
Advances in the Theory of Nonlinear Analysis and its Applications 7 (2023) No. 1, 103�120.
https://doi.org/10.31197/atnaa.1130743

Available online at www.atnaa.org

Research Article

On Nonlinear Periodic Problems with Caputo's

Exponential Fractional Derivative

Mohamed Chohria, Soufyane Bouriahb, Abdelkrim Salimc, Mou�ak Benchohrad

aDepartment of Mathematics, University of Oran1 Ahmed Ben Bella, Oran, Algeria.
bDepartment of Mathematics, University Hassiba Benbouali of Chlef, Chlef, Algeria.
cFaculty of Technology, Hassiba Benbouali University, Chlef, Algeria.

Laboratory of Mathematics, University of Sidi Bel-Abbes, Bel-Abbes, Algeria.
dLaboratory of Mathematics, University of Sidi Bel-Abbes, Bel-Abbes, Algeria.

Abstract

In this article, we employ Mawhin's theory of degree of coincidence to provide an existence result for a class
of problems involving non-linear implicit fractional di�erential equations with the exponentially fractional
derivative of Caputo. Two examples are provided to demonstrate the applicability of our results.
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1. Introduction

Fractional calculus is a generalization of ordinary di�erentiation and integration to arbitrary order. For
additional information check, for example, the books ([1, 2, 8, 9, 33]), the papers [12, 15, 17, 22, 25, 26, 38,
37, 36, 35, 3, 4, 5, 6, 7] and the references therein.

Fractional di�erential equations have emerged naturally in a variety of �elds in recent years including
fractals, chaotic dynamics, modeling and control theory, signal processing, bio-engineering and biomedi-
cal applications, and so on. Fractional derivatives are an ideal tool for describing memory and heredi-
tary characteristics of diverse materials and processes. We recommend that the reader examine the books
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[10, 11, 21, 23, 24, 27, 31, 32, 34, 20] and the references therein.

In [18], the authors considered the following fractional-order equations with a new boundary value con-
dition in Rn :

cDα
0+u(t) = f

(
t, u(t), cDα−1

0+ u
)
, t ∈ (0, 1),

u(0) = Bu(ξ), u(1) = Cu(η),

where 0 < η, ξ < 1, 1 < α ⩽ 2;B,C are two n-order nonzero square matrices, cDα
0+ represents the Caputo

di�erentiation, and f : [0, 1]× R2n → Rn satis�es Carathéodory conditions.
In [14], the authors investigated some existence result for periodic solutions to the following nonlinear

implicit fractional di�erential equations with Caputo fractional derivatives:{
cDαφ(ϑ) = Ψ (ϑ, φ(ϑ), cDαφ(ϑ)) , ϑ ∈ Ξ := [0,Θ],Θ > 0, 0 < α ≤ 1,

φ(0) = φ(Θ),

where Ψ : Ξ× R× R → R is a continuous function. They based their arguments on the coincidence degree
theory.

In [16], Bouriah et al. considered the following nonlinear pantograph fractional equation with ψ-Caputo
fractional derivative: {

cDα;ψ
0+
φ(ϑ) = Ψ(ϑ, φ(ϑ), φ(εϑ)), ϑ ∈ Ξ := [0,Θ],

φ(0) = φ(Θ),

where cDα;ψ
0+

denotes the ψ-Caputo fractional derivative of order 0 < α < 1, ε ∈ (0, 1), and Ψ : Ξ×R×R → R
is a continuous function.

The authors of [19] studied the nonlinear problem:{
HDα,β;ψ

0+
φ(ξ) = F

(
ξ, φ(θξ), Iα,ψ

0+
φ(εξ)

)
, ξ ∈ (0,Θ],

I1−v,ψ
0+

φ(0) = I1−v,ψ
0+

φ(Θ),

where HDα,β;ψ
0+

denote the ψ-Hilfer fractional derivative of order 0 < α ≤ 1 and type β ∈ [0, 1]. I1−v,ψ
0+

is
the ψ-Riemann-Liouville fractional integral of order 1 − v, (v = α + β − αβ) and θ, ε ∈ (0, 1]. Moreover,
F : J× R2 → R is given continuous function.

Motivated by the mentioned papers, in this paper, we are concerned with the existence of solutions for
the following nonlinear fractional di�erential equation:

e
cD

δ
κ1+

φ(ϑ) = g(ϑ, φ(ϑ), ecD
µ
κ1+

φ(ϑ)), ϑ ∈ Ξ := [κ1, κ2], (1)

with the periodic conditions:

φ(κ1) = φ(κ2) and eD1
κ1+

φ(κ1) =
eD1

κ1+
φ(κ2), (2)

where e
cD

δ
κ1+

and e
cD

µ
κ1+

are the Caputo's exponential fractional derivative of orders 1 < δ ≤ 2 and 0 < µ ≤ 1,
g : Ξ× R× R −→ R is a continuous function.

The following is how this paper is arranged. In Section 2, several remarks are introduced, and some
introductory concepts concerning fractional calculus and auxiliary results are addressed. Section 3 presents
proof of the main result utilizing Mawhin's degree of coincidence. Finally, two examples are provided in
the last section to demonstrate the applicability of our results. Our �ndings are mostly based on papers
[13, 14, 16, 19], where we employed the coincidence degree theory.
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2. Preliminaries

This section introduces the notations and de�nitions that will be utilized throughout the study. Let
Ξ := [κ1, κ2] such that −∞ < κ1 < κ2 < +∞.

By C(Ξ) := C(Ξ,R), we denote the Banach space of all continuous functions φ from Ξ into R with the
supremum norm

∥φ∥∞ = sup {|φ(ϑ)| : ϑ ∈ Ξ} .

By L1(Ξ) we denote the space of Lebesgue-integrable functions φ : Ξ → R with the norm

∥φ∥L1 =

∫ κ2

κ1

|φ(ϑ)|dϑ.

As usual, AC(Ξ) denote the space of absolutely continuous function from Ξ into R. We denote by ACn
e (Ξ)

the space de�ned by

ACn
e (Ξ) :=

{
φ : Ξ → R : eDn−1φ(ϑ) ∈ AC(Ξ), eD = e−ϑ

d

dϑ

}
,

where n = [δ]+1 and [δ] is the integer part of δ. In particular, if 0 < δ ≤ 1 then n = 1 and AC1
e (Ξ) := ACe(Ξ).

