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Abstract
We define the nonlinear Jain operators of max-product type. We studied approximation properties of
these operators.
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1. Introduction

The main topic in the classical approximation theory is approximating a continuous function f : [a,b] — R
with more elementary functions such as polynomials, trigonometric functions, etc.. The well-known Korovkin’s
theorem, which gives a simple proof of Weierstrass theorem, is based on the approximation of functions by linear
and positive operators. The underlying algebraic structure of these mentioned operators is linear over R and
they are also linear operators. In 2006, Bede et.al [4] asked whether they could change the underlying algebraic
structure to more general structures. In this sense they presented nonlinear Shepard-type operators by replacing the
operations sum and product by max and product. They proved Weierstrass-type uniform approximation theorem
and obtained error estimates in terms of the modulus of continuity. Following this paper Bede et. al. [5] defined
and studied pseudo linear approximation operators. Based upon these studies, there appeared an open problem in
the book of 5.Gal [10] in which the max-product type Bernstein operators were introduced. Related to this open
problem, a nonlinear modification of the classical Bernstein operators were first studied by Bede and Gal [3] (see
also [2]). The idea behind these studies were also applied to other well-known approximating operators. Several
authors introduced the nonlinear versions of the stated operators and studied order of approximation [3,4,12]. Also
see [6] for the collected papers.

The nonlinear Favard-Szasz-Mirakjan operators of max-product kind is introduced in [2] as (here \/ means
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whose order of pointwise approximation is obtained as w1 (f; v/z/v/n). In [7], the authors dealed with the same
operator in order to obtain the same order of approximation but by a simpler method. They also presented some
shape preserving properties of the operators.

In 1972, Jain [11] introduced the following operators to generalize classical Szdsz-Mirakyan operators : for A > 0
and 0 < 3 <1,

PP (f:2) :iwg (k,nz) f (S) ,feCl0,A],neN
k=0

where the basis function is
k1 67(I+kﬂ)
ek =0,1,2,..,

wp (k) = (o + )"

and

Zwﬂ (k,z) = 1.
k=0

It is easy to see that for 5 = 0, the operator reduces to the classical Szdsz-Mirakyan operators. Farcas [9] proved a
Voronovskaja type result for Jain’s operators. Dogru et. al. [8] investigated a modification of the Jain operators
preserving the linear functions. Recently, Ozarslan [12] introduced the Stancu type generalization of Jain’s operators
and investigated the weighted approximation properties and Olgun et. al. [13] introduced a generalization of
Jain’s operators based on a function p. Also, Bernstein and generalizations of Jain operators were studied by many
authors (see [14]-[21].) The aim of this study is to introduce the nonlinear Jain operators of max-product type and
estimate the rate of pointwise convergence of the operators. The non-truncated Jain operators are defined by

V Wass (2) F(5)
Tog (fie) = =0 meN a1
k\_/o Woks ()

—(na+kp)

where W, 1. 5 (z) = (nz + kﬁ)k_lei

o and f : [0, A\] = R is considered as a bounded function on [0, A, A > 0.

2. Preliminaries

Here, it is emphasized some general notations about the nonlinear operators of max-product kind. Over the set
of positive reals, Ry, we deal with the operations \/ (maximum) and - (product). Then (R4, /, -) has a semiring
structure and it is called as Max-Product algebra.

Let I C R be a bounded or unbounded interval, and

CBy(I)={f:1I— Ry; f continuous and bounded on I}.

A discrete max-product type approximation operator L,, : CB, (1) — CB(I), has a general form

n

Ly (f) (x) = \) (@, @) - f (),

=0
or

Ly (f) (2) = \/ Kn(@, @) - f ()
i=0

wheren €N, f € CBy(I),K,,(-,z;) € CBy(I)and x; € I, for alli = {0,1,2,---}. These operators are nonlinear,
positive operators and satisfy a a pseudo-linearity condition of the form
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Lu(a- fVB- g)(@) =a- La(f)@) VB Lu(g)(x),¥a, B € Ry, f.g: [ — Ry

In order to give some properties of the operators L,,, we present the following auxiliary Lemma.
Lemma 2.1. ([2]) Let I C R be a bounded or unbounded interval,

CBy(I)={f:1I— Ry; f continuous and bounded on I},

and L,, : CB4(I) = CB4(I), n € Nbe a sequence of operators satisfying the following properties :
(i) (Monotonicity)
f.g € CBy(I) satisfy f < g then L,,(f) < L,(g) foralln € N;
(if) (Subadditivity)
La(f +9) < Lu(f) + Lulg) forall f,g € CB.(I).
Then for all f,g € CB4+(I),n € Nand = € I we have

[Ln(f) (@) = Ln(9)(2)] < La(|f — g]) ().

