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Abstract

Consider an integer sequence counting the number of subsets of S of the set {1,2, . .. ,n} containing no three consecutive even
integers. The sequence is associated with the Tribonacci sequence. Furthermore, we investigate some basic properties of the sequence.
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[n] Kiimesinin Ardisik U¢ Cift Tam Say1 Icermeyen Alt Kiimelerinin
Sayisi
Oz
{1,2, ... ,n} kimesinin ardigik ii¢ ¢ift tam say1 icermeyen S alt kiimelerinin sayisini veren tam say1 dizisini alalim. Bu dizi

Tribonacci say1 dizisi ile iligkilendirildi. Ayrica dizinin bazi temel 6zellikleri incelendi.

Anahtar Kelimeler: Tribonacci sayilari, rekiirans baginti, ardisik ¢ift sayilar, lirete¢ fonksiyon, combinatoryal gosterim.
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1. Introduction

Fibonacci sequence and similar integer sequences are used in
many fields from engineering to art. The Tribonacci numbers are
a generalization of the Fibonacci numbers. Some properties of
Tribonacci numbers are given in [1, 3, 5, 6, 9, 10].

The Tribonacci sequence (Ty,)pso is defined by the third-
order recurrence relation:

Ty =Tyt T+ Ths
T0=0,T1=1,T2=1 (1)
In [7] the Binet’s formula for the Tribonacci sequence is
given by
an+1 n+1 n+1
_ N B N Y
(a=P)a-y) B-a@B-y) F-a)¥-B)
2

where a, § and y are roots of the cubic equation x3 — x2 — x —
1=0,ie.,

Tn

14 Y19 +3V33 + V19— 3V33
a = )

3

1+ V19 +3V33 + w?V19 - 3V33

B = 3 :
1+ w?V19+3V33 + w19 — 3V33

y - 3 )
—1+iV3 . . .

where w = is a primitive cube root of unity.
“The number of subsets S of the set [n]={1,2, ... ,n}

k)

such that S contains no three consecutive integers.” can be
expressed in terms of the Tribonacci numbers. The answer is T,
by obtaining a recurrence by considering those subsets S which
do or do not contain the first element ‘1’. By taking consecutive
even integers instead of consecutive integers, we consider the
following counting problem:

What is the number of subsets S of the set [n]=
{1,2, ... ,n} such that S contains no three consecutive even
integers? In this paper, we denote the sequence by (bp)nso
corresponding to the counting problem.

After obtaining recursive definition of the sequence (a;,,)ns0,
we give the generating function, the closed form formula, the
combinatorial representation and limit of the ratios of consecutive
terms of the sequence.

2. Main Results

2.1. Recursive definition of the sequence

Let’s write subsets S of the set [n]={1,2, ... ,n} such
that S contains no three consecutive even integers for some small
n values:
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It’s clear that for n < 6, b, = 2™. Since there are no three
consecutive even integers for n < 6. Hence, we get the initial
conditions:

bozl, b1=2,b2=4,b3=8,b4:16,b5:32

For n = 6, there are 26 — 23 = 56 subsets of the set {1, 2, 3,
4,5,6} such that S contains no three consecutive even integers.
Hence, b, = 56.

Consider subsets counted by b,,. Let’s find a recurrence for the
sequence (b,,),so- FOr n > 5 there are the following cases for the
subsets:

1) The number of subsets not containing 2 as an element is
2b,_5.
2) The number of subsets which contain 2, but don’t
contain 4, is 4b,,_,.
3) The number of subsets which contain 2 and 4, but don’t
contain 6, is 8b,,_g.
This gives a recurrence

b, = 2b,_, + 4b,_, + 8b,_q. 3)

2.2. Generating function and the Binet formula of
the sequence

Let the generating function associated to the sequence
(b)) nso be the formal power series

F(x) = z b,x™.

nz0

To find F (x), multiply both sides of the recurrence relation (3) by
x™ and sum over the values of n for which the recurrence is valid,
namely, over n > 6. We get,

z byx™ = Z 2b, ,x" + Z 4b, X" + Z 8b,_ox™  (4)

nz6 nz6 nz6 n6

Then try to relate these sums to the unknown generating function
F(x). We have,

Z b,x™ =F(x)— by — b;x — byx? — byx3—b,x* — bsx®

nz6

=F(x)—1—-2x —4x? — 8x3 — 16x* — 32x°

Z 2b,_,x™ = 2x? Z by_px™ 2

nze6 nze6
= 2x%(F(x) — bg — byx — byx? — b3x?3)