De�nition 2.1 ([29]). The exponential type fractional integral of order δ > 0 of a function g ∈ L1(Ξ) is

de�ned by

eJδκ1+g(ϑ) =
1

Γ(δ)

∫ ϑ

κ1

(eϑ − eϱ)δ−1g(ϱ)eϱdϱ, for each ϑ ∈ Ξ.

De�nition 2.2 ([29]). Let δ ≥ 0 and g ∈ ACn
e (Ξ). The exponential derivatives of Riemann-Liouville type of

order δ > 0 is de�ned by

(eDδ
κ1+

g)(ϑ) :=
1

Γ(n− δ)

(
e−ϑ

d

dϑ

)n ∫ ϑ

κ1

(
eϑ − eϱ

)n−δ−1
g(ϱ)eϱdϱ, ϑ ∈ Ξ,

where n = [δ] + 1 and [δ] denotes the integer part of the real number δ.

De�nition 2.3 ([29]). Let δ ≥ 0 and g ∈ ACn
e (Ξ). The Caputo's exponential type fractional derivatives of

order δ is de�ned by

(ecD
δ
κ1+

g)(ϑ) =
1

Γ(n− δ)

∫ ϑ

κ1

(
eϑ − eϱ

)n−δ−1
(
e−ϑ

d

dϑ

)n

g(ϱ)
dϱ

e−ϱ
,

for each ϑ ∈ Ξ.

Properties 2.4 ([29]). If γ, β > 0, then for each ϑ ∈ Ξ we have

1. eJγ
a+
(eϑ − ea)β = Γ(β+1)

Γ(γ+β+1)(e
ϑ − ea)γ+β .

2. eJγ
a+
(c) = (eϑ−ea)γ

γ .

3. eDγ
a+
(eϑ − ea)β = Γ(β+1)

Γ(β−γ++1)(e
ϑ − ea)β−γ .

Lemma 2.5 ([29]). Let γ > 0 and h ∈ ACn
e (Ξ). Then,

eJγ
a+
(ecD

γ
a+
h(ϑ)) = h(ϑ)−

n−1∑
i=0

(eϑ − ea)i

i!
eDih(a),

where n = [γ] + 1.
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Lemma 2.6 ([29]). Let γ > 0. Then, the di�erential equation:

e
cD

γ
a+
h(ϑ) = 0,

has a solution:

h(ϑ) = ϖ0 +ϖ1(e
ϑ − ea) +ϖ2(e

ϑ − ea)2 + . . .+ϖn−1(e
ϑ − ea)n−1,

where ϖi ∈ R, i = 1, . . . , n are constants and n = [γ] + 1.

We shall provide de�nitions and the coincidence degree theory, both of which are required for demon-
strations of our outcomes. For more information, see [28].

De�nition 2.7 ([28]). Let Ω and Θ be normed spaces. The linear operator K : Dom(K) ⊂ Ω → Θ is called

a Fredholm operator of index zero where

a) dim kerK = codimImgK < +∞.

b) ImgK is a closed subset of Θ.

De�nition 2.7 implies the existence of continuous projectors Ψ : Θ → Θ and Υ : Ω → Ω verifying

ImgK = kerΨ, kerK = ImgΥ, Θ = ImgΨ⊕ ImgK, Ω = kerΥ⊕ kerK.

Then, the restriction of K to DomK ∩ kerΥ, denoted by KΥ, is an isomorphism onto its image.

De�nition 2.8 ([28]). Let G ⊆ Ω be a bounded subset and K be a Fredholm operator of index zero with

DomK ∩G ̸= ∅. Then, S : G → Θ is said to be K−compact in G if

a) ΨS : G → Θ is continuous and ΨS
(
G
)
⊆ Θ is bounded.

b) (KΥ)
−1 (id−Ψ)S : G → Ω is completely continuous.

Lemma 2.9 ([30]). Let Ω, and Θ be Banach spaces, G ⊂ Ω a bounded open set and symmetric with 0 ∈ G.
Assume that K : DomK ⊂ Ω → Θ is a Fredholm operator of index zero with DomK ∩G ̸= ∅ and S : Ω → Θ
is a K−compact operator on G. Moreover,

Kµ− Sµ ̸= −ε(Kµ+ S(−µ)),

for any µ ∈ DomK ∩ ∂G and any ε ∈ (0, 1], where ∂G is the boundary of G with respect to Ω. If these

requirements are met, then there exist at least one solution of Kµ = Sµ on DomK ∩G.

3. Existence of Solutions

We consider the Banach space

Ω = {φ ∈ C(Ξ,R) : φ(ϑ) = eJδκ1+η(ϑ) : η ∈ C(Ξ,R), ϑ ∈ Ξ},

with the norm
∥φ∥Ω = max{∥φ∥∞, ∥ecDδ

κ1+
φ∥∞, ∥ecD

µ
κ1+

φ∥∞}.

More details can be found in [16, 13].
Consider the Banach space Θ = C(Ξ,R) with the norm

∥η∥Θ = sup{|η(ϑ)| : ϑ ∈ Ξ}.

Consider the linear operator K : DomK ⊆ Ω → Θ by

Kφ := e
cD

δ
κ1+

φ, 1 < δ < 2, (3)
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where

DomK =
{
φ ∈ Ω : ecD

δ
κ1+

φ ∈ Θ;φ(κ1) = φ(κ2)

and eD1
κ1+

φ(κ1) =
eD1

κ1+
φ(κ2)

}
.

De�ne Φ : Ω → Θ by

Φφ(ϑ) := g
(
ϑ, φ(ϑ),ec D

µ
κ1+

φ(ϑ)
)
, ϑ ∈ Ξ and 0 < µ < 1. (4)

Then the problem (1)-(2) can be rewritten as Kφ = Φφ.

Lemma 3.1. Let K be de�ned by (3). Then,

kerK = {φ ∈ Ω : φ(ϑ) = φ(κ1), ϑ ∈ Ξ}

and

ImgK =

{
ω ∈ Θ :

1

Γ(δ − 1)

∫ κ2

κ1

(eκ2 − eϱ)δ−2ω(ϱ)eϱdϱ = 0

}
.

Proof. By Lemma 2.6, for ϑ ∈ Ξ, Kφ(ϑ) = e
cD

δ
κ1+

φ(ϑ) = 0 has the following solution

φ(ϑ) = ϖ0 +ϖ1(e
ϑ − eκ1); ϑ ∈ Ξ,

where ϖ0 = φ(κ1) and ϖ1 =
eD1

κ1+
φ(κ1).

