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Abstract

We consider a three-dimensional associative noncommutative algebra As over the field C with the basis
{I1, I, p}, where Iy, I are idempotents and p is nilpotent. The algebra Ay contains the algebra of bicomplex
numbers B(C) as a subalgebra. In this paper we consider functions of the form ®(¢) = f1(&1,&2,83)1 +
f2(&1,82,&3) 2 + f3(&1,&2,E3)p of the variable ¢ = &17 + &a1o + E3p, where &, &2, 3 are independent complex
variables and f1, f2, f3 are holomorphic functions of three complex variables. We construct in an explicit
form all functions defined by equalities d® = d(-®’(¢) or d® = ®’(¢)-d(. The obtained descriptions we apply
to representation of the mentioned class of functions by series. Also we established integral representations
of these functions.
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1. Introduction

The natural task is a generalization of the concept of differentiability and derivative for a function
with values in noncommutative algebras. Probably the first attempt to solve this problem was made in a
quaternion algebra in the paper [I]. For the quaternionic functions f of the quaternionic variable x the left
and right derivative were defined, respectively, by equalities

fle) = Jim (M) 'Af, fl() = Jim Af(A2) 1)

lim
Axz—0
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and necessary and sufficient conditions (analogues of the Cauchy-Riemann conditions) of the existence of
limits were obtained. In the paper [2] the mentioned analogues of the Cauchy—Riemann conditions
were integrated and an explicit form of functions, such that have limits (I]), were obtained. Such functions
are, respectively, of the form f(z) = za + b and f(x) = az + b, where a,b are quaternions. This result
motivated mathematicians to search anothers definitions of the quaternionic derivative and quaternionic
analytic functions (see paper [3]).

Usually, classes of functions satisfying the right (or the left) Dirac equation

DT[f]zza‘Zek:o <or Dl[f]:Zek§g£€:>

k=0

are considered in noncommutative algebras. The function theory for mentioned classes of functions is con-
structed in the algebra of quaternions (see monograph [4]), in Clifford algebras [5] and in the other papers.
Many generalizations are obtained in this direction. For example, fractional Dirac operator on Clifford
algebras are investigated in the papers [0, [7]. In the cited papers showed that the fractional action-like
variational approach constructed to model weak dissipative dynamical systems may have interesting features
when applied on classical field theory.

In this paper we consider another class of differentiable functions in the special three-dimensional non-
commutative algebra. It is known (see, e.g., [§]) that there exists only one three-dimensional associative
noncommutative algebra over the field C. It is the algebra A with the basis {I1, I2, p}, whose elements
satisfy the following multiplication rules:

Lhll|e]
R ®
2 2 | P
pllp]0]0

Note that the subalgebra with the basis {I1, I2} is the algebra of bicomplex numbers B(C) or Segre’s algebra
of commutative quaternions (see, e.g., [9, 10]).

In the paper [I1] locally bounded and Gateaux-differentiable mappings, defined in the domains of the
three-dimensional subspace of the algebra B(C) and taking values in the algebra Ay, are considered. Such
mappings are described by means of three holomorphic functions of a complex variable.

In paper [12] an algebra with the multiplication table ([2)) is considered over the field of real numbers R, and
the functions f(z) = f1(x1, z2, x3)[1 + fo(x1, 2, x3)I2 + f3(x1, 22, x3)p of the variable x = x111 + x2ls + x3p
with real 1, x9, 3 and differentiable components f1, f2, f3 are considered in that algebra. All functions with
values in the mentioned algebra, for which exists a limit , are explicitly described.

In this paper we consider the algebra Ay over the field of complex numbers C and functions of the form

Q(¢) = f1(&1,82,&3) 1 + f2(61,&2,&3) 12 + f3(61,&2,83)p (3)

of the variable {( = & 111 + &1s + E3p, where &1, &9, &3 are independent complex variables and fi, fo, f3 are
holomorphic functions of three complex variables. The right- and left-derivatives of the function ® are defined
by equalities

dd = d¢ - ¥/(() (4)

and

dd = ®'(¢) - d¢, (5)

respectively. All right- and left-differentiable functions are explicitly constructed. The obtained descriptions
applied to the representations of mentioned classes of functions by series. Integral representations of these
functions are established too.
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2. Right— and left—differentiable functions

Let © be a domain in the algebra 1&2. Further a domain Q = {¢ = & 11 + &l + &3p € 1&2} we will be
identify with the congruent domain in C3.

