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Abstract

In this article, we investigate some basic results of self-adjoint operator in I'-Hilbert space. We proof some
similar results on self-adjoint operator in this space with some specific norm. Finally we will prove that the
spectral theorem for compact self-adjoint operator in I'-Hilbert space and the converse is also true.

Keywords: compact operator, self-adjoint operator, Spectral theorem, I'-Hilbert space.
2010 MSC: 46C50 , 47B07.

1. Introduction

The theory of Hilbert spaces was first introduced and studied by David Hilbert (1862-1943). Hilbert space

operators represent the physical quantities in real-life applications, that’s why physicist and mathematicians
are interested to classify the operators in Hilbert space. The concepts of spectral theory play a central role
in Hilbert spaces, trying to classify linear operators.
The concepts of I'-Hilbert space was first commenced by D.K Bhattacharya and T.E. Aman in their research
paper [1]. This definition gives the generalization of Hilbert spaces in real or complex field. Further devel-
opment of this literature was found in 2017 by A. Ghosh, A. Das, and T.E. Aman in their paper [2]. They
defined ~y-orthogonality, proved the Unique decomposition theorem and Representation theorem in I'-Hilbert
space. In [3] A. Das and S. Islam introduce self-adjoint operator and characterize these operator in I'-Hilbert
space.

Spectral theorem for self-adjoint operator is a generalization of the conventional theorem from Linear
algebra, which states that "every Hermitian matrix is unitarily similar to a real diagonal matrix". This is
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our motivation to study Spectral theory for a self-adjoint operator in I' -Hilbert space. Before studying the
spectral theory for compact self-adjoint operator, we have to prove some basic results in this space. Also,
we present the spectral theorem in functional calculus form. Here we consider both finite-dimensional and
infinite-dimensional complex Hilbert spaces. We have made some small changes in the definition of I'-Hilbert
space after consulting with the main authors [1].

2. Preliminaries

In this paper, we shall denote the set of all bounded linear operator on a I'-Hilbert space Hr is B(Hr).
An operator is called finite rank (dimensional) if its range is finite dimension. A complex number 7 is an
eigenvalue of T if Tx = nx holds for any non zero vector x € Hr. The set of all eigen values of T denoted
by o,(T).

At first, we recall some important definitions :

Definition 2.1. [1] Let H be a linear space over the field C and ' be a semi group with respect to addition.
A mapping {.,.,.): HxT x H — C is called a T-inner product on H if the following conditions are satisfied:
(i) (x,v,y) is linear in each variable.

(i1) (z,7v,y) = (y,7,x) for all x,y € H and for all v € T.

(#i) (x,~v,x) > 0 for all x # 0 and for all v € T".

() (x,v,z) =0 if v = 6.

Definition 2.2. (H,T',(.,.,.)) is called a T'-inner product space over C. A complete I'-inner product space
15 called I'-Hilbert space and is denoted by Hr.

Now consider as )
[2|ly= (z,7,2)2

then it is easy to prove that ||z||, satisfy all the conditions of norm. The author in [2] has all ready proved
the following results.

Definition 2.3. [2] Let x,y € Hr, then xz,y are vy-orthogonal if and only if (x,~,y) = 0. In symbol we write
T 1lyy.

Let M is a subset of Hr then define y-orthogonal compliment of M as
MY ={z e Hr:xlyy for all y€ Hr}.

Definition 2.4. A sequence (x,,) in Hrp is said to be y-orthonormal if for any v € T it follows two conditions

1. (zp,7,m) =1 when n=m;
2. (xn, Y, Tm) =0 when n # m.

Theorem 2.5. [2] For all x,y € Hr and any vy €T

1. Cauchy-Schwartz’s inequality : | (x,v,y) | < ||z||4||y]]~-
2. Parallelogram Law : ||z + yl|2 + ||z — y[|2 = 2||z|12 + 2][y]]2.
3. Pythagorean Theorem : x L, y if and only if

lle +yll5 = 1zl + [lyl]3-

Theorem 2.6. [2] (Projection Theorem). Let M be a closed subspace of Hr. Then M=+ is a closed subspace
and Hr = M & M1,



N. Sarkar, S. Injamamul Islam, A. Das, Adv. Theory Nonlinear Anal. Appl. 1 (2022), 93100} 95

2.1. A bounded linear Operator on I'-Hilbert space

Definition 2.7. A linear operator T on a U'-Hilbert space Hr is said to be bounded if there exists C > 0 such
that ||Tx||y < C||z||y for all x € Hr and for any v € T, ||T||5 is defined by

|| Ty =inf{C >0:||Tz||, < C||z||ly for all xe€ Hr}

then ||T||, is said to be the operator v norm of T.

Definition 2.8. A linear operator T : Hpr — Hry is compact if for every bounded sequence (x,) in Hp,
there ezists a convergent sub sequence of (Txy) in Hr.

Lemma 2.9. If T is compact operator and M is a closed subspace of Hr, then the restriction operator T'|ps
1s also compact.

Theorem 2.10. [5] Every finite-dimensional bounded operator is compact.

