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Abstract

In this article, we discuss the existence and uniqueness of solutions of a coupled non-separated system for
fractional differential equations involving a Hadamard fractional derivative. The existence and uniqueness
results obtained in the present study are not only new but also cover some results corresponding to special
values of the parameters involved in the Caputo problems. These developed results are obtained by apply-
ing Banach’s fixed point theorem and Leray-Schauder’s nonlinear alternative. An example is presented to
illustrate our main results.
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1. Introduction

Fractional calculus (FC) is one of the sections of mathematics which is a popularization of classical
calculus that include integrals and derivatives of non-integer order. FC has a substantial role in numerous
fields of science, engineering, and economics. FC tools have been found to support the development of
mathematical methods which is more pragmatic to applied problems an expression of fractional differential
equations (FDEs). Recently, many versions of the fractional derivatives, such as Reimann-Liouville, Caputo,
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Hadamard, Katugampola, Hilfer, 1-Caputo, ¥-Hilfer, Atangana-Baleanu were presented, Here we refer to
(2 4, 15! [16] 19, 20], 211, 23], 24, 26], 27, [30].

Initial and boundary value problems for FDEs have won considerable significance because of their many
employment in applied sciences and engineering. Many authors have shown great interest in this topic
and obtaining a variety of results for FDEs involving different kinds of the conditions and the fractional
operators, see [I), O] 28] 29] [34] and the references therein. Some numerical methods such as the Adomian
decomposition method for solving the nonlinear FDEs and system of nonlinear FDEs were studied by Jafari
and Daftardar-Gejji in [12, [17, [I8].

Several authors studied the existence and uniqueness theory for FDEs involving Hadamard-type operator,
see [2, B (5, 1], 14, 22 25, BI] and references therein. Coupled systems of FDEs are of great value and
an important field. This type of system arises in business mathematics, management sciences, and other
managerial sciences and so forth. To model such problems and some theoretical works on the coupled systems
of FDEs, we refer the reader to some studied works [6], [7, 8], 10, 32, 33]. Motivated by the above discussion,
in this article, we consider a coupled system of Hadamard-type FDEs:

Diw(¥) = i (9, w(?),w(9)), d€le], 1<p<2 .
{ Dfw(¥) = ho (P, w(¥),w(9)), Y€ [le], 1<o<2 "’ (1)

with the following non-separated coupled boundary conditions:

w(l) =& w(e) W'(1) = &' (e)
{ (1) = Lwe) { (2)

where &, &a,01, {2 are real constants, Df, D] are the Hadamard fractional derivatives of order p and o
respectively, and fi, hg :[1,€e] x R x R — R are appropriate functions.

The existence and uniqueness of solutions for the system — are mainly investigated. To the best of our
knowledge, a coupled system of Hadamard-type FDEs with non-separated coupled boundary conditions
have were not widely studied. In consequence, the coupled system of FDEs with non-separated coupled
boundary conditions will be studied by the Hadamard fractional derivative. Moreover, the main results are
obtained by applying Banach fixed point theorem and Leray-Schauder fixed point theorem.

The outline of the paper is the following. In Section [2| we present some basic definitions and known
results related to fractional calculus. Section [3]is devoted to proving the existence and uniqueness of the
Hadamard coupled system —. In the end, we present an illustrative example to justify our main results.

2. Preliminaries:

First of all, we present some definitions and properties from fractional calculus used throughout this
article.

Definition 2.1. [20)] For a continuous function w : [1,4+00) — R, the Hadamard fractional integral of order
p > 0 is defined by
ds

_L ! Qﬂ—l
() = 7 [ Qon 2yl T

provided the right-hand side is point-wise defined on [1,+00).

Definition 2.2. [16] Let n—1 < p < n, and w(¥) has an absolutely continuous derivative up to order (n—1).
Then the Caputo-Hadamard fractional derivative of order p is defined as

ds

— v ﬁ n—p—1sn
Do) = s [ (o 218" ) )T

where 6" = (94", and n = [p] + 1.
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Lemma 2.3. [I6] Let p > 0 and w € C"[1,400) such that 8" (w) exists a.e. on any bounded interval of
[1,4+00). Then we have

n—1 (k)w
I [Df(d)] = w(®) ~ 3 2 (log )",

In particular, if 0 < p < 1, then we have If [Dw(¥)] = w(¥) — w(1).
Lemma 2.4. [20)] For all £ > 0 and v > —1, then we have

1 v A yds  T'(v) ol
F(é)/l (logg)ﬁ L(log s) 5 —m(logﬂ) +e-1

Theorem 2.5. [20] (Banach fized point theorem) Let (W,d) be a nonempty complete melric space with

II: W — W is a contraction mapping. Then map Il has a fized point.

