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1. Introduction

Nearness approximation spaces and near sets are introduced in 2007 as a generalization of rough
sets [12, 17]. Near set theory begins with the selection of probe functions that provide a basis
for describing and discerning affinities between objects in distinct perceptual granules. A probe
function is a real-valued function that represents a feature of objects such as images.

In the concept of ordinary algebraic structures, such a structure that consists of a nonempty
set of abstract points with binary operations, which are required to satisfy certain axioms. A
groupoid (A, o) is an algebraic structure consisting of a nonempty set A and a binary operation
“0” defined on A [2]. In the nearness approximation space, however, the sets are composed of
perceptual objects (non-abstract points) instead of abstract points. Perceptual objects are points
that have features. These points describable with feature vectors [12]. Upper approximation of a set
is determined by matching descriptions of objects in the set of perceptual objects. In the algebraic
structures constructed on nearness approximation spaces, the basic tool is the consideration of
upper approximations of the subsets of perceptual objects. In a nearness groupoid, the binary
operation must be closed in upper approximation of the set instead of the set itself.

Nobusawa [9] introduced the notion of a I'-ring, as more general than a ring. Barnes [1]
weakened slightly the conditions in the definition of the I'-ring in the sense of Nobusawa. Barnes
[1], Kyuno [6] and Luh [7] studied the structure of I'-rings and obtained various generalizations

analogous to corresponding parts in the ring theory.
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In 2012, Inan and Oztiirk [3, 4] investigated the concept of groups on nearness approximation
spaces. In 2013, Oztiirk et al. [11] introduced nearness group of weak cosets. In 2015, Inan and
Oztiirk [5] also investigated the nearness semigroups. In 2019, Oztiirk and Inan introduced nearness
rings as well [10].

The aim of this study is to introduce nearness I'-rings. Also, subnearness I'-rings and

nearness ['-ideals are given. Moreover, some properties of these structures are investigated.

2. Preliminaries

Perceptual objects are points that are describable with feature vectors. Let O be a set of perceptual
objects, X C O, F be a set of probe functions and ® : © — R’ be a mapping where the
description length is |®| = L.

D (x) = (p1(x), 02 (x),03(x), - ,pi(x), -, (x)) is an object description of z € X
such that each p; € B C F (¢; : O — R) is a probe function that represents features of sample
objects X C O [12].

Sample objects are near each other if and only if the objects have similar descriptions. Recall
that each ¢; defines a description of an object. A, is defined by A, = |¢; (z’) — ¢; (z)|, where
z,x' € O.

Let z,2’ € O and B C F.
~p={(z,2') € Ox O] A,, =0 for all p; € B}
is called an indiscernibility relation on O, where description length is ¢ < |®| [12].

Definition 2.1 [8] Let O be a set of perceptual objects, ® be an object description and A C O.

Then the set description of A is defined as
Q(A) ={®(a) | a € A}.

Definition 2.2 /8, 14] Let O be a set of perceptual objects and A, B C O. Then the descriptive

(set) intersection of A and B is defined as

Ang{xeAUB|¢>(x)EQ(A) and ® (z) € Q(B)}.

If Q(A)NQ(B) # 0, then A is called a descriptively near B and denoted by AdgB. Also,
€p (A) ={B € P(O) | AdpB} is called a descriptive nearness collection [13].

Definition 2.3 [12] Let X C O and x € X .
[2]p, ={a" €Oz ~p, 2"}

38



M. Ugkun, E. Inan and R. Erol / FCMS

is called a nearness class of x € X .

Definition 2.4 [12] Let X C O.

N.(B'X = ] [2lg
[z]p, NX#D

is called an upper approximation of X .

A nearness approximation space is (O, F,~p,., N, (B),vy,) where O is a set of perceptual
objects, F is a set of probe functions, “~pg, 7 is an indiscernibility relation relative to B, C B C F,
N, (B) is a collection of partitions and vy, : p(O) x (O) — [0,1] is an overlap function that
maps a pair of sets to [0,1] representing the degree of nearness between sets. The subscript r

denotes the cardinality of the restricted subset B, .