2.2. Self-adjoint Operator on I'-Hilbert space

Definition 2.11. /3] A bounded linear operator T : Hr — Hrp on I'-Hilbert space is called self-adjoint if
and only if for all x,y € Hr, we have (Txz,~,y) = (z,7,Ty).
t.e. T is self-adjoint if and only if T =T"*.

We start with some basic properties of self-adjoint operator on I'-Hilbert space.

Theorem 2.12. [3] Let T be a self-adjoint operator on Hp and for any -y, then
|T||., = sup{| (T, y,2) | : [|z]] = 1}.

3. Main Results

Proposition 3.1. Let A, B be an operator on a I'- Hilbert space Hr. Then A* and B* is also an operator
on I'- Hilbert space Hr and the following properties hold:

1. (A+ B)* = A* + B*
2. (AB)* = B*A*

3. (AA)* —AA*

4. (B*) =

5. [|B*|, —HBH

Proof. all the proofs are straight forward.
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Theorem 3.2. Let T' € B(Hy), then ||T||, = sup {||Tx|| : ||z||y = 1} for any v €T

Proof. Let us consider M = sup {||Tz||, : ||z||y, = 1}. Since T is bounded so ||Tz||y < ||T||y||z|y. Now
||z||y = 1 implies that ||Tz||, < ||T'||y. By previous definition, we have M < ||T||,. On the other hand for
any vector x € Hr, we have

x

I7all, = [Ttz = 17 Gl el < Ml

|||

So HTH < M. Therefore HTH =M.
v o

O
Theorem 3.3. Let T be a Self-adjoint Operator on Hr, then o,(T) C R for any v € T'.
Proof. Let £ € 0p(T) and Tx =&x (x # 6). Then
Elz|3 = (Tz,v,2) = (x,7, Tx) = €]|2]|3.
Which gives us € = € and the proof is complete.
O

Theorem 3.4. Suppose x and y are eigenvectors of a Self-adjoint operator T on Hr corresponding to distinct
eigenvalues, then x 1 y.

Proof. Let n,u € 0,(T) such that Tx = nxz(x # ) and Ty = py(y # 0). Then

n{w,v,y) = (Tx,v,y) = (v,7,Ty) = p{r,7,9),

which implies (n— p) (z,v,y) = 0. Since n and p are distinct real numbers, then (x,v,y) = 0. Hence x L, .
O

Theorem 3.5. Let Hr be a complex Hilbert space and T be a bounded operator on Hr, then T is self-adjoint
if and only if (Tx,~v,x) € R for all x € Hr for all v € T.

Proof. Suppose T is self-adjoint then we have,
(Tz,y,x) = (x,v,Tx) = (Tx,v,x).

Hence (T'x,~,z) € R.
Conversely, let (T'z,~,z) € R for all € Hr and for all v € T.
If ce C and z,y € Hr then
(T'(z +cy), 7, (z+cy)) €R,

implies that

(T(z+cy),v,z) = (T'(z +cy),7, ),
that is
(T(x +cy),v,2) = (2,7, T(x + cy)) .

simplify the above equation gives us

c(Ty,y,x) +c(Tx,v,y) = c(x,v, Ty) +c(y,v, Tx),

that is
c <Ty7%l“> + 5<Tl“a% 3/> = 5<T*$,’}/,y> +c <T*y,’}/,ﬂ§‘> .
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By first taking ¢ = 1 and then ¢ = ¢ we obtain as two equations

(Ty,v,2) + (Tx,v,y) = (T"2,7,y) + (T"y,7,2)
and
i <Ty7 v, $‘> —1 <T$7’7> y> =—1 <T*$, v, y> + { <T*y7 v, l‘> .

By cancel 7 from last equation and add those two equation implies

(Ty,v,z) = (T"y,v,x).

Hence

<TZ/, Y, .’L'> = <x7 s Ty>
for all z,y € Hr for all vy € I'. Thus T'=T".
O

Theorem 3.6. Let T be a bounded Self-adjoint operator on Hr, then either HTHW or —HTH,Y is an eigenvalue
of T for any vy € T.

Proof. By theorem (2.12) there exist a sequence (y,) in Hr with ||y,|l, =1
for all n such that (T'yn, v, yn) — &, where { = HTHW or £ = —HTH,Y.
Now

HTyn - gynHi = HTynHi -2 <Tyna'7a yn> +€2

S 252 - 25 <Tyn7’7,yn> —0asn— oco.

Since T is compact, there exists a sub sequence (T'yy;) of (T'yn) such that Tyn; — y. So (Tyn—EYn) — 0
as n — oo. That is y, — %Ty where y = lim Ty, ; = %Ty. Hence ¢ is an eigen value of T.

Corollary 3.7. If T be a compact self-adjoint operator on Hr, then

|||, = maz{| (Tz,y,2) | : ||z||, = 1}.