Since φ ∈ DomK, we can get that
φ(ϑ) = φ(κ1), ϑ ∈ Ξ.

Then,
kerK = {φ ∈ Ω : φ(ϑ) = φ(κ1), ϑ ∈ Ξ}.

For ω ∈ ImgK, there exists φ ∈ DomK such that ω = Kφ ∈ Θ. By Lemma 2.5, we have for each ϑ ∈ Ξ

φ(ϑ) = φ(κ1) +
eD1

κ1+
φ(κ1)(e

ϑ − eκ1) +
1

Γ(δ)

∫ ϑ

κ1

(eϑ − eϱ)δ−1ω(ϱ)eϱdϱ.

Then,

eD1
κ1+

φ(ϑ) = eD1
κ1+

φ(κ1) +
1

Γ(δ − 1)

∫ ϑ

κ1

(eϑ − eϱ)δ−2ω(ϱ)eϱdϱ.

Since φ ∈ DomK, we can get that ω satis�es

1

Γ(δ − 1)

∫ κ2

κ1

(eκ2 − eϱ)δ−2ω(ϱ)eϱdϱ = 0.

On the other hand, suppose ω ∈ Θ and satis�es∫ κ2

κ1

(eκ2 − eϱ)δ−2ω(ϱ)eϱdϱ = 0.

Then, we get
ω(ϑ) = e

cD
δ
κ1+

φ(ϑ)

and
eD1

κ1+
φ(ϑ) = eJδ−1

κ1+
ω(ϑ).

Therefore,
φ(κ1) = φ(κ2)
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and
eD1

κ1+
φ(κ1) =

eD1
κ1+

φ(κ2),

which implies that φ ∈ DomK. Thus, ω ∈ ImgK.
Then, we have

ImgK =

{
ω ∈ Θ :

∫ κ2

κ1

(eκ2 − eϱ)δ−2ω(ϱ)eϱdϱ = 0

}
.

Lemma 3.2. Let K be de�ned by (3). Then, K is a Fredholm operator of index zero, and the linear continuous

projector operators ψ1 : Ω → Ω and ψ2 : Θ → Θ can be de�ned as

ψ1η(ϑ) = η(κ1) +
eD1

κ1+
η(κ1)(e

ϑ − eκ1)

and

ψ2v(ϑ) =
δ − 1

(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2v(ϱ)eϱdϱ.

Furthermore, the operator K−1
ψ1

: ImgK → Ω ∩ kerψ1 can be given by

K−1
ψ1

(v)(ϑ) = eΞδκ1+v(ϑ).

Proof. Clearly, Imgψ1 = kerK and ψ2
1 = ψ1. It follows for each η ∈ Ω, η = (η − ψ1η) + ψ1η that Ω =

kerψ1 + kerK.
Also, we have kerψ1 ∩ kerK = 0. Therefore,

Ω = kerψ1 ⊕ kerK.

Similarly, for each v ∈ Θ, ψ2
2v = ψ2v and v = (v − ψ2(v)) + ψ2(v), where (v − ψ2(v)) ∈ kerψ2 = ImgK.

Since ImgK = kerψ2 and ψ2
2 = ψ2, then Imgψ2 ∩ ImgK = 0. Thus,

Θ = ImgK ⊕ Imgψ2.

Hence,
dim kerK = dimImgψ2 = codimImgK,

which implies that K is a Fredholm operator of index zero.
We will demonstrate that K−1

ψ1
= eJδκ1+ is the inverse of K|DomK∩kerψ1 . In fact, for v ∈ ImgK, we have

KK−1
ψ1

(v) = e
cD

δ
κ1+

(
eJδκ1+v

)
= v. (5)

Furthermore, for η ∈ DomK ∩ kerψ1 we get

K−1
ψ1

(K(η(ϑ))) = eJδκ1+
(
e
cD

δ
κ1+

η(ϑ)
)
= η(ϑ)− η(κ1)− eD1

κ1+
η(κ1)(e

ϑ − eκ1).

Since η ∈ DomK ∩ kerψ1, then η(κ1) = 0 and eD1
κ1+

η(κ1) = 0. Therefore,

K−1
ψ1

(K(η(ϑ))) = η(ϑ). (6)

Combining (5) with (6), we know that K−1
ψ1

= (K|DomK∩kerψ1)
−1 .

In the sequel we need the following hypotheses:

(T1) There exist constants ϖ,ϖ > 0 such that

|g(ϑ, p, q)− g(ϑ, p̄, q̄)| ≤ ϖ|p− p̄|+ϖ|q − q̄| for ϑ ∈ Ξ, and p, p̄, q, q̄ ∈ R.
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(T2) There exist constants γ > 0 and γ ≥ 0 such that

|g(ϑ, η1, η2)− g(ϑ, η̄1, η̄2)| ≥ γ|η1 − η̄1| − γ|η2 − η̄2|,

for ϑ ∈ Ξ and η1, η̄1, η2, η̄2 ∈ R.

Lemma 3.3. Assume that the condition (T1) is veri�ed. Then, the operator Φ is K-compact on any bounded

open set S ⊂ Ω.

Proof. Let S = {η ∈ Ω : ∥η∥Ω < K} be a bounded open set where K > 0.
Claim 1: ψ2Φ is continuous.

Let (ηn)n∈N be a sequence such that ηn −→ η in Ω. Then for each ϱ ∈ Ξ, we have

|ψ2Φ(ηn)(ϱ)− ψ2Φ(η)(ϱ)|

≤ δ − 1

(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2|Φ(ηn)(ϱ)− Φ(η)(ϱ)|eϱdϱ.

By (T1), we have

|ψ2Φ(ηn)(ϱ)− ψ2Φ(η)(ϱ)|

≤ ϖ(δ − 1)

(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2|(ηn)(ϱ)− (η)(ϱ)|eϱdϱ

+
ϖ(δ − 1)

(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2|ecDµ
κ1(ηn)(ϱ)−

e
cD

µ
κ1(η)(ϱ)|e

ϱdϱ

≤ (δ − 1)(ϖ +ϖ)∥ηn − η∥Ω
(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2eϱdϱ

≤ (ϖ +ϖ)∥ηn − η∥Ω.