A function (3]), where fi(&1,&2,&3), k = 1,2,3, are holomorphic functions of three complex variables, is
called right—differentiable (respectively, left-differentiable) in a domain €, if at every point ¢ € 2 there exists
the element ®'({) of the algebra A, such that the equality (respectively, lb is fulfilled.

Theorem 2.1. A function ® : Q — AZ of the form , where fi, : Q — C> are holomorphic functions, is
right—differentiable in the domain Q C As if and only if the conditions

oh _oh _, 0f _oh

i T T T
(6)
0h _,  0h_0h
o6 " a6 T g

are satisfied.

Proof. Necessity. By virtue of the right—differentiability of the function (3], the following equality is true:
d® = dfili + dfels + dfsp =

= (dflfl + d&als + dfgp) (Afl + Bl + C,O) =
= Ad& 1y + Bd&oly + (Cdés + AdEs)p,

where by AI} + Bl + Cp we denote the right-derivative ®'(().
Then

df1 = Ad&, dfs = Bd&s, dfs = Cd§a + Adgs.

Since the functions fi, fa, f3 are holomorphic, then

6f1 af2 afS af3
A= e o B = C= s A==
0&1 06’ ) 083
Taking into account that
0 0 0
df1 = ? dé + ? dés + ? dg§s = Adgy,
we have of of
1_ 9 _
Oy Ot
In the same way we can show that
df2 dfa dfa
dfs = o, d§y + - 96, d§o + -~ 363 d§s = Bd§s,
" ofs _ 0fs _
0 0&3
d
" ofs . Ofs . Ofs
dfs = 96, dé + == 96, dés + == 96, dés3 = Cd&o + Adgz,
therefore

%—O dft  0fs

o6 & 0g
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Sufficiency. Using holomorphicity of functions f1, fa, f3, conditions (6), and the multiplication table of
the algebra As, we have

d® = df1 1 + dfo s + dfsp = <g£ déy + gé dés + gg

df2 df2 df2 Ofs Ofs Ofs B
+ <8§1d§1 +8§2d§2+8§3d§3> I + <8§1d§1+8§2d§2+8§3d§3> p=

_0f1 dfa 0fs
_T&d§111+87§‘2d€212+ (852

dfs) I+

0
d§2+8£d§3) p=

= (dé1 Iy + dés Iy + désp) (gg I + ggb + g?;ﬁ)

_ 9fi df2 Jfs3
=d¢- (8&1[1+8§212+0£2 P>a

that means the right—differentiability of the function ®. O
The following theorem can be proved similarly to the proof of Theorem [2.1]

Theorem 2.2. A function ® : Q — 1§2 of the form , where fi, : Q — C3 are holomorphic functions, is
left-differentiable in the domain Q) C Ag if and only if the conditions

0h _0n . on_on
0& 0 7 o0& 0&

of 0% _oh
082 T0&% 0

are satisfied.

3. Constructive description of differentiable functions

The following conditions are consequence of equalities () and holomorphicity of the functions f1, fa, f3:

J1(61,62,83) = f1(&1),  f2(&1,€2,83) = f2(§2),  [3(61,62,83) = f3(&2,&3)-

By virtue the last equality of conditions @ we have:

on

[3(2,&3) = &3 96,

+ (&) = &f1(&1) + ¢(&2).

Since % =0, then f1(&1) = a&1 + B, where a, 8 are arbitrary complex numbers.

Therefore, every right-differentiable function can be expressed in the form

Q((¢) = (b1 + B) I1 + f2(&2) 2 + (f3(&2) +a3)p, a,B€C. (8)

Herewith
'(¢) = ali + fo(&2) 2 + f3(&2)p.

