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Abstract

Harmonic functions are a classic title in the class of geometric functions. Many researchers have studied these function classes from
past to present, and since it has a wide range of applications, it is still a popular class. In this study, we will examine harmonic
univalent functions, a subclass of harmonic functions. In this study, a subclass of harmonic univalent functions will be examined. Let
H denote the class of continuous complex-valued harmonic functions which are harmonic in the open unit disk U = {z € C : |z| < 1}
and let A be the subclass of H consisting of functions which are analytic in U. A function harmonic in U may be writtenas f = h+ g,
where h and g are analytic in U. We call h the analytic part and g co-analytic part of f. A necessary and sufficient condition for f to
be locally univalent and sense-preserving in U is that |h'(z)| > |g'(z)]| (see [3]). Throughout this paper, we will use introductory
notations and delineations of the (p, q)- calculus.

The aim of the present paper is to find connections between (p,q)-starlike harmonic univalent functions involving (p,q)-Poisson
distribution series.
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(p,q)-Poisson Dagilim Serisi igeﬁren Harmonik Yalinkat Fonksiyonlar
Uzerine

Oz

Harmonik fonksiyonlar, geometrik fonksiyonlar teorisinde klasik bir baghktir. Gegmisten giiniimiize bir ¢ok arastirmact Harmonik
fonksiyon siniflarin1 ve bu fonksiyonlarin genis uygulama alanlarini ¢alismiglardir. Bu konu giiniimiizde de hala popiilerligini
korumaktadir. Biz bu ¢alismada harmonic yalinkat fonksiyonlarin bir alt sinifin1 galisacagiz. Bu makalede harmonic fonksiyonlarin
bir alt smifin1 tanimlayacagiz. H, U ={ze€ C: |z| <1} agik birim disk olmak flizere; U diskinde kompleks degerli siirekli
fonksiyonlarin olusturdugu sinifi temsil etsin. A ise birim diskte analitik fonksiyonlarin olusturdugu ve H smifinin alt siifi olsun. Bir
fonksiyon U agik birim diskinde harmonik ise h ve g analitik fonksiyon olmak iizere f = h + g tipinde yazilabilir. Burada h
fonksiyonu f fonksiyonunun analitik kismi1 g ise co-analitik kismi olarak tanimlanir. f fonksiyonunun U birim diskinde yerel yalinkat
ve yon koruyan olmasi i¢in gerek ve yeter sart |h'(z)| > |g'(2)| olmasidir (bkz. [3]). Bu makale boyunca, (p, q)- hesabinin giris
notasyonlarini ve tasvirlerini kullanacagiz. Bu makalenin amaci, (p,q)-Poisson dagilim serilerini igeren (p,q)-y1ldiz benzeri harmonik
tek degerli fonksiyonlar arasindaki baglantilar1 bulmaktir.

Anahtar Kelimeler: Kompleks harmonik fonksiyonlar, univalent fonksiyonlar, (p,q)-hesabi, (p,q)-yildizil fonksiyonlar.
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1. Introduction

From the summary text, without loss of generality, we may
write

h@) =2+ ) atand g(2) = ) bz, (1
k=2 k=2

Let SH denote the class of functions f = h + g which are
harmonic, univalent and sense-preserving in U for which h(0) =
h'(0) —1=0=g(0). One shows easily that the sense-
preserving property implies that |b;| < 1. The subclass SH® of
SH consist of all functions in SH which have the additional
property b; = 0. Clunie and Sheil-Small [3] investigated the
class SH as well as its geometric subclasses and obtained some
coefficient bounds.