Thus, for each ϱ ∈ Ξ, we get

|ψ2Φ(ηn)(ϱ)− φ2Φ(η)(ϱ)| −→ 0 as n −→ +∞,

and hence,
∥ψ2Φ(ηn)(ϱ)− ψ2Φ(η)(ϱ)∥Θ −→ 0 as n −→ +∞.

Thus, ψ2Φ is continuous.

Claim 2: ψ2Φ(S) is bounded
For each η ∈ S and ϑ ∈ Ξ, we have

|ψ2Φ(η)(ϑ)|

≤ δ − 1

(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2eϱ|g(ϱ, η(ϱ), ecDµ
κ1η(ϱ))|dϱ

≤ δ − 1

(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2eϱ|g(ϱ, η(ϱ), ecDµ
κ1η(ϱ))− g(ϱ, 0, 0)|dϱ

+
δ − 1

(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2eϱ|g(ϱ, 0, 0))|dϱ

≤ g∗ +
δ − 1

(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2eϱ
(
ϖ|η(ϱ)|+ϖ|ecDµ

κ1η(ϱ)|
)
dϱ

≤ g∗ +K(ϖ +ϖ),
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where g∗ = sup
ϑ∈J

|g(ϑ, 0, 0)|. Thus,

∥ψ2Φ(η)∥Θ ≤ g∗ +K(ϖ +ϖ) := R.

This show that ψ2Φ(S) is a bounded set in Θ.

Claim 3: We show that K−1
ψ1

(id− ψ2)Φ : S → Ω is completely continuous.

In view of the Ascoli-Arzela theorem, we need to prove that K−1
ψ1

(id − ψ2)Φ(S) ⊂ Ω is equicontinuous and

bounded. First, for each η ∈ S and ϑ ∈ Ξ, we have

K−1
ψ1

(id− ψ2)Φη(ϑ)

= K−1
ψ1

(Φη(ϑ)− ψ2Φη(ϑ))

= eJδκ1+

[
g(ϑ, η(ϑ), ecD

µ
κ1+

η(ϑ))

− δ − 1

(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))eϱdϱ

]

=
1

Γ(δ)

∫ ϑ

κ1

(eϑ − eϱ)δ−1g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))eϱdϱ

− (δ − 1)(eϑ − eκ1)δ

Γ(δ + 1)(eκ2 − eκ1)δ−1

×
∫ κ2

κ1

(eκ2 − eϱ)δ−2g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))eϱdϱ.

In one hand, for each η ∈ S and ϑ ∈ Ξ, we have

|K−1
ψ1

(id− ψ2)Φη(ϑ)|

≤ 1

Γ(δ)

∫ κ2

κ1

(eκ2 − eϱ)δ−1|g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))− g(ϱ, 0, 0)|eϱdϱ

+
1

Γ(δ)

∫ κ2

κ1

(eκ2 − eϱ)δ−1|g(ϱ, 0, 0)|eϱdϱ

+
(δ − 1)(eκ2 − eκ1)δ

Γ(δ + 1)(eκ2 − eκ1)δ−1

×
∫ κ2

κ1

(eκ2 − eϱ)δ−2|g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))− g(ϱ, 0, 0)|eϱdϱ

+
(δ − 1)(eκ2 − eκ1)δ

Γ(δ + 1)(eκ2 − eκ1)δ−1

∫ κ2

κ1

(eκ2 − eϱ)δ−2|g(ϱ, 0, 0)|eϱdϱ

≤ [g∗ +K(ϖ +ϖ)]
2(eκ2 − eκ1)δ

Γ(δ + 1)
:= β1.

Therefore,

∥K−1
ψ1

(id− ψ2)Φη∥∞ ≤ β1. (7)

On the other hand, we have

e
cD

δ
κ1+

(
K−1
ψ1

(id− ψ2)Φη(ϑ)
)
= g(ϑ, η(ϑ), ecD

µ
κ1+

η(ϑ))− (δ − 1)

(eκ2 − eκ1)(δ−1)

×
∫ κ2

κ1

(eκ2 − eϱ)δ−2g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))eϱdϱ,
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which implies that for each η ∈ S and ϑ ∈ Ξ, we have∣∣∣ecDδ
κ1+

(
K−1
ψ1

(id− ψ2)Φη(ϑ)
)∣∣∣ ≤ 2g∗ + 2K(ϖ +ϖ) := β2.

Thus,∥∥∥ecDδ
κ1+

(
K−1
ψ1

(id− ψ2)Φη
)∥∥∥

∞
≤ β2. (8)

Also, we have

e
cD

µ
κ1+

(
K−1
ψ1

(id− ψ2)Φη(ϑ)
)

= eJ
(δ−µ)
κ1+

[g(ϑ, η(ϑ), ecD
µ
κ1+

η(ϑ))

− (δ − 1)

(eκ2 − eκ1)(δ−1)

∫ κ2

κ1

(eκ2 − eϱ)δ−2g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))eϱdϱ]

=
1

Γ(δ − µ)

∫ ϑ

κ1

(eϑ − eϱ)(δ−µ−1)g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))eϱdϱ

− (eϑ − eκ1)(δ−µ)(δ − 1)

Γ(δ − µ+ 1)(eκ2 − eκ1)(δ−1)

×
∫ κ2

κ1

(eκ2 − eϱ)δ−2g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))eϱdϱ,

which implies that for each η ∈ S and ϑ ∈ Ξ, we have∣∣∣ecDµ
κ1+

(
K−1
ψ1

(id− ψ2)Φη(ϑ)
)∣∣∣

≤ 1

Γ(δ − µ)

∫ κ2

κ1

(eϑ − eϱ)(δ−µ−1)
∣∣∣g(ϱ, η(ϱ), ecDµ

κ1+
η(ϱ))− g(ϱ, 0, 0)

∣∣∣ eϱdϱ
+

1

Γ(δ − µ)

∫ κ2

κ1

(eϑ − eϱ)(δ−µ−1) |g(ϱ, 0, 0)| eϱdϱ

+
(eκ2 − eκ1)(δ−µ)(δ − 1)

Γ(δ − µ+ 1)(eκ2 − eκ1)(δ−1)

×
∫ κ2

κ1

(eκ2 − eϱ)δ−2
∣∣∣g(ϱ, η(ϱ), ecDµ

κ1+
η(ϱ))− g(ϱ, 0, 0)

∣∣∣ eϱdϱ
+

(eκ2 − eκ1)(δ−µ)(δ − 1)

Γ(δ − µ+ 1)(eκ2 − eκ1)(δ−1)

∫ κ2

κ1

(eκ2 − eϱ)δ−2 |g(ϱ, 0, 0)| eϱdϱ

≤ [g∗ +K(ϖ +ϖ)]
2(eκ2 − eκ1)(δ−µ)

Γ(δ − µ+ 1)
:= β3.