Definition 2.5 [3] Let (O, F,~g., N, (B),vn,) be a nearness approzimation space and “-” be a
binary operation defined on O. G C O is called a nearness group if the following properties are
satisfied:

(NG1) Forall z,y € G, z-y € N, (B)"G,

(NGy) For all z,y,2 € G, (x-y)-2=2x-(y-2) property holds in N, (B)" G,

(NG3) There exists eg € N, (B)" G such that x -eq = eg -z = x for all x € G (eq is
called a near identity element of G ),

(NG4) There exists y € G such that -y =y -x =eqg for all x € G (y is called a near

inverse of x in G and denoted as =1 ).

Additionally, if o -y = y - x property is satisfied in N, (B)* G for all z,y € G, then G is
said to be a commutative nearness group.
Also, S C O is called a nearness semigroup if z -y € N, (B)"S for all z,y € S and

(x-y)-z=ux-(y-z) property is satisfied in N, (B)" (S) for all x,y,z € S.

Theorem 2.6 [/] Let G be a nearness group, H be a nonempty subset of G and N, (B)" H be

a groupoid. Then H C G is a subnearness group of G if and only if x=1 € H for all x € H .

Definition 2.7 [10] Let (O, F,~p,, N, (B),vN,) be a nearness approzimation space and “+ 7
and “- 7 be binary operations defined on O. R C O 1is called a nearness ring if the following
properties are satisfied:

(NR1) R is an abelian nearness group with binary operation “+ 7,

(NR3) R is a nearness semigroup with binary operation “ 7,
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(NR3) Forall x,y,z € R,
z-(yt+z)=(x-y)+(x-2) and (x+y)-z2=(z-2)+(y-2)

properties hold in N, (B)" R.
In addition,
(NRy) R is said to be a commutative nearness ring if -y =y-x for all z,y € R,

(NRs) R is said to be a nearness ring with identity if N, (B)" R contains an element 1g

such that 1l -x =z -1gp =z for all x € R.

Definition 2.8 [1] An T'-ring (in the sense of Barnes) is a pair (M,T') where M and T are
(additive) abelian groups for which exists a (—,—,—) : M x I' x M — M, the image of (a,a,b)
being denoted by aad for a,b € M and o € T, satisfying for all a,b,c € M and all o, €T

e (a4 b)ac = aac + bac, e a(a+ B)b = aab+ afb,
e aa(b+ ¢) = aab + aac, e (aad)fc = aa(bBe).

Definition 2.9 [1] Let M be an T'-ring. A left (right) ideal of M is an additive subgroup U of
M such that MTU CU (UTM CU). If U is both a left and a right ideal, then we say that U
is an ideal of M .

Definition 2.10 [1] A mapping 0 : M — N of T -rings is called an T -homomorphism if 0(a+b) =
0(a) +0(b) and O(aad) = 0(a)ab(b) for all a,b € M and all a €T

3. Nearness I'-Rings

Definition 3.1 Let (O, F,~p,, N, (B),vn,) be a nearness approzimation space and M,T' C O be
an additive abelian nearness groups in O. M C O is called an T -ring on nearness approxrimation

space or shortly, nearness I -ring if the following properties are satisfied:

(NT'y) aab € N, (B)" M,

(NT3) (aab) Bc = aa (bBc) property verify on N, (B)* M,

(NT3) (a+b)ac = aac+ bac, a(a+ )b = aab+ afb, aa(b+ c) = aab + aac properties
verify on N, (B)" M

for all a,b,c € M and all o, €T.

In addition, M 1is called a commutative nearness I -ring if aab = baa for all a,b € M and

all a €T
M is called a nearness T -ring with identity if N, (B)* M contains 1p; such that 100 =

aaly =a foralla e M and all a €T.
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(NT;)— (NT'3) properties must be satisfied in N,. (B)" M. Sometimes these properties may
be hold in O\ N, (B)* M, in which case M is not a nearness I'-ring. Addition or multiplying of
finite number of elements in M may not always belong to N, (B)* M. As a result, we can not
always say that na € N, (B)" M or a® € N, (B)" M for all a € M, all « €' and some n € Z*.

If (NT (B)" M, +) is a groupoid and N, (B)" M is an I'-groupoid, then we can say that

na € N, (B)" M forall a € M and all n € Z or a® € N, (B)" M forall a € M, all a € T and all
nezt.