Theorem 2.6. [I3] (Leray-Schauder Nonlinear Alternative). Let W be a Banach space and S C W closed
and conver. Assume that K is a relatively open subset of S with 0 € K and 11 : K — S 4s a compact and
continuous mapping. Then ethier

1. II has a fized point in IC, or
2. there exists w € K such that w = Allw for some X € (0,1), where OK is boundary of K.

Now we present an auxiliary lemma which plays a key role in the sequel.

Lemma 2.7. Let u, v € C([1,¢],R). Then the solution of the linear fractional differential system

Dfw(d) = u(9), D€ [lel, 1<p<?
Df{w(d) = v(?), ¥e[le], 1<0<2 5
w(l) = &w(e), w'(1) = &w'(e)
w(l) = liw(e), @' (1) = Lo (€)
1s equivalent to the system of integral equations
&1 /e €., 1 ds 01& 1 /e € 1 ds
= 1 —)\P _ 1 ~\o e
w) = s [oa Sy tu T T [ oSt
68618 | 06 | b ] 1 /e e, o . ds
+ - + 222 00g0)| =—— [ (log=)”
{ mn2 emnz  em o8 I'lp—1) /1 (log s) u(s) s
0126182 | &1 | &2 ] 1 /e €o2 05
+ + + Zlogd| — log —)? —
[ enine mn2 M & I'(c—1) /; (log s) v(s) s
17w ds
+— log —)"tu(s)—, 4
P(p)/l(gs) ()~ (4)
and
/1 1 ¢ €.o1 ds 01& 1 /e €., 1 ds
¥) = log —)° = log =)P haed
=) = e [ o) ”<5>s+n2 ) (oS
BLISIS 5152 ] 1 /e e, o , . ds
+ + Llogd| ——— log —)* —
[ enLne mne 771 L(p—1) /; (log s) u(s) s
b6y | 0l | 6& ] 1 /e €.yg , \ds
+ + + log¥| — log —)? —
{ nin2 enine en 8 I'e—-1) J; (log s) v(s) s
1 v ¥ ds
- 1 Yyo—-1 e
+F(0)/1 (log )7 v(s)— (5)
where 1 = {2352 #£0,m=1—4£1& #0.
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Proof. We know that the general solution of Hadamard coupled system in can be written as
o ds
w(¥) = cg + c1(log¥? —i—/ log — )P tu(s)—, 6
(9) 1(0g) + s | og 5 u(e)” (6)
1 v 9 ds
— 1 - 1 “No—1 v 7
(1) = do-+ di (108 0) + = [ (o D) () 2 @
where ¢;,d; (i = 0,1) are arbitrary real constants.
Using the non-separated coupled boundary conditions in @ and , we have
(1) =&le) = eo=& [do+ai+ = [ 1og S o) 0
w(l) =&w(e co = — -
1 0 1 (%0 171 ©) J, g s s |
(1) =tw(e) =h,=1¢ [C +c + ! /e(log e)P—lu(s)ds] (9)
w(l) = lw(e o= 1+ — b il
' Y I(p) 1~ s s
Similarly, by using the non-separated coupled boundary conditions in (6]) and (7)), we have
dq 1 ¢ e _ ds
/ _ / — -1 1 _\Oo 2 _ 1
L) =em0) > a=6 |ty [l e ). (10)
@' (1) = low'(e) =dy =1 [C—l + _t /e(log g)pfzu(s)ﬁ] (11)
2 TR T ), s s
From the relations and , we get
1 e
o = 22 oSt
em I(p—1) )1 s S
& 1 / € ey o , . ds
= log —)° — 12
P o [ toe ) (12)
b 1 ¢ eyg ,.ds
dq = ——— log —)° —
! en I'(c —1) /1 (log s) v(s) s
Uy 1 /6 €., 9 ds
+=— log =)™ “u(s)—. 13
ST /. Ger e (13)