Indeed Conception of g-calculus is the post-quantum
calculus, denoted (p, q)-calculus. The (p, q)- integer was
introduced in order to give a conception or to unify several
forms of g-oscillator algebras, well known in the earlier physics
literature related to the representation proposition of single
parameter amount algebras [2]. Throughout this paper, we will
use introductory notations and delineations of the (p, q)- calculus
as follows: Let p > 0,q > 0. For any non-negative integer k, the
(p, q)-integer number k, denoted by [k],, , is

[k]pq = pi-da”
P—q

(k=123,..), [0],4 = 0.
The binary-introductory number is a natural conception of
the g- number, that is,

k

1-¢q
klg =—, k=123,..), 1.
[k]q 1-¢ ( ) q#*
Likewise, the (p, q)-differential operator of a function f,
analytic in U is defined by
f(pz) — f(q2)
Dyf(x) =222 ay,
pal -z ' P71
One can easily show that Dy, ,f(z) - f(z) as p » 17 and
q — 17. It is clear that g-integer and (p, q)-integers differs, that
is, we cannot obtain (p, q)-integers just by replacing q by g/p in

the definition of g-integers. Also, clearly lirrll_ lil‘{l_ [klpq =
q— p—
k. For details on g-calculus and (p,q)-calculus, one can refer to

[2,5,10].

z € U.

In 1990, Ismail et. al. [4] used g-calculus, in the theory of
analytic univalent functions by defining a class of complex
valued functions that are analytic on the open unit disk U with
the normalizations f(0) =0, f'(0) =1, and |f(q2)| < |f(2)|
on U for every q, g € (0,1). Motivated by these authors, several
inquiries used the proposition of analytic univalent functions and
g- calculus; for illustration see [8] and [9]. The g- difference
operator of analytic functions h and g given by (1) are by
description, given as follows [10].

e-ISSN: 2148-2683

h(pz) — h(qz)

DP:qh(Z) = (p - Q)Z ' and Dp,qg(z)
h'(0) ;2=0
9(pz) — g(q2)
" o-0z 7Y @
g'(0) ;2=0

Thus, for the function h and g of the form (1), we have

D, h(z) =1+ z:[k]p‘qakz"_1 and Dy, ,9(2)
k=2

= [k]p’qbkzk_l.
k=1

A harmonic function f = h + g defined by (1) is said to be
g-harmonic, locally univalent and sense-preserving in U denoted
by SH, 4, if and only if the second dilatation wy, ; satisfies the

condition

Dpq9()
Dy, qh(2)

<1 3)

|Wp.q(z)| =

where 0 < p,q <1 and z € U. Note that as p - 17 and
q — 17, SH, 4 reduces to the family SH (see [3]).

Denote by SHj ,(a) the subclass of SH,, consisting of
functions f of the form (1) that satisfy the condition

zDp qh(z) — ZDp,qg(Z)]
h(z) + g(z)
where is 0<p,gq<1, z€U, 0<a <1, D,zh(z) and

D, q9(z) are defined by (2) (see for details [1]). We will call
(p,q)-starlike harmonic functions of order a.

Define TSHy,(a) = SHy 4(a) NT where T consisting of
the functions f = h + g in SH, ; so that h(z) and g(z) are of
the form

4

h) = 2= ) lalz*,g(@) = ) Ibele*, Ibi|
k=2 k=1
<1. (6)

By suitably specializing the parameters, the class SHy ,(a)

reduce to the various subclasses of harmonic univalent functions.
Such as, ([6], [7], [9], [11]).

A variable x is said to (p,q)-Poisson Distribution if it takes
ey rt ept
p.q> [1lpq! p.q> [2]p,q! b.q>

the values 0,1,2,3, ... with probabilities e

..., respectively, where r a parameter and

X =1t al +oe a +
Pa = AL 2! [k, !
BN %
k=o[k]p'q!

is (p,q)-analogue of the exponential function e* and
[klpq! = 1] 4[2]pq - [k]p g

is (p,q)-analogue of the factorial function k! = 1.2.3 ...k.
Thus, for (p,q)-Poisson Distribution, we have
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k

r
Pz:q(x = k) = Wenz, k= 1,2,3,
p.q:
Now, we introduce a power series whose coefficients are
probabilities of the (p,q)-Poisson Distribution, that is

k1—r

e
Bq(2) = Z+Z —— P4k

1, 0 (z e U).