=2x%(F(x) —1—2x — 4x? — 8x%)
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Z 4b,_,x™ = 4x4z b_ax"* = 4x*(F (x) — by — byx)
nz6 n=6

=4x*(F(x) — 1 —2x)
z 8b,_cx" = 8x° Z b,_ex™ % = 8x°F(x)
nz6 nze6

If we write these results on the two sides of (4), we find

F(x)—1—2x — 4x? — 8x3 — 16x* — 32x5

=2x%2(F(x) —1—2x — 4x? — 8x3) + 4x*(F(x) — 1 — 2x)
+ 8x°F (x).

Which is trivial to solve for the unknown generating function
F(x) in the form

14 2x + 2x2% + 4x3 + 4x* + 8x°
1—2x2 —4x* — 8x°6

F(x) = (5)

Theorem 1. For n € N, let b,, be the number of subsets of S of
the set [n]=1{1,2, ... ,n} containing no three consecutive
even integers. Then we have the following formulas for the
subsequences of (b,)ns0

bon = 2"Th42, (6)
bans1 = 2" Ty (7)
where T, is the nth Tribonacci number defined by (1).

Proof. If A(x) is the generating function for even terms of the
sequence (b,,)ns0, then it is clear that A(x) = %(F(x) + F(—x)).
Substituting (5) we get,

1+ 2x?% + 4x*
— 2x2% — 4x* — 8x°

A =7 ®

Substituting u = 2x? in (8) we have,
1+u+u?
Aw) =7—————+.
W 1—u—u?-ud
The generation function of the Tribonacci sequence with initial
conditions Ty = 1,T; = 1,T, = 2is
1
1—-x—x2—x3"
(1,1,2,4,7,13,24 ) ! 9
Ce o
P R R Y B ] ) y 1_x_x2_x3 ()

Now let’s right- shift the sequence (9) by adding land 2 leading
zeros respectively:

X
1,1,2,4,7,13,24, . .. S
(0’1 ) ) 17’ 3’ ) ) H 1_x_x2_x3
x2
0,0,1,1,2,4,7,13,24, ...) o

1—x—x2—x3
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Let’s try to obtain the generating function A(x) using the
generating functions of the Tribonacci sequences given in terms
of initial conditions:
Aw) = (1 +u+2u? + 4ud+ .. . +T, u+...)
+(0 +u +u? + 2ud+...+T,u"+...)
+(0+0u+u?+u+...+T,_u™+...)
A) = (1 + 2u +4u? + 7ul+ .. +T . u"+...)
Alx) = (1+202x3) +42x?)%+ 7(2x?)3 +. ..
+The (X +. . .)
A(x) =14+ 2.2x% +4.2%2x* +7.23x% +. ..
+Tpi0. 2"x% 4. . )

Since A(x) is the generating function for even terms of the
sequence (by)p=0, We have

bop = 2"y
where T,, is the Tribonacci numbers with initial conditions;
TO =O,T1 == 1,T2 = 1.

If B(x) is the generating function for odd terms of the sequence
(Br)nso- then it s clear that B(x) = ~(F(x) — F(—x)). Similarly
using (5) and generating function method, for n > Owe have

bans1 = 2" Ty
The proof is completed.

Corollary 1. For n € N, let a,, be the number of subsets of S of
the set [n] = {1,2, ... ,n}including no three consecutive even
integers. Then we have the following closed form formula

=
b, =2lz Tln_HJ .
2
where T,, is the nth Tribonacci number, [n] is the floor of n.

Proof. Using Theorem 1, we can write piecewise defined
sequence (b, )pnso asfollows:

n
22Tn+a , if n is even
b _ 2
n= ) _nt
22 Tnts , ifnis odd
2

Then it is easy to see that

= 25T e

b, =2 Tnss.