Substituting ¢; and d; into and @, we get

G [ S B8 L [T e s
v 772F(P)/1(10g8)p uls) 5+ 72 F(U)A(logs) vls)

0668 6E 1 © €\ p—2 ds
log £)P &
" [ nin2 * 6’771772} L(p—1) /1 (log 5) u(s) S

02618 6 ] 1 /e €\go . \dS
+ + log =) “v(s)—,
{ emnz  mnz| I'(ec—1) )4 ( gs) ( )s

and

€ 1 €
i = S [0Syt D+ B [og Syt
2 T(o) J4 s 1

s ' m I(p) s 5
01/ V4 1 d
n [ 1026182 n 152] s
enne mn2] T'(p—1

5 [ o Sp-2uce)

1628 515252} 1 /e € o9 ds
+ * log —)7“v(s)—.
[ mne emnz | T(o—1) J; (log —) (s)

Substituting the values of ¢;,d;(i = 0, 1) in @ and , we get solutions and . The converse follows

by direct computation. This completes the proof.

O
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3. Main results:

Let us introduce the space
W ={w(@)w(@) € C([1,e],R)},

endowed with the norm
[l = sup{|w(P)|, ¥ € [1,e€]}.

Clearly, (W, ||-|]) is a Banach space. Then the product space

WxG={wxw:|wmw|= sup |(w,=)(I)},
V€[]

is also a Banach space equipped with the norm
[(w, @) = [lw]| + =] -
In view of Lemma ((2.7), we define the operator II : W x G — W x G by

(T (w,@)(9)
(w, @) (d) = (H;(w,w)(ﬁ))’

where
& e, ds
M (w,@)(¥) = sz(p)/l (log )" (s, w(s), (5))~
a1 ) €yo-1 ds
mp(a)/l (log;) ﬁg(s,w(s),w(s))?
N [6161&2 N 66182 N ) log 19]
L T2 enine en
C ! )
X I‘(p—l)/l (logi)l)—2ﬁ1(s,w(s),w(3)):]
N [£1426162 N 23] N &logﬁ}
L emmnz  mn2  Mm
o ! )
X _1“(0—1)/1 (IOgE)U2ﬁ2(s,w(8),w<3)):]
! ’ v ds
- log Lyo-1 ds
+F(P) /1 (log s) fu(s, w(s), @ (s)) s’
and
01 e p
o=@ = 77;F(U)/1 (logg)wlﬁz(s,w(é‘),w(s))f
14 1 e p
fW/l (logS)P—lﬁl(s,w(s),w(g))?s
n [ 41426162 n (1€ N éllogﬁ}
L emnz  mnz2 M
F ! )
X _F(,o—l)/1 (logz)P2ﬁ1(s,w(s),w(3));]
4 [ 010261 n 010582 N ) logqﬁ‘]
L ™72 enine en
] ! )
X I‘(<7—1)/1 (10g2)0—2h2(8,W(S),w(5))SS]

1 9 A ds
e [ o Dy s ot )2

S
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To simplify, we put
L[] &l 1€l [la] [€][&2]  [£2] |§2|] 1 [|§1| }
Ny = 4 i S, 14
LS 1) { el T elmliml T elml ) TG Lml 14)
Ny = 1 [|f1| [lo] |&1] [§2] | [£2] & |§2] 1 [Wl\ |§1|] 7 (15)
I'(o) elni||na| Il lm2l  Iml]  T(e+1) [ |n
L[|l o] |&a] &2l |0a][&2] lfll] 1 [Iﬁl\ !51!]
Ny = 4 ol : 16
() [ el Tmliel Tl TR0 | Il (16)
L[] e2 | | |a] [la] [€a] | [£2] ’§2|] 1 [|51| }
N, = T 1 LR 17
"= o) [ el elmliel T elml ) T T D L )

The first result is based on Banach’s fixed point theorem. To this end, we need the following hypotheses:

(Hy) hi,ho:[l,e] x Rx R — R are continuous and there exist two positive constants k1 and k9 such that

|1 (9, wi, wa) — hy (0, w1, w2)|
|ﬁ2('l9,0J]_,W2) - ﬁQ('I?,W]_, w?)‘

< Ky (w1 — 1] + w2 — @2]),
< Ko (lwi — 1| + w2 — @2]),

for all ¥ € [1,¢] and w;,w; e Ri=1,2.