Thus,∥∥∥ecDµ
κ1+

(
K−1
ψ1

(id− ψ2)Φη
)∥∥∥

∞
≤ β3. (9)

By inequalities (7),(8) and (9), we have

∥K−1
ψ1

(id− ψ2)Φη∥Ω ≤ max{β1, β2, β3},

which shows that K−1
ψ1

(id− ψ2)Φ(S) is uniformly bounded in Ω.

Now, we need to prove that K−1
ψ1

(id− ψ2)Φ(S) is equicontinuous. Furthermore, for κ1 < ϑ1 < ϑ2 ≤ κ2 and

η ∈ S, we have �rstly

|K−1
ψ1

(id− ψ2)Φη(ϑ2)−K−1
ψ1

(id− ψ2)Φη(ϑ1)|
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≤ g∗ +K(ϖ +ϖ)

Γ(δ)

[∫ ϑ2

ϑ1

(eϑ2 − eϱ)δ−1eϱdϱ

+

∫ ϑ1

a

∣∣∣(eϑ2 − eϱ)δ−1 − (eϑ1 − eϱ)δ−1
∣∣∣ eϱdϱ]

+
K(ϖ +ϖ) + g∗

Γ(δ + 1)

[
(eϑ2 − ea)δ − (eϑ1 − ea)δ

]
.

Secondly, ∣∣∣ecDδ
κ1+

(
K−1
ψ1

(id− ψ2)Φη(t2)
)
− e

cD
δ
κ1+

(
K−1
ψ1

(id− ψ2)Φη(t1)
)∣∣∣

≤
∣∣∣g(t2, η(t2), ecDµ

κ1+
η(t2))− g(t1, η(t1),

e
cD

µ
κ1+

η(t1))
∣∣∣ .

Finally, we have

e
cD

µ
κ1+

(
K−1
ψ1

(id− ψ2)Φη(ϑ)
)

= eJ
(δ−µ)
κ1+

∣∣∣g(t2, η(t2), ecDµ
κ1+

η(t2))− g(t1, η(t1),
e
cD

µ
κ1+

η(t1))
∣∣∣ .

We conclude that as ϑ1 → ϑ2, the right-hand side of the above three inequalities tends to zero. Thus,
K−1
ψ1

(id − ψ2)Φ(S) is equicontinuous in Ω. By the Ascoli-Arzela theorem, K−1
ψ1

(id − ψ2)Φ(S) is relatively

compact. Consequently, Φ is K-compact in S.

Lemma 3.4. Suppose that (T1) is satis�ed. If

ϖ +ϖ ≤ min

{
1,

Γ(δ + 1)

(eκ2 − eκ1)δ
,
Γ(δ − µ+ 1)

(eκ2 − eκ1)δ−µ

}
, (10)

then there exists H > 0 independent of ε such that,

K(η)− Φ(η) = −ε [K(η) + Φ(−η)] =⇒ ∥η∥Ω ≤ H, ε ∈ (0, 1]. (11)

Proof. Let η ∈ Ω satis�es (11). Then,

K(η)− Φ(η) = −εK(η)− εΦ(−η).

Thus,

K(η) =
1

1 + ε
Φ(η)− ε

1 + ε
Φ(−η). (12)

By employing the de�nition of K and Φ, we get for each ϑ ∈ Ξ

|Kη(ϑ)| =
∣∣∣ecDδ

κ1+
η(ϑ)

∣∣∣
≤ 1

1 + ε

∣∣∣g(ϑ, η(ϑ), ecDµ
κ1+

η(ϑ))
∣∣∣+ ε

1 + ε

∣∣∣g(ϑ,−η(ϑ),−e
cD

µ
κ1+

η(ϑ))
∣∣∣

≤ 1

1 + ε

[∣∣∣g(ϑ, η(ϑ), ecDµ
κ1+

η(ϑ))− g(ϑ, 0, 0)
∣∣∣+ g∗

]
+

ε

1 + ε

[∣∣∣g(ϑ,−η(ϑ),−e
cD

µ
κ1+

η(ϑ))− g(ϑ, 0, 0)
∣∣∣+ g∗

]
≤
(

1

1 + ε
+

ε

1 + ε

)
g∗ +

1

1 + ε

[
ϖ|η(ϑ)|+ϖ|ecD

µ
κ1+

η(ϑ)|
]

+
ε

1 + ε

[
ϖ| − η(ϑ)|+ϖ| −e

c D
µ
κ1+

η(ϑ)|
]
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≤ g∗ +

(
1

1 + ε
+

ε

1 + ε

)[
ϖ|η(ϑ)|+ϖ|ecD

µ
κ1+

η(ϑ)|
]

≤ g∗ +
[
ϖ|η(ϑ)|+ϖ|ecD

µ
κ1+

η(ϑ)|
]

≤ g∗ +ϖ∥η∥∞ +ϖ∥ecD
µ
κ1+

η∥∞,

which implies that

∥ecDδ
κ1+

η∥∞ ≤ g∗ +ϖ∥η∥∞ +ϖ∥ecD
µ
a+
η∥∞. (13)

By (12), for each ϑ ∈ Ξ, we have

η(ϑ) =
1

1 + ε
K−1
ψ1

Φ(η)(ϑ)− ε

1 + ε
K−1
ψ1

Φ(−η)(ϑ).

Then,

|η(ϑ)| ≤

∫ ϑ

κ1

(eϑ − eϱ)δ−1|g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))− g(ϱ, 0, 0)|eϱdϱ

(1 + ε)Γ(δ)

+

ε

∫ ϑ

κ1

(eϑ − eϱ)δ−1|g(ϱ,−η(ϱ),−e
cD

µ
κ1+

η(ϱ))− g(ϱ, 0, 0)|eϱdϱ

(1 + ε)Γ(δ)

+
g∗(eκ2 − eκ1)δ

(1 + ε)Γ(δ + 1)
+
εg∗(eκ2 − eκ1)δ

(1 + ε)Γ(δ + 1)

≤
(

ε

1 + ε
+

1

1 + ε

)
(eκ2 − eκ1)δ

Γ(δ + 1)

(
ϖ∥η∥∞ +ϖ∥ecD

µ
κ1+

η∥∞
)

+

(
ε

1 + ε
+

1

1 + ε

)
g∗(eκ2 − eκ1)δ

Γ(δ + 1)

=
(eκ2 − eκ1)δ

Γ(δ + 1)

(
ϖ∥η∥∞ +ϖ∥ecD

µ
κ1+

η∥∞
)
+
g∗(eκ2 − eκ1)δ

Γ(δ + 1)
.