Theorem 3.8. (The Spectral theorem) Let T be a bounded compact self-adjoint operator on Hp. Then for
any v €T

1. there exists a system of orthonormal eigenvectors V1, Y2, V¥3,... of T and corresponding eigenvalues &1,

o, &3,... such that |&1| > 2] > |&3] >.....
2. If &, is infinite, then &, — 0 as n — oco.

3. If Tw = 5021 &k (x, v, k) i for all x € Hr, then the series on the right hand side converges in the
operator norm of B(Hr).

Proof. 1. Let Hy = H and T} = T. Theorem (3.6) guarantees that, there exists an eigenvalue & of T}
and an eigenvector 11 such that leHv =1and |&| = HT1H7. Since span {11} is a closed subspace of

Hj, then theorem (2.6) gives us Hy = span{i} @ spcm{wl}“.
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Again let H; = span{@bl}L”. Clearly Hj is a closed subspace of H; and T(H2) C Hy. Now let
Ty = Tiln,.

Then T is self-adjoint operator and also compact in B(Hs). If To = 0, then it is trivially true. Assume
that 75 # 0. Then by Theorem (3.6), there exists an eigenvalue & of Ty with |§| = HTQH’Y and a

corresponding eigenvector 1o such that H’l)Z)QHfY =1.
Since T5 is a restriction of 11, |&2] = HTQH7 < HTlH7 = |&].
By the construction, & and & are orthonormal. Now let Hy = span{i/Jl,@Z)g}J‘”. Clearly Hs C Ho.

It is easy to show that T'(Hs) C Hs. The operator T3 = T'|g, is compact and self-adjoint. Hence by
theorem (3.6) there exits an eigen value &3 of T3 and a corresponding eigen vector 13 with ngHy =1.

Here |&5| = HTg,H7 and hence |&5| < [&] < [€1].

Repeating the above process in the same manner, in some stage either n, 7;, = 0 or there exists a
sequence &, of eigenvalues of T and corresponding vector 1, with HwnH7 =1and |&,| = HTnH7 Also
|&n| > |€n+1| for each n.

2. If possible let &, does not converges to 0, there exists € > 0 such that |£,| > € for infinitely many n. If
m # n then

T4 — T |2 = [|€0n — €2 = €2 + €2, > €.

This implies that T, has no convergent sub sequence, which contradict the fact that T is compact.
Hence &, — 0 as n — oo.

3. Here we consider two cases.
Case 1 : If T,, = 0 for some n.

n

Let x,=z— Z (z, 7y, i) Y.

k=1
Then z,, and ; are y-orthogonal for 1 <+¢ < n. Hence

k=1
That is .
Tx = ng <.’IJ,")/,'¢]€> wk'

k=1

Case 2: If T}, # 0 for infinitely many n. For x € H, by case 1,
we have

= [ Tuzull, < 1 Zll,llzall,
,

Ta = & (2,7, k) Pr
k=1

— 0 as n — oo.
Finally we get the result

Ta = & (2,7, k) Pr-

k=1
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It is natural to ask that the converse of the above theorem is true or not, the answer is given in the next
theorem. Before that we give an example.

Example 3.9. Let us consider Hr = (*> and T' = (0,00) with T inner product (x,7,y) = > re o TkYYx, where
r = (21,72,....) and y = (y1, Y2, ....) are elements of (2. Define T : £> — (2 by

T2 I3
T(%l,l'z, ) = ($1, ?, ?, )
Then T is compact self-adjoint. Also Te, = %en, thus % is an eigenvalue with an eigen vector e,. Since

% — 0 as n — co. Then by spectral theorem (3.8 ) T can be represented as for all x € 2.

Theorem 3.10. Suppose that V1, Va2, Vs,... sequence of orthonormal vectors in Hr and &, &, Es,... be
a sequence of real number such that {&,} is finite or converges to 0. Then for any v € ' and x € Hr the
operator defined by

Ta =" & (2,7, %) Pr

k=1

is compact and self-adjoint.

Proof. We prove it in two cases.
Case 1: {&,} is finite Consider

k=1
Then

oo
2 _ _ 2 2 2
|Tx| = (T2, ~,Tx) = k§_1|£k| [,y 0) 7 < max (&[]
Therefore, T is bounded and T is a finite rank operator. Hence T is compact.

Case 2: {&,} is infinite and &, — 0 as n — oo. Then by the spectral theorem ( 3.8 ), we have

oo
|T||2 = ; 6] (@) P < max [6llfal 2.

Thus T is bounded operator. Now define T, x = > 1 &k (@, 7, V) Yk
Then

> 2
lall=1 | = )

< suppa, &> — 0asn — .

Since each T, is finite rank and hence compact, so T is compact. Now
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<T£L’,’7,y> = < Zzozl §kz<$,%¢k>7/}k,%y>
= ZZOZI 5]6 <:C7 v ¢/€> <1/}k7 v, y>
= 22021 ék <¢kv’}/7 y> <I777¢k>

=51 & (W, 7, k) (x,7, k) (as & real number for all k)

= <$777 220:1 §k<y77vwk>¢k> = <$,"}/,Ty>.

Hence T is self-adjoint.
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