(H2) There exist real constants d;, 3; > 0, i = 0, 1,2, such that Vw; € R(j = 1,2), we have

|71 (¥, w1, wa)
|72 (Y, w1, wa)

do + 01 w1 | + 02 ’w2\,

<
< Bo+ Bi|wi| + B2 wal -

Theorem 3.1. Assume that (Hy) holds. If
o1 = [(Nl + Ng) K1 + (N2 + N4) Iig] <1,

then system —(@ has a unique solution, where N;, i = 1,2,3,4 are given by —.

(18)

Proof. Let sup h1(9,0,0) = €1 < oo and sup h2(9,0,0) = €2 < oo and r > 0, we show that IIB, C
de[1,e] V€(1,e]

B,, where
B, ={(w,w) e WxG: |[(w,w)| <r},

with r >

1?21, where ¢1 < 1 and

¢2 := (N1 4+ N3) €1 + (N2 + Ny) €.

By hypotheses (H;) and for (w,w) € B,, ¥ € [1,¢], we have
(0, w(@),m(@))] < [,w@), @) - m(?,0,0)|+ | (J,0,0)|
< Ki(lw@)| + |w(9)]) + e
< Kir+e€1.

As same way, we have

| (9, w(¥), @ (V)] < kor + €2,
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which

Hence

Similarly, we obtain

Hence

give to

My (w, ) ()] < [

[Tz (w, @) (V)]

IN

IN

IN

‘51’ 1 ¢ e p—1 S w -
S [ 08 S Gt ()]
[GHEN] 1 o1 1 (s w(s). (s &
+:m|]rws[(lg9 (s, 0(5), 5)|
+|mmnmy+%umw2+wﬂmumw@
_ 1 m2] e |mi| 2] |
<Jrog [ s S st @m}
+ 1] |€2] |€1] | 2] n 2] €1 |§2| |log19|]
! elni||ne| Im| |772| Im|
< | oS sl =) 2

& } (K17 + €1) [Wll \51} (Kar + €2)

‘b

[Mﬂ+ Tp+1) | el | Tlo+1)

n [Wl\ [s1 |§2\ [la] 1€1] €] n 21 |€2q (K1r + €1)
1 m2] e|ni| |n2| e|m| L(p)

N [|f1| 02| |€1] |€2] N 02| |€1] N lﬁzl] (ko + €2)
elml|nz| Imllm2l ~ Iml]  T(o)

(k1 N1 + KaN2)r + (1 N1 + €2 Na).

HHl(w,w)(ﬁ)H < (HlNl + KVQNQ)T’ + (€1N1 + GQNQ).

Hfﬂ] (Kar + €2) [fll |€1|} (K11 + €1)

ml] T(o+1) 2| | T(p+1)
+[|€1W2||§1\§2! 01| |€a] |€1|] (k17 + €1)
e|ml|na Il m2l — Iml]  T(p)
[lfl\%!lél\ [01] [€2] [£2] lle\iﬂ (kor 4+ €2) | (Kor + €2)
+ +
1] [m2] elm||n2| e|m| I'(o) (o +1)
( 1 [\51||€2|\51’|E2|+ 1] &2 +|£lq
L'(p) elm|[n2] Imllm2]  [m|
1 |€1H€1|D
+
F(p+1)[ 72| (rar )
1 /1| 1€ /] |¢ ¢
+< [\ 1 [€2] |€1] N 41| |£2] |€a] N | 2\!52!]
L(o) | |ml|n2l e ml[nel e|m|
1 141 D
S e |
+Na+n[Mﬂ+ (o + 2)

(kaN3 4+ K1 Na)T + (€2N3 + €1 Ny).