Hence,

∥η∥∞ ≤
[
g∗ +ϖ∥η∥∞ +ϖ∥ecD

µ
κ1+

η∥∞
](eκ2 − eκ1)δ

Γ(δ + 1)
. (14)

On one hand, for each ϑ ∈ Ξ, we have

η(ϑ) =
1

1 + ε
K−1
ψ1

Φ(η)(ϑ)− ε

1 + ε
K−1
ψ1

Φ(−η)(ϑ).

Then,

e
cD

µ
κ1+

η(ϑ) =
1

1 + ε
eJ

(δ−µ)
κ1+

Φ(η)(ϑ)− ε

1 + ε
eJ

(δ−µ)
κ1+

Φ(−η)(ϑ).

Hence,

|ecD
µ
κ1+

η(ϑ)|

≤

∫ ϑ

κ1

(eϑ − eϱ)(δ−µ−1)|g(ϱ, η(ϱ), ecD
µ
κ1+

η(ϱ))− g(ϱ, 0, 0)|eϱdϱ

(1 + ε)Γ(δ − µ)
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+

ε

∫ ϑ

κ1

(eϑ − eϱ)(δ−µ−1)|g(ϱ,−η(ϱ),−e
cD

µ
κ1+

η(ϱ))− g(ϱ, 0, 0)|eϱdϱ

(1 + ε)Γ(δ − µ)

+
g∗(eκ2 − eκ1)(δ−µ)

(1 + ε)Γ(δ − µ+ 1)
+
εg∗(eκ2 − eκ1)(δ−µ)

(1 + ε)Γ(δ − µ+ 1)

≤
(

ε

1 + ε
+

1

1 + ε

)
(eκ2 − eκ1)(δ−µ)

Γ(δ − µ+ 1)

(
ϖ∥η∥∞ +ϖ∥ecD

µ
κ1+

η∥∞
)

+

(
ε

1 + ε
+

1

1 + ε

)
g∗(eκ2 − eκ1)(δ−µ)

Γ(δ − µ+ 1)

=
(eκ2 − eκ1)(δ−µ)

Γ(δ − µ+ 1)

(
g∗ +ϖ∥η∥∞ +ϖ∥ecD

µ
κ1+

η∥∞
)
.

Therefore,

∥ecD
µ
κ1+

η(ϑ)∥∞ ≤
[
g∗ +ϖ∥η∥∞ +ϖ∥ecD

µ
κ1+

η∥∞
](eκ2 − eκ1)δ−µ

Γ(δ − µ+ 1)
. (15)

Using the de�nition of the norm ∥ · ∥Ω and the inequalities (13), we see that if ∥η∥Ω = ∥ecDδ
κ1+

η∥∞, then

∥η∥Ω ≤ g∗ +ϖ∥η∥∞ +ϖ∥ecD
µ
κ1+

η∥∞
≤ g∗ + (ϖ +ϖ)∥η∥Ω,

which implies that

∥η∥Ω ≤ g∗

1− (ϖ +ϖ)
:= H1.

On the other hand, if ∥η∥Ω = ∥η∥∞, then (14) implies

∥η∥Ω ≤ [g∗ +ϖ∥η∥∞ +ϖ∥ecD
µ
κ1+

η∥∞]
(eκ2 − eκ1)δ

Γ(δ + 1)

≤ [g∗ +ϖ∥η∥Ω +ϖ∥η∥Ω]
(eκ2 − eκ1)δ

Γ(δ + 1)

≤ [g∗ + (ϖ +ϖ)∥η∥Ω]
(eκ2 − eκ1)δ

Γ(δ + 1)
,

and so

∥η∥Ω ≤ g∗

Γ(δ+1)
(eκ2−eκ1 )δ

− (ϖ +ϖ)
:= H2.

And, if ∥η∥Ω = ∥ecD
µ
κ1+

η∥∞, then by inequalities (15) we have

∥η∥X ≤
[
g∗ +ϖ∥η∥∞ +ϖ∥ecD

µ
κ1+

η∥∞
](eκ2 − eκ1)δ−µ

Γ(δ − µ+ 1)

≤
[
g∗ +ϖ∥η∥X +ϖ∥η∥X

](eκ2 − eκ1)δ−µ

Γ(δ − µ+ 1)

≤
[
g∗ + (ϖ +ϖ)∥η∥X

](eκ2 − eκ1)δ−µ

Γ(δ − µ+ 1)
,

and so

∥η∥Ω ≤ g∗
Γ(δ−µ+1)

(eκ2−eκ1 )δ−µ − (ϖ +ϖ)
:= H3.
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Therefore,
∥η∥Ω ≤ max{H1,H2,H3} := H.

Lemma 3.5. If the conditions (T1) and (10) are satis�ed, then there is a bounded open set S ⊂ Ω such that

K(η)− Φ(η) ̸= −ε[K(η) + Φ(−η)],

for all η ∈ ∂S and all ε ∈ (0, 1].

Proof. By Lemma 3.4, there exists H > 0 independent of ε where, if η veri�es K(η) − Φ(η) = −ε[K(η) +
Φ(−η)], ε ∈ (0, 1], then ∥η∥Ω ≤ H. Thus, if

S = {η ∈ Ω; ∥η∥Ω < F}, (16)

where F > H, we conclude that
K(η)− Φ(η) ̸= −ε[K(η)− Φ(−η)],

for every η ∈ ∂S = {η ∈ Ω; ∥η∥Ω = F} and ε ∈ (0, 1].

Theorem 3.6. If the conditions (T1) and (10) hold, then the problem (1)-(2) has at least one solution.

Proof. The set S given in (16) is symmetric, 0 ∈ S and Ω∩S = S ̸= ∅. Moreover, by Lemma 3.5 and if (T1)
is veri�ed, then

K(η)− Φ(η) ̸= −ε[K(η)− Φ(−η)],

for all η ∈ Ω ∩ ∂S = ∂S and all ε ∈ (0, 1]. And, by Lemma 2.9, we conclude that (1)-(2) has at least one
solution.

