses, respectively, and r is the radial distan-
ce of the considered point from the hole cent-
re. P,and P are internal and external pressu-
res, respectively, and a and b are the internal
and external radius of the thick-walled cylinder,
respectively. Because of axisymmetry in the lo-
adings and body geometry, there is no shear
stress in the medium. As a convention in rock
mechanics, the tensile stress is considered ne-
gative and the compressive stress is conside-
red positive (Hoek and Brown, 1980; Goodman,
1989). The constraint for using thick-walled
cylinder Equations is as follow (Shigley, 1956;
Hertzberg, 1996).

b—a 1

If there is no external pressure (P, =0) the
equations become:
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If the thickness of the cylinder wall increases
to infinite (b — o), the cylinder will transform
to a circular hole in an infinite plate, such as a
hole in a rock medium. Then, Equations 4 and
5 convert to:
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STRESS CONCENTRATION BETWEEN

NEIGHBORING HOLES UNDER INTERNAL
PRESSURE

When two or more circular holes in a plate are
loaded by internal pressure, stress concentrati-
on will occur among them. When the stress in-
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tensity is equal to the rock fracture toughness,
cracks may be initiated. Subsequently, the
cracks will grow; however, as the length of the
crack increases, the stress on the crack tip dec-
reases, due to distancing from the hole, thus
decreasing the stress concentration. Neverthe-
less, by increasing the stress induced from the
hole due to application of NEEM, in due time,
the stress intensity on the crack tip will aga-
in increase up to the level of rock fracture to-
ughness. Thus, again the crack will grow fart-
her, and this circle of events will repeat; hen-
ce, a controllable mechanism for crack growth
may be achieved. Figure 1 shows a rock fractu-
re between two neighboring holes due to app-
lication of the NEEM in a granite quarry mine in
Taleghan, Iran.

As stated before, Equations 6 and 7 may be
used for determination of stress distribution
around a circular hole. However, when there
are two neighboring circular holes in a rock me-
dium, these equations have to be modified. The
modified equations may be assumed to be as
follows.

2
o,=C, .P{ﬁ)
r )

Figure 1. Rock fracture between two neighboring
holes due to application of NEEM in a gra-
nite mine.

Sekil 1. Bir granit isletmesinde PKB’nin uygulanma-
sI nedeniyle komsu konumlu iki delik arasin-
da gelismis kirik.
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Where C_and C, are the stress concentrati-
on factors for the radial and tangential elastic
stress, respectively, and d is the diameter of
holes. Other parameters are those explained
earlier in Equations 1 and 2.

In this study, the Phase? computer code (Rocs-
cience, Inc., 1999 and 2001) based on the fini-
te element method (FEM) was used to determi-
ne the radial and tangential stresses around the
hole (0, and o,) by numerical analysis. In this
respect, six nodal triangular elements with no-
dal averages were utilized. Figure 2 shows the
stress trajectories on such nodal points. The
model geometry and the parameters were se-
lected based on real conditions of quarry mi-
ning operations. Table 1 shows the parameters
that were applied in the numerical models. The
internal pressures in the holes were due to non-
explosive expansion material (NEEM).

While running the program, it was noticed that
Young’s modulus and internal pressure have no
effect on the stress concentration factors. Sin-
ce the stress concentration factor is essentially
related to geometrical characteristics, this fin-
ding seems to be justified. However, Poisson’s
ratio tends to have some effect, as has been
confirmed by previous study (Zienkiewicz,
1971). Therefore, around 180 numerical models
had to be analyzed. Figure 3 depicts the stress
concentration zones between two neighboring
circular holes with a typical hole diameter of 44
mm and hole spacing of 50 mm under internal
pressure of 15 MPa due to NEEM.

The results from the numerical analysis show
that Poisson’s ratio, hole diameters and hole
spacings are the main parameters affecting the
stress concentration between two neighboring
circular holes. The data from numerical analy-
sis, along with multiple regression and logarith-
mical data (Chatfield, 1983; Montgomery et al.,
2001), were used to determine C_and C, . Equ-
ations 11 and 12 show these primary models.
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Figure 2. Trajectories of stress at nodal points in the numerical modelling.
Sekil 2. Sayisal modellemede digim noktalarindaki gerilme konturlari.

Table 1. Applied parameters in the numerical modeling.
Cizelge 1. Sayisal modeled kullanilan parametreler.

Hole Hole spacing Young’s modulus Internal pressure
diameter Poisson’s ratio by NEEM
(mm) (mm) (GPa) (MPa)
50, 80, 110, 140, 170, 200, 0.1, 0.15,0.2, 0.25, 10, 20, 30,
28,32, 38, 44 230, 260, 290 0.3 10,20, 30, 40, 50 40, 60, 80, 100

Figure 3. Stress concentration zones between two neighboring holes.
Sekil 3. Komsu iki delik arasindaki gerilme konsantrasyonu zonlari.
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Where v is Poisson’s ratio of rock, d is the di-
ameter of holes and S is the edge-to-edge dis-
tance between two neighboring holes (hole

Yerbilimleri

spacing). Figures 4 and 5 show a comparison
between finite element (FE) data and primary
models from Equations 9 and 10 (Primary Mo-
dels) for the radial and tangential stresses ver-
sus distance from hole centre.