T2 (w, @) (F)|| < (k1 N3 + KkaNa)r + (e1N3 + e2Ny).
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Consequently,
M(w, @) < [ (w, @) ()] + [[Hz(w, @) ()|
< [(N1 4+ N3)k1 + (Na + Ny)ra]r
[N1 + N3] e + [Na + Ny €2
< girt+ g =

Now, for (w1, @1), (w2, w2) € W x G and for any ¥ € [1, €], we get
111 (w2, @2) (9) — Ty (w1, 1) (V)]
( 1 PleﬁlHiﬂ N [0a] |€1] 1€ n \€2H€2|]
C(p) L ImlIne e|ml|nal elm|
1 €1 ])
S a]) « — ] + ||wz —
o | 1 (s — nll + 2 = =)
< 1 [Mﬂ o] [€1] 62| n 42| [&1] n |§2\]
Llo) [ elml||nel Iml 2l Il
1 [W 1
Llo+1) [ [ml
< (Nik1 + Naka) (|lwe — wi]| + [z — @1]]) -

IN

]) « 1z (Jwz — w1 + @2 — w1l

Hence
111 (w2, 2) (9) — (w1, @1) (D) || < (N1 + Nakz) ([we — wil| + [looz — @1 ]]) - (19)

In the same way,
[TI2 (w2, 2)(¥) — Ha(wi, @1)(9)|| < (N3k1 + Naka) (w2 — wi|| + [Jowe — w1 |]) - (20)

It follows from and that
[Tl(w2, zo2)(F) — (w1, 1) (9) ||
< [(N1+ N3) k1 + (N2 + Ny) k2] (lwa — wi]] + [|oe — @1]]) -

Since ¢1 < 1, the operator II is a contraction mapping. So, we conclude that the Hadamard coupled system
— has a unique solution due to Banach fixed point theorem. The proof is completed. O

The next result is based on Leray-Schauder’s fixed point theorem.

Theorem 3.2. Assume that (Hy) and (Hy) holds. If
[(N1 + N3) 01 + (N2 + Ny) 1] < 1,

[(N1+ N3) b2 + (N2 + Ny) B2] < 1,

and
[(N1+ N3) p1 + (No 4+ Ny) po] < 1,

where py > 0, po > 0 and N;, @ = 1,2, 3,4, are given by —, then the Hadamard coupled system
— has at least one solution.

Proof. Firstly, we will prove that the operator I : W x G — W x G is completely continuous. Since A; and
hy are continuous functions on [1, €], it is obvious that IT is continuous too. Let S C W x G be bounded.
Then there exist two positive constants p; > 0 and pg > 0 such that

[P (9, w(¥),w (V)| < p1, for (V,w,w) € [1,¢] xS,
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and
| (W, w(V), w(V))] < pa, for (J,w,w) € [1,e] xS.

Then, for any (w,w) € S, we have

I (w, @) (9)] < (1 [\flllfll\le ISISINN |£2|§2|]

C(p) [ [mlln2 e nl|nz| |

T |l 1)

1 /1] |4 14
+< P 1] [2] |€1] 2] n [€a] 1] n |52|}
['(o) e ml[mz] Imllnel |l

1 |€1||51q>
+
r<a+1>{ el 1)1
< Nipr + Nops,

which gives [|II (w, @)|| < Nip1 + Nope. Analogously, we have ||Tl(w, @)|| < Nauy + Nypo.
Thus, it follows from the above inequalities that the operator II is uniformly bounded, since

[TH(w, @)|| < [(N1 + N3) p1 + (No 4 Na) o] < 1.

Next, we show that II is equicontinuous, i.e. we prove that a bounded set S is mapped into an equicontinuous
set of W x G by II. Let ¥1,79 € [1,€] with ¥ < ¥9. Then we have

1L (w(d2), @w(F2)) — i (w(Ph), ()]

L[ Uy, ds
o Gos i (s(e). ()]

IN

1 0,
+F()/ (log 1) (s, w(s), w(s))] —

{Fp/ {bg 1—(1ogil)p—1}is
1/ - 1d:}

{2 (log 93 —log ¥1)” + (log ¥2)” — (log¥1)"} . (21)

IN

= F(p+ 1)

In a similar way, we can easily get
\H2( ( 2), @(92)) — Ha(w(?h), @ ()]

< m {2 (log 93 — log91)? + (log¥2)? — (log 1)} . (22)

Since log(1) is uniformly continuous on [1, ¢], the right-hand sides of the inequalities and tend to
zero as ¥o — 1. Therefore, the operator II(w, w) is equicontinuous. The Arzela-Ascoli theorem along with
the above steps shows that II is completely continuous mapping.