Let M be a nearness I'-ring with near identity. a € M is called a left (resp. right) near
invertible if there exists b € N,.(B)"M (resp. ¢ € N,(B)" M) such that baa = 1j (resp.

ace =1p7). b (resp. ¢) is called a left (resp. right) near inverse of a. If a € M is both a left and

a right near invertible, then a is called a near invertible.
Lemma 3.2 Every I'-ring is a nearness I'-ring.

Proof Let M C O be an I'-ring. Since M C N, (B)" M, then the properties (NT';) — (NT'3)
hold in N, (B)" M. Therefore M is a nearness I'-ring. O

Example 3.3 O = {a;; | 0 < i,j <4} be a set of perceptual objects and B = {p} C F be a set

of probe function. Probe function
¢: 0 — Vi ={x1,22, %3, T4, T5, T, T7, Ts, To }
is given in Table 1.

Table 1: Probe function

apo 4aAo1 ap2 aop3 Qo4 G100 G111 A12 413 Al4

asp A21 A22 G23 Q24 (30 G31 A32 A33 (34
Y| 4 X3 Tg T4 Ty T3 T4 Ty Ty X9

| as0 a4 as2 ass as
80‘903 Ty X1 T9 T

Thus

laco], ={a € O |p(a) = (ao) =21}
= {61007 @02, A10, a42} = [CLOQ]@ = [aw](p = [042]¢ ’

lan], ={a€Olp(a) =y (an) =22}
= {aor, a1} = [an1],, ,
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laos], ={a €O |p(a) = (aos) =3}

= {ao3, a4, a12, a1, a30, as0}
= [aod], = [a12], = [a21], = [aso], = [aao],,

la1s], ={a€ O |p(a) =y (a3) = za}
= {a13, a2, a3, az1, as }
= [azo],, = [a2s], = [a31],, = [aa1],, ,

la1a], ={a€Olp(a) =y (a14) =5}
= {a14,a44} = [a44]90 ;

[azo], ={a € Olp(a) =y (az) =16}
= {a22};

[a24], ={a €O lp(a) =y (az) = z7}
= {a24,a32} = [1132]5(, ’

lass], ={a€ Olp(a) =p(ass) = s}
= {ass},

lazal, ={a € Olp(a) =y (as1) = 2o}
= {azs,as3} = [a4s]¢ .

Therefore
o = {[aoo]w ) [(101]¢ ) [003]@ ) [a13}¢, ) [014]@ ) [a22]¢ ) [a24]¢, ) [a33]¢ ) [a34]¢} .
Hence, a set of partitions of O is Ny (B) ={&,} for r=1. Thus

* _ Ul
Ni(B)" M *[a]wmlv}o;éz

= {ago, ao2, a10, aa2} U {ao1, a11}
= {00076101, ap2, @10, A11, a42}

and
* _ Uld
Ny (B)'T' = [a], N rto
= {aoo, aoz, a0, asz}
where M = {ag1,a10}, I' = {as} C O.
Let

Ox0O — 0

—+1
(aijaa'mn) > %7 +1 G,

be a binary operation on M = {ap1,a10} € O such that

@ij +1 Qmn = Qpr, t+m=p (mod 2) ve j+n=r (mod 2).
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Then (M, +1) is an abelian nearness group.
Furthermore, let

Ox0O — 0

+2
(aij7 a/mn) > Qjj +2 mn

be a binary operation on I' = {as2} C O such that

@ij +2 Qmp = ast, T+m=s (mod 4) ve j+n =1t (mod 4).

Then (I',42) is an abelian nearness group.

Since apr + a0 =a11 ¢ M, M C O is not a group with binary operation “+1 ” and so M
is not an I'-ring.

Let

OxI'xO — O
(a‘ij7 Agl, a?nn) — Aij Ak Gmn

be an operation such that
Aij QKL Amn = Gy, w=min{i, k,m} vev =min{j,{,n}.

From Definition 3.1, it is easily shown that

(NT4) aab€e N, (B)*M,

(NT3) (aab) Bc = aa (bBc) property verify on N, (B)* M,

(NT3) (a+b)ac = aac+ bac, a(a+ )b = aab+ afb, aa(b+ ¢) = aab + aac properties
verify on N, (B)" M

for all a,b,c € M and all o, €T.