Remark 2.1. Max-product for Jain operators defined by (4) verify the conditions in Lemma 2.1, (i), (ii). In fact, instead
of (i) it satisfies the stronger condition

Lu(fV g9)(x) = Ln(f)(2) V Ln(9)(x), f,9 € CBL(I).

Indeed, taking in the above equality f < g, f,g € CB4(I), it easily follows L, (f)(z) < L,(g)(x).
Furthermore, the Jain operators of max-product type is positive homogenous, thatis L, (Af) = AL, (f) for all
A>0.

Corollary 2.2. ([2]) Let L,, : CB,(I) — CB4(I), n € N be a sequence of operators satisfying the conditions
(i)-(ii) in Lemma 1 and in addition be a positive homogenous operator. Then forall f € CB,(I),n € Nand z € I we
have

|f(@) = Lu(f)(2)] < %Ln(%)(ﬂc)Jan(eo)(x) w(f;0) + f(x) - |Ln(eo)(x) — 1],
where 6 > 0, eg(t) = 1forallt € I, p,(t) = |t —x|forallt € I,z € I.

w(f;0) = max |f(z) = f(v)]

|z—y|<o

is the first modulus of continuity. If I is unbounded then we suppose that there exists L,, (¢, )(x) € Ry [J{+o0}, for
anyzr € I,n € N.

Corollary 2.3. ([2]) Suppose that in addition to the conditions in Corollary 2.2, the sequence (L, ), satisfies
L, (eg) = e, foralln € N. Then forall f € CB,(I),n € Nand z € I we have

) = LoD = 1+ 3Lalen)@)| (5:0)

3. Construction of the Operators and Auxiliary Results

Since Tfl%) (£)(0) — f(0) = 0 for all n, throughout the paper we may suppose that > 0. We need the following
notations and Lemmas for the proof the main results.

. ) B
Foreachk,j € {1,2,..,}and = € %,W]J:o,ze [o,‘”nﬂ] = {oﬂ La=eP —B,0<B<1,let

us denote .
Wi () |2 — 2| Wk, ()

Wh.j.6 (2) Wi (@)
where W, 1 s is defined as in the operators (1.1). It is clear that if k > j + 1 then

Was(2) (3 — )
Wh,jp(2)

My () == JMip ;i (X) 1=

Mpgn,j(x) =
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and if £ < j then
Wn7k7g($) (x - E)

Mk,n,j(x): W, B(x) ne.
n7]7

e—(nm+kﬁ)
k!

Lemma 3.1. Denoting W,, 1 5(z) = (nx + kB)*~1 , we have

\/ Wakp(@) = Wa; 5(z), forallz € {

aj + 3 a(j+1)+ﬂ]
k=0 7 ,

n n

n

wherea=¢e® -3, j=1,2,...z € [O, at } = {0, %} .
Proof. Firstly, we show that for fixed n € Nand 0 < k we have

0 < Wosr1,5(2) < Wik () if and only if € {o, “(’”W} .

n

Indeed, writing the the above inequality explicitly, we have

—(nz+(k+1)B8) —(nz+kp)
¢ < (nz + kB e —

0< (ne+ (k+1)8)° —yr— < R

If 2 = 0, this inequality is true. For « > 0, after simplifications it becomes

<nx+(k+1)ﬂ)k _ Pty

nx + kG nx + kG
k
(nx + kpB) (W) < f(k+1)
k
(m:+kﬁ)(1+mfkﬂ) < P (k+1)
nr < ! keﬂ(k—i—l)—k‘ﬁ
<1+m‘%,€5)
< eﬁ(k—kl)_@
v n n
Pkt kB (P —B)(k+1)+ 8
N n N n
_a(k+1)+8
= - ,
whereaz(eﬁ—,ﬁ)70§6<l.Then
Oﬁxﬁw,a:eﬁ—ﬁ.

n

By taking k& = 0,1, 2, ... in the inequality just proved above, we get

Wpip(x) < Wyopg(z), ifand only if z € |0,

Whap(x) < Wpas(z), ifand onlyif z € |0,

IN

Wi k41,8(2) Wi k,5(x), if and only if z € |0,
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From the above inequalities, we obtain,

ifx e |0, ot 5} then W, . 5(z) < Wy 04(), forallk =0,1,...

ifz € ot 6, M} then W, i g(x) < Wy15(x), forallk =0,1, ...
n n

ifx € 20+ ﬂ, Sat B} then W, 1 g(z) < Wy 25(x), forallk =0,1, ...
n n

and proceeding in the same manner,

' 41
foe|WtS alit Hﬂ} then W,, 4 5(x) < Wy p(x). forall k=0,1,2, ..

n n

then we have

n

] )+ 1
0 < Wosr1.5(2) < W kp(z) if and only if & € {‘”:B, ai+1) +5] .

n n

. . B
Lemma 3.2. Forall k,j € {1,2, ..., },and = € [‘”*B a(”l”ﬁ},j =0,z € [O, a—;ﬁ] = [0, 2} , we have

mk’n’j(x) S 1.
Proof. We have two cases: 1) k > j and 2) k < j.