2.3. Obtaining Binet formula of the sequence with
combinatorial approach

Let’s try to find formulas respectively for the subsequences
(b2n)n=0 and (by,_1)ns1 of the sequence (by,)pnso- Let’s consider
theset, M = {1,2,3, ... ,2n}. Foreveryn € N, let a,,, be the
number of subsets of S of the set M ={1,2,3, ...,2n}
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containing no three consecutive even integers. First, we separate
the set M into two disjoint subset S; = {1, 3, 5, ,2n — 1}
and S, = {2, 4, 6, , 2n}. First notice that, counting subsets
from S, including no three consecutive even integers is
equivalent to counting subsets from {1, 2, ,n} including no
three consecutive integers. Hence there are T, , subsets where T,
is the Tribonacci numbers defined by (1). The number of subsets
of S; include no three consecutive even integers is equal to 2"
since all elements of S; are odd integers. Using multiplication
principle, the total number of subsets of M containing no three
consecutive even integers is 2™ T}, ,. Hence, we have

bZn = 2nTn+2-

Considering the set, M = {1, 2,3,
same counting technique we have

,2n + 1} and using the

— on+1
Aznt1 = 2" Thya.

2.4. The combinatorial representation of the
sequence

The explicit formula of Tribonacci sequence is given in [4] by the

Y SOC)

Using (6), (7) and (10) we have the combinatorial representation
of the sequence (b,)ns0

e Y SOz oo

i=0 j=

(10)

ln+1

+1-i—
b =23 S () )z

i=0 j=

(12)

Writing combinatorial identity for 2™ and using (11) and (12) we

=30 Y SO0 v

i=0 j=
TL+1
n+1
n+1 n+1—L—]
e =3 (1) Y YO ). nzo0.
k=0 i=0 j=0

2.5. Limit of the ratios of consecutive terms of the
sequence

It’s well known that the limit of the ratio of two consecutive
Fibonacci numbers is the Golden Ratio. A similar relationship
occurs for the Tribonaccci numbers.

T
Define the sequence x, = =
T,

for n>1and limx, =1

n—-oo

exist. Using (1) for n = 3 we have

e-ISSN: 2148-2683

X = Tn—Z + Tn—l + Tn — Tn—2 + Tn—l +1
" Ty T, Ty '
Typ1 Ty Th_

Xy = n-1-4n-2 n 1+1'

Tn—l Tn Tn
1 1 1
Xp = KT + T—+ 1,

Th-2 Tn- Th-1

LI S S (13)
Xp = .
" Xn-2 Xn-1 Xn-1

Taking the limit of both sides of (1), we obtain L = le + % +1.

Then L3 — L? — L — 1 = 0. We know that the terms of values of
T, are real-valued and positive. From (13) we know that

_1+V19+3v33 + V19 - 3v33
B 3

is the only real-valued root of the equation L3 — L2 — L — 1 = 0.

Therefore,

oy T _ 1+ V19 +3v33 + Y19 - 3V33
nl—l?o T, N 3

~ 1.839286755. (14)

1+3/19+3v33+319-3v33

For any positive integer k and a = . the
following limit is obtained in [1].
T,
lim =% = gk (15)

n—-oo n

Corollary 2. For n € N, let b,, be the number of subsets of S of
the set [n] = {1, 2, ,n } including no three consecutive even
1ntegers Then we have the following results:

. b2n+1
lim

n—-oo

=2 (16)

2n

o a1+ V19 +3v33 + Y19 -3V33
m = )
n=>% Prn-1 3

a7

Proof. (16) is an immediate consequence of (6) and (7). (17) is
implied by (6), (7) and (14).

Corollary 3. For n € N, let b, be the number of subsets of S of
the set [n] = {1, 2, ,n } including no three consecutive even
mtegers Then we have the following limit:
b
lim =22k = pk-1gk (18)

n=>% Dan+1

3 3
1+V19+3v33+/19-3v33

where k is a positive integer and a = .

Proof. (18) is an immediate consequence of (6), (7) and (15).
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3. Conclusions

In this paper, we first obtained recursive formula of the
sequence (b,)n=o Which counts the number of subsets of S of the
set [n]={1,2, ...,n} including no three consecutive even
integers. Then we had the closed form formula of the sequence
(byp)nso using the generating function method and combinatorial
approach. The combinatorial representation and limit of the ratio
of consecutive terms of the sequence are obtained.
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