4. Uniqueness of Solution

Theorem 4.1. Consider that the hypotheses (T1)-(T2) are satis�ed. If

max
{(

ϖ(eκ2−eκ1 )δ

Γ(δ+1) + ϖ(eκ2−eκ1 )δ−µ

Γ(δ−µ+1)

)
;
(
γ
γ + 2(ϖ+ϖ)(eκ2−eκ1 )δ

Γ(δ+1)

)}
< 1, (17)

then the problem (1)-(2) has a unique solution in DomK ∩ S.

Proof. Note that condition (17) is stronger than condition (10). Then, by Theorem 3.6 we obtain that the
problem (1)-(2) has at least one solution in DomK ∩ S.
Now, we prove the uniqueness result. Suppose that the problem (1)-(2) has two di�erent solutions η1, η2 ∈
DomK ∩ S. Then, we have for each ϑ ∈ Ξ

e
cD

δ
κ1+

η1(ϑ) = g(ϑ, η1(ϑ),
e
cD

µ
κ1+

η1(ϑ)),

and
e
cD

δ
κ1+

η2(ϑ) = g(ϑ, η2(ϑ),
e
cD

µ
κ1+

η2(ϑ)),

where
η1(κ1) = η1(κ2), η2(κ1) = η2(κ2),

and

e
cD

1
κ1+

η1(ϑ)(κ1) =
e
c D

1
κ1+

η1(ϑ)(κ2),
e
cD

1
κ1+

η2(ϑ)(κ1) =
e
c D

1
κ1+

η2(ϑ)(κ2).

Let U(ϑ) = η1(ϑ)− η2(ϑ), for all ϑ ∈ Ξ. Then,

LU(ϑ) = e
cD

δ
κ1+

U(ϑ)
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= e
cD

δ
κ1+

η1(ϑ)− e
cD

δ
κ1+

η2(ϑ)

= g(ϑ, η1(ϑ),
e
cD

µ
κ1+

η1(ϑ))− g(ϑ, η2(ϑ),
e
cD

µ
κ1+

η2(ϑ)). (18)

Using the fact that ImgK = kerψ2, we have∫ κ2

κ1

(eκ2 − eϱ)δ−2
[
g(ϱ, η1(ϱ),

e
cD

µ
κ1+

η1(ϱ))− g(ϱ, η2(ϱ),
e
cD

µ
κ1+

η2(ϱ))
]
eϱdϱ

× (δ − 1)

(eκ2 − eκ1)(δ−1)
= 0.

Since g is continuous function, there exist ϑ0 ∈ Ξ such that

g(ϑ0, η1(ϑ0),
e
cD

µ
κ1+

η1(ϑ0))− g(ϑ0, η2(ϑ0),
e
cD

µ
κ1+

η2(ϑ0)) = 0.

In view of (T2), we have∣∣η1(ϑ0)− η2(ϑ0)
∣∣ ≤ γ

γ

∣∣∣ecDµ
κ1+

η1(ϑ0)− e
cD

µ
κ1+

η2(ϑ0)
∣∣∣ ≤ γ

γ
∥η1 − η2∥Ω.

Then,

|U(ϑ0)| ≤
γ

γ
∥U∥Ω. (19)

On the other hand, by Lemma 2.5, we have

eJδκ1+(
e
cD

δ
κ1+

U(ϑ)) = U(ϑ)− U(κ1)−e
c D

1
κ1+

U(κ1)(e
ϑ − eκ1),

which implies that

U(κ1) +
e
c D

1
κ1+

U(κ1)(e
ϑ − eκ1) = U(ϑ0)−e Jδκ1+(

e
cD

δ
κ1+

U(ϑ0)),

and therefore
U(ϑ) =e Jδκ1+(

e
cD

δ
κ1+

U(ϑ))− U(ϑ0) +
e Jδκ1+(

e
cD

δ
κ1+

U(ϑ0)).

Using (19), for every ϑ ∈ Ξ, we obtain

|U(ϑ)| ≤ |eJδκ1+(
e
cD

δ
κ1+

U(ϑ))|+ |U(ϑ0)|+ |eJδκ1+(
e
cD

δ
κ1+

U(ϑ0))|

≤ γ

γ
∥U∥Ω +

2(eκ2 − eκ1)δ

Γ(δ + 1)
∥ecDδ

κ1+
U∥∞.

Then,

∥U∥∞ ≤ γ

γ
∥U∥Ω +

2(eκ2 − eκ1)δ

Γ(δ + 1)
∥ecDδ

κ1+
U∥∞. (20)

By (18) and (T1), we �nd that∣∣∣ecDδ
κ1+

U(ϑ)
∣∣∣ =

∣∣∣ecDδ
κ1+

η1(ϑ)−e
c D

δ
κ1+

η2(ϑ)
∣∣∣

=
∣∣∣g(ϑ, η1(ϑ),ec Dµ

κ1+
η1(ϑ))− g(ϑ, η2(ϑ),

e
c D

µ
κ1+

η2(ϑ)))
∣∣∣

≤ (ϖ +ϖ) ∥W∥Ω .

Then,∥∥∥ecDδ
κ1+

U
∥∥∥
∞

≤ (ϖ +ϖ) ∥U∥Ω . (21)

By (21) and (20) we get,

∥U∥∞ ≤
(
γ

γ
+

2(ϖ +ϖ)(eκ2 − eκ1)δ

Γ(δ + 1)

)
∥U∥Ω .
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On the other hand, we have∣∣∣ecDµ
κ1+

U(ϑ)
∣∣∣ = ∣∣∣ecDδ

κ1+
[eJδκ1+(

e
cD

µ
κ1+

U(ϑ))]
∣∣∣

=
∣∣∣ecDδ

κ1+
[eJδκ1+(

e
cD

µ
κ1+

η1(ϑ))]− e
cD

δ
κ1+

[eJδκ1+(
e
cD

µ
κ1+

η2(ϑ))]
∣∣∣

=
∣∣∣g(ϑ, eJδκ1+(ecDµ

κ1+
η1(ϑ)),

eJδ−µ
κ1+

(ecD
µ
κ1+

η1(ϑ)))

− g(ϑ, eJδκ1+(
e
cD

µ
κ1+

η2(ϑ)),
eJδ−µ
κ1+

(ecD
µ
κ1+

η2(ϑ)))
∣∣∣

≤
(
ϖ(eκ2 − eκ1)δ

Γ(δ + 1)
+
ϖ(eκ2 − eκ1)δ−µ

Γ(δ − µ+ 1)

)
∥ecD

µ
κ1+

U∥∞

≤
(
ϖ(eκ2 − eκ1)δ

Γ(δ + 1)
+
ϖ(eκ2 − eκ1)δ−µ

Γ(δ − µ+ 1)

)
∥U∥Ω.