Let k& > j . Since the function g(z) = — is nonincreasing on {#7 W} it follows
x

b1 67(n1+k’8)
Mkng(@) _ Wakp(2) (na + kB)*F ———
Mt 1,5 () Wi k1,6 (2) o—(na+(k+1)5)

(nz + (k+1)8)* T

B (nx + kB)*e? (k+1) . [aj+/3 a(j+1)+5}
 (nz+ (k+1)B)F(nz + kﬁ)’x n n
> 1

)

which implies

mj’nﬁj(x) 2 mj+1’nﬁj(x) 2 ijrQ’nAj(x) 2
We now turn to the case k& < j
kilef(anrk‘,B)
M, () _ (nz + kB) k!
mk—l,n,j(x) B - 67(n93+(k71)ﬁ)
(nx 4+ (k—1)5) 7(]{: — )i
__ (e+kp)2  Taj+ B a(+1)+8
(nx + (k —1)B)k—2’ n n
> 1
(nz + kB)F2 Ié] -2 (nx + kf)
= 14+ ——— >land ———-= > 1.
e e (= DB)2 Twrtong) ClMagon 2

which implies

V

M () Z M1 () = mjgn;(z) > ...
Since mj , j(x) = 1, the proof of the lemma is complete.
Lemma 3.3. Let z € %, W ,
(i)  Ifk>(j+1)issuch that

k — \/Bk? + ark + asj + as — aBkj > aj,
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then
My, p,j(2) > Mg y1,n,5()

where a; = —% +2¢# + 28 — 1,a2 = —2a — 2a — ae®, a3 = — B2 + 2P + B — BeP.
(ii) If k < j is such that

k4 \/BE2 + ask + asj — B2 — afkj < aj,

then
My j(x) > My—1,n,(x).

where ay =28 — % +a+1,a5 = —28a.

Proof. (i) We observe that

o1 e—(n,a:+k,l3)

Mg (@) (e + kB ——  (k _y)
Mpq1n j(m) e—(nz+(k+1)8) (@ — x)
o ngks U

(nz + (k+1)8) Y

<1 B >k1 Ak +1) (k —nx)
nz+ (k+1)8 nr+ (k+1)8 (k+1—nx)

(k+1) (k — nx) <1_ B )k‘leﬁ
ne+(k+1)8 (k+1—nx) nr+ (k+1)p
(k+1) (k= (j+1a)

= G+Da+(k+1)8 (k+1—ja)’

T € [M w . Then, since the condition

n

k —\/Bk2 + ark + azj + a3 — afkj > aj,
where a; = —32 +2e? +28 — 1,a2 = —2a8 — 2a — aeP, a3 = — 3% + 2¢f + B — Bef, we obtain

My, ()

— s 2 >,
Mit1m,5(x) —
(ii) We observe that
1 e—(71r+kB)
Ming@) 0 HRTIEE (@ b
My—1n5(z) AR G

(nx+ (k—1)3)% 1)

B <1+ Ié] >knx+k6 (nx — k)
nr+ (k—1)8 Pk (nx—k+1)
ja+B+kB ja+p—k
k Jja+B8—-k+1

Vv

Then, since the condition

k4 \/BE2 + ask + asj — 52 — afkj < aj,

where a4 = 28 — %2 + a + 1, a5 = —2fa, we obtain

Mp,n,j(z)

>1
Mi—1,5,(2)

)

which proves the lemma.
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4. Approximation Result

For the function f € CB(I), we obtain the degree of approximation by using the Shisha-Mond Theorem given
in [1],[2].

Theorem 4.1. If f : [0, \] = R, is a bounded and continuous function on [0, A\, A >a+1l,a =€’ - 3,0< B < 1,
then we get the following estimate