MODIFICATION OF THE PRIMARY MODELS

With reference to Figures 4 and 5, it can be ob-
served that stresses determined from FE data
and primary models are not quite the same, the-

Radial Stress

35.00

30465 (MPa)

30.000 (MPa )

25.00 A

20.00 A

Stress (MPa)

15.00 4

10.00 4

5.00 A

0.00

A FEData — Primary
Model

v=03
=30 (MPa)

B

"
A2} (mm/mm)
S 100

3.769
(MPa)

1.790
(MPa )

0.016 0.021 0.026 0.031 0.036

0.041 0.046 0.051 0.056 0.061 0.066

Distance from Hole Centre (m)

Figure 4. Radial stress distribution at the vicinity of a circular hole from FE data and primary model.
Sekil 4. SE verisi ve ilk modele gére dairesel deligin ¢cevresindeki radyal gerilme dagilimi.
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Figure 5. Tangential stress distribution at the vicinity of a circular hole from FE data and primary model.
Sekil 5. SE verisi ve ilk modele gére dairesel deligin cevresindeki tegetsel gerilme dagilimi.
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re are some differences between those. Hence,
modifications have to be applied to the primary
models so that a closer agreement can be achi-
eved. With that regard, the values of differential
stresses (the difference in FE data and primary
models) were plotted against the distance from
hole centre for both of the radial and tangen-

tial stresses. The polynomial regression analy-
sis was then utilized as a modification functi-
on and applied to the results given in Figures 6
and 7. The modified models achieved from this
analysis are shown in Equations 13 and 15. The
corresponding modified functions are also de-
monstrated by Equations 14 and 16.

f @ Differential Stress f (¥):
f () =FE Data - Primary Model
22
= 1.7
=)
w
é 1.2 4
7
E 07
Z 02
~ N N
= f) =17390 1" -2569.5 1>+ 163.62 1 - 2.6522
0.3 1 R’=0.9943

-0.8 T T T T T T T T r T
0.016 0.021 0026 0031 0036 0041 0046 0051 0056 0061 0.066

Distance from Hole Centre (m)

Figure 6. Differential stress (radial stress) against the distance from hole centre.
Sekil 6. Delik merkezinden olan uzakliga karsi radyal gerilme.
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Figure 7. Differential stress (tangential stress) against the distance from hole centre.
Sekil 7. Delik merkezinden olan uzaklia karsi tegetsel gerilme.
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f'(r)=60397r° —7878.2r* +351.67r —5.115
(13) (r* =0.9421) (16)

A comparison was then made between the FE
data, primary models (Equations 9 and 10) and
modified models (Equations 13 and 15) in Figu-
res 8 and 9 by plotting the corresponding radi-
(15) al and tangential stresses against the distance

from hole centre. As anticipated, the values ob-

(14)
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Figure 8. Modified model and FE data for radial stress distribution.
Sekil 8. Radyal gerilme dagilimi icin modifiye edilmis model ve SE verisi.
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Figure 9. Modified model and FE data for tangential stress distribution.
Sekil 9. Tegetsel gerilme dagilimi icin modifiye edilmis model ve SE verisi.
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tained from FE data and modified models are
almost identical; apparently the values of the
primary models show some deviation.

Therefore, the final equations for determining
stress distribution including stress concentra-
tion factors between two neighboring circular
holes due to internal pressure of the NEEM are
as follow. Validation of the equations is only for
the points located on the line passing through
the centers of the holes.

0.001 2
o =1.0352( 4| woosp( L (an
S 2r
+[173907° —2569.5r* +163.62r —2.6522]
d 0.124 d 2
o, =-1.1715| = | v *®P|—
o =1 (S) ’(w] (18)

+(60397° —7878.2r7 +351.67r —5.1152)]

Where d, r and S are in meters and P, 0, and
O, are in MPa. Finally, verification was done by
plotting stresses from modified models versus
FE data. Figures 10 and 11 show these valida-
tion graphs. It is observed that there is a remar-
kable agreement between the results.

35 Verification of Model for Radial Stress

30 4

25 4

20 4

Estimated Data [rom Modified Model (MPa)

0 I5 1‘0 1‘5 2’0 2‘5 3’0 35
Actual Data from FEM (MPa)
Figure 10. Actual data and estimated data for the ra-
dial stress distribution.

Sekil 10. Radyal gerilme dagilimi icin belirlenmis ve
tahmin edilmis veri.

Verification of model for Tangential Stress

Estimated Data [rom Modified Model (MPa)

0 5 10 15 20 25 30 35
Actual Data from FEM (MPa)

Figure 11. Actual data and estimated data for the tan-
gential stress distribution.

Sekil 11. Tegetsel gerilme dagiimi icin belirlenmis ve
tahmin edilmis veri.

CONCLUSIONS

Based on the solution for thick-walled cylin-
ders and assuming that the wall thickness inc-
reases to infinity, an equation for determining
stress around a single circular hole in a rock
plate maybe obtained. In this study, this equa-
tion has been modified to determine the stress
concentration between two neighboring cir-
cular holes by introducing a coefficient in the
equation. This stress concentration coefficient
was estimated by numerical modeling based on
model geometry and Poisson’s ratio, resulting
in two equations that are obtained by multip-
le regression analysis. Due to differences in the
stresses determined from FE data and the mo-
dels, appropriate modifications using polyno-
mial regression analysis were applied in order
to achieve a closer agreement between the re-
sults. Therefore, the relations obtained can be
used confidently to determine stress distributi-
on between two neighboring circular holes in-
ternally pressurized by the NEEM in a hard and
brittle rock medium such as granite. Validation
of the equations is only for the points located
on the line passing through the centers of the
holes in elastic state.
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