Then,

∥ecD
µ
κ1+

U∥∞ ≤
(
ϖ(eκ2 − eκ1)δ

Γ(δ + 1)
+
ϖ(eκ2 − eκ1)δ−µ

Γ(δ − µ+ 1)

)
∥U∥Ω. (22)

Hence, by (17), we conclude that
∥U∥Ω = 0.

As a result, for any ϑ ∈ Ξ we get
U(ϑ) = 0 =⇒ η1(ϑ) = η2(ϑ).

5. Examples

Example 5.1. Consider the following problem for non-linear implicit fractional di�erential equations

e
cD

3
2

0+
φ(ϑ) =

e−ϑ

(11 + eϑ)

 |φ(ϑ)|
1 + |φ(ϑ)|

−
|ecD

1
2

0+
φ(ϑ)|

1 + |ecD
1
2

0+
φ(ϑ)|

+ eϑ, ϑ ∈
[
0,
π

2

]
, (23)

φ(0) = φ
(π
2

)
and eD1

0+φ(0) =
eD1

0+φ
(π
2

)
. (24)

Here we have

g(ϑ, φ1, φ2) =
e−ϑ

(11 + eϑ)

(
φ1

1 + φ1
− φ2

1 + φ2

)
+ eϑ,

where ϑ ∈ [0, π], φ1, φ2 ∈ [0,+∞).
Clearly, the function g is jointly continuous.

For each φ1, φ̄1, φ2, φ̄2 ∈ [0,+∞) and ϑ ∈ [0, π2 ], we have

|g(ϑ, φ1, φ2)− g(ϑ, φ̄1, φ̄2)| ≤
e−ϑ

(11 + eϑ)
[|φ1 − φ̄1|+ |φ2 − φ̄2|]

≤ 1

12
(|φ1 − φ̄1|+ |φ2 − φ̄2|).

Hence, the condition (T1) is satis�ed with ϖ = ϖ =
1

12
.

And on the other hand, we have

ϖ +ϖ =
1

6
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< min

{
1,

Γ
(
5
2

)
(e

π
2 − e0)

3
2

,
Γ (2)

(e
π
2 − e0)

}

= min

1,
3
√
π

4(e
π
2 − 1)

3
2

,
1

(e
π
2 − e0)


=

3
√
π

4(e
π
2 − 1)

3
2

,

which implies that the condition (10) is satis�ed. It follows from Theorem 3.6 that the problem (23)�(24)

has at least one solution.

Example 5.2. Consider the following problem:

e
cD

6
5

0+
φ(ϑ) = g

(
ϑ, φ(ϑ), ecD

2
3

0+
φ(ϑ)

)
, ϑ ∈ J =

[
0,
π

3

]
, (25)

φ(0) = φ
(π
3

)
and eD1

0+φ(0) =
eD1

0+φ
(π
3

)
, (26)

where

g(ϑ, φ1, φ2) =
ln(ϑ+ 2)

5
√
π

φ1 +
1

5
e−ϑ−π

(
sinφ1 +

1

φ2 + 1

)
+ eϑ, ϑ ∈

[
0,
π

3

]
,

such that φ1, φ2 ∈ R+.

Clearly, the function g is jointly continuous.

For any φ1, φ̄1, φ2, φ̄2 ∈ R+ and ϑ ∈ [0, π3 ], we have

|g(ϑ, φ1, φ2)− g(ϑ, φ̄1, φ̄2)| ≤
ln(π3 + 2)

5
√
π

|φ1 − φ̄1|+
1

5eπ
| sinφ1 − sin φ̄1|

+
1

5eπ
|φ2 − φ̄2|

≤
eπ ln(π3 + 2) +

√
π

5
√
πeπ

|φ1 − φ̄1|+
1

5eπ
|φ2 − φ̄2|.

Hence, the condition (T1) is satis�ed with

ϖ =
eπ ln(π3 + 2) +

√
π

5
√
πeπ

and

ϖ =
1

5eπ
.

For any φ1, φ̄1, φ2, φ̄2 ∈ R and φ ∈ [0, π3 ], we get

|g(ϑ, φ1, φ2)− g(ϑ, φ̄1, φ̄2)| ≥
ln(2)

5
√
π
|φ1 − φ̄1| −

1

5eπ
| sinφ1 − sin φ̄1|

− 1

5eπ
|φ2 − φ̄2|

≥ eπ ln(2)−
√
π

5
√
πeπ

|φ1 − φ̄1| −
1

5eπ
|φ2 − φ̄2|.

Hence, the condition (T2) is satis�ed with γ =
eπ ln(2)−

√
π

5
√
πeπ

, γ =
1

5eπ
. Also, we have[

ϖ(e
π
3 − 1)

6
5

Γ(115 )
+
ϖ(e

π
3 − 1)

8
15

Γ(2315)

]
≈ 0.2685 < 1,
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and [
γ

γ
+ 2(ϖ +ϖ)

(
(e

π
3 − 1)

6
5

Γ(65 + 1)

)]
=

√
π

eπ ln(2)−
√
π

+ 2
eπ ln(π3 + 2) + 2

√
π

5
√
πeπ

[
(e

π
3 − 1)

6
5

Γ
(
11
5

) ]
≈ 0.6672

< 1.

Consequently, Theorem 4.1 implies that the problem (25)�(26) has a unique solution.

Conclusion

In the present research, we have investigated existence and uniqueness criteria for the solutions of a
boundary value problem for a class of problems involving non-linear implicit fractional di�erential equations
with the exponentially fractional derivative of Caputo. To achieve the desired results for the given problem,
we employ Mawhin's theory of degree of coincidence. Two examples are provided to demonstrate how the
major results can be applied. Our results in the given con�guration are novel and substantially contribute
to the literature on this new �eld of study. We feel that there are multiple potential study avenues such as
coupled systems, problems with integro-di�erential equations, and many more due to the limited number of
publications on implicit di�erential equations with periodic conditions.
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