Similarly, every left-differentiable function can be expressed in the form

V(C) = filg) 1 + (oo + B) Io + (f3(&1) +a&3) p,  «a,B €C, 9)
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and
V() = fi(&) T + aly + f5(&)p.

Let
Qy := {&1 € C such that 3(&,&3) € C?: (&,&,63) € Q};

Q := {& € C such that 3(&1,&3) € C* 1 (&1, 6,&3) € Q).
The following statement follows immediately from the equalities and @, due to their right-hand side
are right— and left—differentiable functions in the domain

={(=ah+&hL+&pehy: & €M =Cx O xC, (10)
Mi={(=&h+&h+&pehy 6 e}=0 xCxC. (11)

respectively.

Theorem 3.1. Fvery right—differentiable function ® : Q — Ay can be extended to the right—differentiable
function in the domain 1ls.

Theorem 3.2. Every left—differentiable function ¥ : Q — 1&2 can be extended to the left—differentiable
function in the domain I1;.

It is easy to see that, in general, the product of two right—differentiable functions is not right—differentiable
function, and the product of two left—differentiable functions is not left—differentiable function.

In view of Theorems [3.1]and [3.2) further we will be consider right— and left—differentiable functions defined,
respectively, in the domains Il , kK = 1,2, of the form and .

4. Application of constructive description to representation of differentiable functions by series

Using the representation of right—differentiable function ® : I, — Ay by means of holomorphic
functions of a complex variable, we show that the function ® in the domain B.({y) := C x {{& € C :
|€2 — &90| < e} x C is expressed into the power series, where (o := 1001 + &2012 + E30p-

Theorem 4.1. Let a function ® : Il — 1&2 is right—differentiable in a domain llo = C x Dy x C. Then at
every point ¢ = &111 + &ala + E3p of the domain B:((y) C Il the function ® is expressed as the sum of the
absolutely convergent power series

() =D (¢ —C0)"pn, (12)
n=0
where
po = (aCo + B) 1 +bola +cop,  p1=ali +bily + cip,
(13)
pr = bila 4 cip, k=2,3,...,
and by, ¢, are coefficients of the Taylor series of the functions fo, f3 from the equality for ¢ € Iy
f2(&) = bn(&a — &0)", f3(&2) = enl&a — &)™ (14)
n=0 n=0

Proof. Since in the equality the functions a&; + 8 and «&s are holomorphic in the whole complex plane,
then their series are absolutely convergent in the whole complex plane, and since the functions fs, f3 are
holomorphic in the domain {& € C : |{y — &20| < €}, then the series are absolutely convergent in the
corresponding domain. Then the equality takes the form

O(Q) = (a1 + B)T1 + Y baléo = &20)" T+ Y cnlo — &20)"p + alsp =
n=0 n=0
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= a(&hi +&p) + BL+ ) bu(le — &) I+ ) cnléa — E20)"p
n=0 n=0

for all ¢ € II5. Now, taking into account the relation
(€= C0)"I2 = (& — &0)" L2,  Ch =& +&p
for all(eAg and n=0,1,..., we have

O(¢) = aCli+ L+ Y ba(C = Co) o+ Y en(C = G0)'"p =

= (ao+ B + (¢ = )L+ Y bu(¢ = (o) T2+ Y en(C = Go)"p =
n=0 n=0

= Z(C - CO)npn )
n=0

where coefficients are defined by the equality and series is absolutely convergent in the domain
I1. O

A similar statement is true for the left—differentiable function ¥({) in the domain Q-((p) := {&1 € C:
‘61—510‘ <8} x C x C.