Finally, we shall verify that the set

S={(w,w) e W x G:(w,w)=NI(w,w),0 <\<1},
is bounded. Indeed, Let (w,w) € S with (w,w) = All(w, w). For any ¥ € [1, €], we have

w(0) = AL (w, @) (), @) = Mla(w, @) (9).
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Then
lw@)| < [h(w,@)®)]

|§1‘ 1 60971 S, wWi(Ss), wolSs @
] [ o it w1
MlH&‘L eof"_1 s,w(s),w(s @
ﬁmﬂ}mﬂ“JM’”(ms
n [1] |&1] |€2] |f2\ €1 €2 n [€a] |2l |1og19|]
L 1| m2] e ml[mel elm|
<[ [ 1088 st o)) 2]
. (101 2] |€1] 162 n 0o €1 |§2\ llog ’]
L e|m||na !771\!?72! 1]
<o [ oS sl =0 2

1 9 9 4 ds
WwAMQPWm@Mw

Assumption (Hy) gives
lw(@)| < Ni1(do+ 61 |w| + d2[@|) + Na(Bo + b1 |w| + B2 [=])
= Nido + Nafp + (N161 + Nofh) |w| + (N162 + Naof) ||,

and
lw(¥)] < N3 (do+ d1|w|+ 02 |@]) + Na(Bo + b1 |w| + B2 |=])
< N3dp + Nufo + (N361 + Nafh) |w| + (N3d2 + Nufo) || .
Hence
|lw|| < N1do + Nofo + (N101 + Nofh) ||w|| + (N162 + Nof2) |||,
and

||| < N3dp + Nafo + (N301 + Nafr) ||w|| + (N3d2 + NafB2) |||,
which imply that

[wl[ +[l@l| < (N1+ Ns)do+ (N2 + Na) Bo +

[(N1 + N3)d1 + (N2 + Na) B |

+ [(Nl + N3)52 + (N2 + N4)52] HwH .
Consequently,
(N1 + N3) do + (N2 + Na) Bo

Ny '

where Ny = min{l — (Nl + N3)51 -+ (N2 -+ N4)51, 1-— (Nl + N3)52 + (NQ + N4)ﬂ2}, which shows that the set
S is bounded. Thus, as a consequence Theorem the Hadamard coupled system — has at least one
solution. The proof is complete. O

lw + ]| <

Example 3.3. Let p=0 = %, & = %, & = %7 b = %, by = %,

1w 1 !
and
o =) 1
ﬁ2(197w7w) = 198~ sm(27rw(19)) + m + 5
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Consider the Hadamard-type coupled system

4
Diw(¥) = (Y, w,w), o
1
]D)fw(ﬁ) = ﬁ2(791w7w)7 v e [176]7

with the non-separated coupled boundary conditions

w(l) = 3w(e) W'(1) = Lo (e)
{ (1) = Sule) { 1) - (24)

For ¥ € [1,¢] and w,w*, w,w* € RT, we have
* * 1 * *
(Y, w,w*) = (¥, @, @) < — |w—-w|+ — |w" — =

and 1
‘ﬁ2(197w7("')*> - ﬁ2(197w7w>k> < = ‘w - w‘ + = ’w* - w*| :

Hence the condition (Hy) holds with k1 = kg = g7, m = 0.966 17 # 0, o = —0.125 # 0, Supyeqr,e M1 (9,0,0) =
1+ % = €1 < 00 and supyeyy ¢ 12(9,0,0) = 3 = €2 < 0o. We shall check that condition holds. Indeed,
by some simple calculations we find that Ny = 11.841, No = 12.575, N3 = 17.211 and N4 = 17.52 With the
gwen data, we see that ¢1 = 0.92417 < 1.

Therefore, by Theorem we conclude that problem — has a unique solution.

4. conclusion:

In this article, we have established the existence and uniqueness results of a new type of Hadamard-type
fractional differential equations with coupled non-separated boundary conditions. Our analysis is based on
the reduction of convert differential equations to integral equations and using some fixed point theorems
which are completely general and effective. We are confident the reported results here will have a favorable
impact on the expansion of further applications in applied sciences and engineering.
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