Consequently, M 1is a nearness I -ring.

Lemma 3.4 Let M C O be a nearness I'-ring and 0py € M . If Opraa, acOpr € M for all a € M

and all a € T, then
(i) aa0pr = aOrb = 0praa = 0y,
(i) ac (—=b) = (—a) ab = — (aad),
(#ii) (—a) a (=b) = aab
for all a,b € M and all a €T.

Proof (i) Let aa0py € M, a € M and a € T'. Then

a0y = aa (0p + 0pr)
= aalp; + aalyy.
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Let we consider — (aa0ps) € M. Hence

—(aa0ps) + ac0pr = — (aa0pr) + aclpr + aalps
= 0pr = 0 + aa0ps
= 0p = aa0yy.

Similarly, a0rb = 0j; and Op;aa = 0. Thus a0y = aOpb = 0praa = 0y .
(ii) For all a,b e M and all « € T,
aaOM = OM

= aa(b+(-b)) =0um
= aab+ (aa(=d)) = 0p.

Since (M,+) is a nearness group, there exists the near inverse of aab. Thus aa(—b) =
— (aad) from the near inverse element is unique. Similarly, (—a)ab = — (aabd). As a results,
ac (=b) = (—a) ab = — (aad) for all a,b € M and all a € T.

(iii) From (ii)

(—a)a(=b) = —(aa(=b)) = —(=(aab)),

for all a,be M and all a €T.

Since M is a nearness I'-ring, there exists the near inverse of aab, that is, —(aab) € M.

Hence
aab + (—(aabd)) = —(aab) + aab = 0y
Similarly,
—(aab) + [—(=(aab))] = —(=(aab)) + (—(aab)) = Onr.
Therefore
—(—(aab)) = —(—(aad)) + Ons

— —(~(aab)) + (~(aab)) + aab

=0p + aad

= aab

= —(—(aad)) =aad

for all a,b € M and all a € T'. Consequently, (—a) a(—b) = aabd. a

Definition 3.5 Let M,I' C O, M be a nearness I'-ring and K C M. If K is an additive abelian
nearness group and satisfy the conditions (NT'1) — (NT'3), K is called a subnearness I'-ring of

M.
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Theorem 3.6 Let M,I' C O, M be a nearness I'-ring, K C M and (NT (B)" K, —l—) be a

groupoid and N, (B)" K be an T -groupoid. Then K is a subnearness I -ring of M if and only if
—keK foral ke K.

Proof (=) Let K is a subnearness I'-ring of M. From Definition 3.5, (K,+) is a nearness
group and hence —k € K for all k € K.

(<) Let —k € K for all k € K. Since (N, (B)" K,+) is a groupoid, (K,+) is an abelian
nearness group from Theorem 2.6. Therefore, since N, (B)" K is an I'-groupoid and K C M,
kal € N, (B)" K and (kal) Bm = ka (I8m) property holds in N, (B)" K for all k,I,m € K and
all a, €. Forall k,l,m € K and all « €', k+1, kam, lam, kam+lam € N, (B)* K. Since
M is a nearness I'-ring, (k+ [)am = kam + lam property holds in N, (B)" K for all k,I,m € K
and all o € T'. Similarly, k(o + 8)! = kal + kBl and ka(l +m) = kal + kam properties hold in

N, (B)" K for all k,l,m € K and all o, 3 € I'. Consequently, K is a subnearness I'-ring of M.
O

Example 3.7 From Ezample 3.3, let K = {a10} be a subset of nearness T -ring M = {ap1,a10} .
Then

* _ U lal,
N(B)' K = [a],, N I?;éz

= {a003a027a107a42}~

Thus N, (B)" K is a groupoid with the binary operation “+1” and N, (B)" K is an T -
groupoid. Furthermore, since —ai1g = a19 € K, K is a subnearness I'-ring of M from Teorem

Theorem 3.8 Let M be a nearness I'-ring and Ky, Ko be two subnearness I' -rings of M . Let

(NT (B)*Kl,Jr), (NT (B)*Kg,Jr) be groupoids and N, (B)* K1, N, (B)" Ky be I -groupoids. If
(N, (B)" K1) N (N, (B)" K2) = N, (B)" (K1 N K3),

then K1 N Ky is a subnearness T -ring of M .