Theorem 4.2. Let a function ¥ : II; — .&2 1s left—differentiable in a domain 111 = D1 x C x C. Then at
every point ¢ = &111 + &21o + E3p of the domain Q:((o) C Iy the function ¥ is expressed as the sum of the
absolutely convergent power series

V() = anl¢— )" (15)
n=0
where
q0 = aol2 + (ao + B)I2 + cop, @ =arlh +aly + cp,
(16)
qr = arl1 + crp, k=2,3,...,
and an, ¢y, are coefficients of the Taylor series of the functions f1, f3 from the equality (9) for ¢ € II;:
AE) =D an(&—&0)"  f3(&) =) enlér — &)™ (17)
n=0 n=0

Here we note the paper [I8] in which a new Taylor—type series expansion based on the Appell polynomials
is presented, and such series expansion is applied to the description of the hypercomplex derivative.

5. Application of constructive description to the construction of the integral representations
of differentiable functions

Integral representations of the differentiable in some sense, functions are important for applications,
especially for solving boundary value problems. For example, in the papers [13] [14] integral representation
of monogenic functions in the two-dimensional biharmonic algebra were applied to solving boundary value
problems for two-dimensional biharmonic equation. In the monograph [15] integral representations of axial-
symmetric potential and Stokes flow functions were obtained and such representations were applied to the
solution of Dirichlet boundary problem for the mentioned potentials. Furthermore, in the paper [16] integral
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representations of monogenic functions in a commutative algebra were applied to the construction of exact
solutions of the linear homogeneous PDEs with constant coefficients.

In this section we establish integral representations of the right— and left—differentiable functions in the
algebra A.

It is easy to show that the invertse element to the element ¢ = & 111 + &1 + &3p is of the form

1 1 &

-1
=N +—L— =2, 18
‘ a’lt e as” (18)
where & # 0 and & # 0.
Let 7 :=t111 + toly, where t1,to € C and d7 := dt1dts. The equality
B 1 1 &3
1

T — = I, + Iy — 19
(r=¢) =& ta—C (751—51)(152—52)p (19)

follows from the equality (LS. N
Let Dy be an arbitrary domain on the plane t for k = 1,2. In addition, let a function @ : IIp — Ay
is right—differentiable in the domain Ily = C x Dy x C of the form , and a function ¥ : II; — Ag is a
left—differentiable in the domain II; = D x C x C of the form . Denote by I'y, an arbitrary closed Jordan
piece-smooth curve in Dy, , which surround the points &, k = 1, 2.
Now we shall construct integral representation of right— and left—differentiable functions.

Theorem 5.1. Every right—differentiable function ® : Ily — Ay in a domain IIy = C x Dy x C is expressed

by formula
1 ati +68 f3(t2) PR
2= (27Ti)2r /r ( ty — &2 fimab ta — &2 p) (r=¢)dr+
1 fa(t2) —1
(27[_Z-)2 t — 51 (T - C) dr 12 ) (20)

Fl ><F2

where «, B are some complex numbers and fs, f3 are some holomorphic functions in the domain Ds.

Proof. Let us show that the representation by equivalent transformations is reduced to representation
(8). Using the equality and the multiplication table of the algebra, the equality takes the form

o(0) = ! /((at1+6)11 P / aly .

(2mi)? t1 —&1)(t2 — &2) (2mi)? to — &
'y xIo 'y xT2
1 alsp 1 f3(t2) p
+(2m)2 / (t1 — &)(t2 — &) a7+ (2mi)? / (t1 — &) (t2 — &2) drt
'y xIy 'y xI'g
1 fa(t2) I2 N
+(27Ti)2F /r (t1 — &1)(t2 — &2) ir= ;Jk'

Now, applying the Cauchy formula to the functions of several complex variables (see, e.g., [I7, p.45]), we
have

J1= (&1 +B)1, J2=0, J3=a&sp, Ji= f3(52)p, J5 = fa(&2)]2.
Thus, the function ® is of the form . O

The following theorem can be proved similarly.
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Theorem 5.2. Every left—differentiable function ¥ : 1I; — Ay in a domain II; = Dy x C x C is expressed

by formula
_ 1 L), f3(t1) -1
Ho = (27Ti)2r /1“ (752 —& fimab t2 — & p> (r =) dr+
1 aty+ 1
*mp | a0

Fl ><F2

where a, B are some complex numbers and f1, f3 are some holomorphic functions in the domain D1.
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