Note that, by using ratio test we conclude that the radius of
convergence of the above power series is infinity. Now, for
r,s > 0and 0 < p,q < 1, we introduce the analytic functions

kl—r

Prq(2) = Z+Z[k—1 Zk’ and PBj,(2)
“%z
Z+Z[k (8)

Let us define harmonic functions P »q and TP, q as

Pyi(2) = Bj,(2) + B, (Z) —z and TPhy,
=2z — Py ,(2) + B, (z) -z (9

It is clear that P, 7 € SH) ; and TPy, € T.

In this study, we define two functions P, and TP,; by
(p,q)-Poission Distribution and we aim to find the conditions for
these functions to belong to the class of (p,q)-harmonic
functions.

To demonstrate our theorem we will use the following
lemma.

Lemma 1. [1] Let f = h + g be given by (1). If for some
a (0 < a < 1) and the inequality

3 (ikh

k=2
<l-a

a)lakl +Z( klpq + a)lbk
(10)

is hold, then f is harmonic, sense-preserving, univalent in U

and f € SHp 4(a).

Remark 2. [1] Let f = h+ g be given by (6). Then f €
TSHy ,(a) if and only if the coefficient condition (10) is
satisfied.

2. Main Results
Theorem 3. If 7,5 >0,0<p,g<1,0<a<1 and the
inequality

P+ +5s) +e, r(l P4 r(1 D 4 —s(1 -p)

+ epS(l a)
<2(1-a)(1+epn)+2(1+)eys  (12)
is satisfied then P}; € SHyo(a).
Proof. Let 1,s>0,0<p,q<1,0<a<1. Referring

Lemma 1, It is sufficient to show that the inequality

k=1..—
s“ ey }
[k—1],q!

[ee)

Eﬁmm—a

k=2

kl—r

)[12_71]1:_ + ([k]p.q + 0‘)
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<l—-a

(13)
is satisfied to show that the function Pyq(z) = Pyq(2) +

P35 4(z) — z belongs to the class SH 9 () where Py 4 and Ps, are
given by (8). Then, using the inequality (7), we obtain

Z {([k rk= epq ([k] + a) ﬁ}
l]p,q' P - 1]p,q!

k=2
([P +a P +q" !
S
k=2 k—1,—
_Q:_@L
Lk = 2pa! k-1 4 k-1
1y k-
+<p U—1],,+7 q
2
+a> sk‘lep; }
[k — 1]pq
_ptq i rkle,
2 2[k 24
+Z( pk=1 4 gk=1 a) rk=1est
[k — 11,
+p + qz Sk—lez;z .\ i (pk—l + gkt .\ a) Sk—1e£;
2 Llk=2,, 4 2 k=1,
z(p+q)rep'.22 rt +}e_rz (pr)*
2 ! [klpq! 2774 o [k]pq!
> (qr)* ok
b3t Y o —aesh Y
2 k=1 k]! k=1 Lelp.q
(p+q Sepf,z s* N e_sz (ps)*
2 L [klpq! 2P Lk
1 2 (gs)*
*3 Y
k;l[ ]p,q
+ae,? Z s*
p.q L [k]pq'
pt+q
= > r+§ pq(e —1)+—e (e )
p+ q
“epq(epq
e 1)+—e a(epg—1)
+ aezj_fl(ezj_q 1).
Therefore, inequality (13) holds true if
P+ +9) 1 sap L a1 —sap
2 Eepq t 5% t 5%
1 -s(1-q)
+E€p,q

—1-a)e,g—(1+a)e,g<1-a

which is equivalent to (12). Thus, the proof of Theorem 3.

1050



European Journal of Science and Technology

Corollary 4. If r,5 > 0,0 <p,q < 1,0 < a < 1, then the
function TP, defined by (9) belongs to the class TSH, g () if
and only if satisfied inequality (12).

4. Conclusions and Recommendations

The novelty of the above results consists in the fact that
using some recent results we found sufficient conditions such
that the function P;; defined by (9) belongs to the class

SHy9 (a).

Moreover, for appropriate choices of the parameters we
found a few interesting special cases of the above main results.

Finally, new subclass analysis can be done using this
method in the future
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