Proof Let K;, Ky be two subnearness I'-rings of M. Obviously, K1 N Ky C M. Since
(N- (B)" K1) N (N, (B)" K2) = N, (B)" (K1 N K3), N, (B)" (K1 NK>) is a groupoid and an I'-
groupoid from (N, (B)" K1,+), (N, (B)" K3,+) are groupoids and N, (B)" Ky, N, (B)" K are
I'-groupoids. Let & € K1 N Ky. Since K1, Ky be two subnearness I'-rings of M, —k € K; and

—k € Ko, that is, —k € K1 N Ky. As a results, K; N Ky is a subnearness I'-ring of M from

Teorem 3.6. O
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Corollary 3.9 Let M be a nearness I'-ring, {K; :i € A} be a nonempty family of subnearness

I -rings of M. Let (N, (B)" K;,+) be groupoids and N, (B)" K; be I -groupoids for all i € A. If
N ) K= 3 ()
i€A €A

then (| K; is a subnearness T -ring of M .
i€EA

Definition 3.10 Let M be a nearness T'-ring and I C M. I is called a left (right) nearness
T -ideal of M if the following properties satisfied:

(i) 2 +yeN, (BT,

(it) —x €1,

(iii) max € N, (B)* I (zam € N, (B)"I)

forall x,y eI, all a €T and all m € M. If I is both a left and a right nearness I -ideal,

then I is a nearness I -ideal of M .

Remark 3.11 There is only one trivial nearness 1" -ideal of nearness I -ring M , that is, M itself.

Moreover, {0p} is a trivial nearness T -ideal of M if and only if Opr € M .

Lemma 3.12 Let I be a nearness I -ideal of nearness I'-ring M . If N, (B)" I is a groupoid and

an I'-groupoid, then I is a subnearness I'-ring of M .

Proof It is obvious from Theorem 3.6. O

Example 3.13 From Ezample 3.3 and Fzample 3.7, let we consider nearness I'-ring M =
{ap1,a10} and subnearness U'-ring K = {ajo} € M. Then v +y € N, (B)"K, —z € K,
mazx € N, (B)" K and xzam € N, (B)" K for all z,y € K, all m € M and all « € T'. Therefore

K is a nearness I'-ideal of M from Definition 3.10.

Theorem 3.14 Let M be a nearness I'-ring and Iy, I be two nearness I'-ideals of M. Let
(N (B)" I, +), (N, (B)" I, +) be groupoids and N, (B)" I, N, (B)" Iy be I -groupoids. If

(NT (B)" 11) N (NT (B)* Ig) =N, (B)" (ILNI),
then I, N Iy is a nearness I -ideal of M .

Proof Let I, Io be two nearness I'-ideals of M. Obviously, Iy NI C M. Since I, Iy are

nearness I'-ideals,
r+y €N, (BT, —x €I and maz € N, (B)" I,

x+y €N, (B)" Iy, —x € Iy and max € N, (B)" I
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for all z,y € I; NI, all m € M and all @ € T'. Then z+y € (N, (B)"I,) N (N, (B)" ),
—x € I; NIy and maz € (N, (B)"I;) N (N, (B)"I). Since (N,(B)"I;)N (N, (B)" ) =

N, (B)" (I1 N 1),
r+y€eN, (B (I1NL), —x €l NIyand maz € N, (B)* (I; N 1)

forall x,y € 1 NIy, all m e M and all « € I'. Thus I; N I; is a left nearness I'-ideal of M .
Similarly, it is easily shown that I; N I is a right nearness I'-ideal of M. As a results,

I; N 15 is a nearness I'-ideal of M from Definition 3.10. O

Corollary 3.15 Let M be a nearness T'-ring, {I; :i € A} be a nonempty family of nearness

I -ideals of M. Let (N, (B)" I;,+) be groupoids and N, (B)"I; be I -groupoids for all i € A. If

N B 5= N6 (Nn).

iEA

then () I; is a nearness T'-ideal of M .
1€EA
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