T (F)(@) — fl@)] < 63 (f, ) foralln €N,z € 0,2,

1
NG
where

wi(f,6) = sup{|f(z) = fF(y)l;z,y € [0,A], [z — y| <6}

Proof. Since T\ (e0)(z) = 1 and using the Shisha-Mond Theorem, we have

TM (f) () — f(x)‘ < (1 + %Téw (¢z) (@) w1 (f,0n)

where (p,) (t) = |t — z|. Hence, it is sufficient to estimate the following term

B, (z) = TP () (z) = =0

Letz € [#, W and j € {1,2, ..., } is arbitrarily fixed. By Lemma 3.1 we get

_ _ aj+B a(j+1)+p
E, (z) = kzl(g}%w{Mk,n,J(w)},w € [ > - ~

For j = 0, we get
k

- —x

e’kﬁ
My, no(z) = nz(ne + kﬂ)k71— -

k! k20

If £k = 0, then we have

Monso) = 5= /i3 5 [T = [T < [

n n

If K = 1 then

kB

- k
na(nx + kﬁ)k_leT ‘n -z

M no()

3Tty

B
,T € {0, e]
n

_ 0 | _
= nz(nz+ B) T ‘n x‘

ze P =z /re P

[zeb [eBA
n n
B )k

ok
nx(nx + kﬁ)kilT ——z

IN

IN

If £ > 2 then

B
Mk nO(I) , L € |:Oa :|
n

3Ty

IN

z(nz + kB)F1

IN

T

IN
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ﬂ(j'i'nl)-iv8 and

)

So, we obtain an upper estimate for each My, ,, j(x) where j € {1,2,...,} is fixed, = € [%
k=1,...,. Actually, we will prove that

My () < maX{\/M—kQa, 2y m}
n n

NG n’o Vo

forall x € [0,\],n € N.
The proof of the inequality (2) will be investigated by the following cases:
k> (+1)and 2)k < j.
Case 1) Subcase a) Initially, let take

k—\/Bk? + a1k + azj + as — afBkj < aj,

i s(@) (£ )

then we get

Mp,p,5(2)

< (’f_x><<k_w+5>
n n n
- E_E+\/ﬂk2+a1k+a2j+a3—a6kj
T onoon n
< VBE2 + a1k + asj + a3 — afBkj
- n
vV ] 1

< Mgs/max{ahag}—.

n Vn

Subcase b) Now let k — /Bk2 + a1k + azj + a3 — afkj > aj.
Since the function g(z) = « — \/ Bx? 4+ a1z + azj + as — afzj is nondecreasing, it follows that there exists

k € {2,3,..., },of maximum value, such that k& — \/BEQ + a1k + azj + az — aBkj < aj. Then for k1 = k + a we get
ki — \/Bk? + a1ky + azj + as — afk1j > aj,

Mo (®) = mMpyq, ;@)

k+a ’
-z
n

IN

n n

(k+a, _E— \/ﬁk2+a1kz+a2j+a3—a,ﬁkj)

The last above inequality follows from the fact that

k— \/ﬁEQ + a1k + asj + az — afBkj < aj necessarily implies k < 3aj . Also, we have k; > (j + 1). Indeed, this
is a consequence of the fact that g is nondecreasing and because is easy to see that g (j) < j. By Lemma 3.3, (i) it

follows that Mz, , () > Mg, ;(z) > ..

Hence, we get My, ,, j(z) < y/max {a1, ag}ﬁ forany k € {k+ 1,k +2,..., }.
Case 2) Subcase a) Firstly, let k + /Bk2 + a4k + asj — 32 — afBkj > aj. Then we get,

My pj(z) = ;@) (x_k)

n
< aj+)+8 k
n n
- k+ B>+ ask +asj — B2 —aPkj+ 8k
n n
< vmax {aq,a5} + 3

N
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Subcase b) Suppose now that k + \/ﬂkQ + ask + asj — B2 — aBkj < aj. Let ke {1,2,...,} be the minimum value
such that

k+ \/ﬂ%2+a4g+a5j7627aﬂfl§j>aj.

Then ky = k — a satisfies ko + \/ﬁkg + agks + asj — B2 — aBkyj < aj and

k—a
M%—a,n,j(x) = mE—a,n,j(z) (I - n )

aj+1)+8 k—a

<
n n
< k+ \/ﬂ%2+a4ﬂkv+a5jfﬁ27aﬂgj+a k—a
- n o
o V/max {as,a5} + 2a
< T .
For the last inequality we used the obvious relationship ks = k—a,
kz + \/ﬁ]f% + a4k2 + CL5j - ﬁQ - aﬁkgj < aj
which implies k < (j + 1) and ky < j .
By Lemma 3.2, (ii) it follows that
M’Efa,n,j(x) > ME72aTn’j(x) > ME73a7n’j(m) > ... > Moy, i(x).
Vv ) 2 , 8 ali
We thus obtain Mk,n,j( ) < max{a4 (15} * afor any k < j and x € #7 w .

v Vi

Collecting all the above estimates we have the proof of case (2). Thus, the proof is completed.

5. Conclusion

In this study, we introduced the nonlinear Jain operators of max-product type. We also estimate the rate of
pointwise convergence of these operators.
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