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Abstract

In the present paper, first, we investigate a generalized Pochhammer’s symbol and its various properties in
terms of a new symbol (s, k), where s,k > 0. Then, we define a generalization of gamma and beta functions
and their various associated properties in the form of (s, k). Also, we define new generalization of hyperge-
ometric functions and develop differential equations for generalized hypergeometric functions in the form of
(s, k). We present that generalized hypergeometric functions are the solution of the said differential equa-
tion. Furthermore, some useful results, properties and integral representation related to these generalized
Pochhammer’s symbol, gamma function, beta function, and hypergeometric functions are presented.
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1. Introduction

The theory of special functions comprises a major part of mathematics. In last three centuries, the
essential of solving the problems take place in the fields of classical mechanics, hydrodynamics and control
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theory, motivated the development of the theory of special functions. This field also has wide applications
in both pure mathematics and applied mathematics. Numerous extensions of special functions have been
introduced by many authors (see [11 2, [3] 4]).

Agarwal et al. [5] proved new differential equations for the extended Mittag-Leffler function by using
Saigo-Maeda fractional differential operators. Mdallal et al. [6] also worked on the differential equations
of fractional order with variables coefficients. They found the eigenvalues by applying associated boundary
conditions. Also, they present the eigenfunctions in the form of Mittag-Leffler functions. Babakhani et al.
[7] used thye fixed point theorems to find the existence of positive solutions for a non-autonomous fractional
differential equation with integral boundary conditions. They also presented some examples related to
differential equations. Jarad et al. [§] investigated the modified Laplace transform and related properties.
They used these results to find the solution of some ordinary differential equations of a certain type generalized
fractional derivatives.

Diaz et al. [9, 10, 11] have introduced gamma and beta k-functions and proved a number of their
properties. They have also studied zeta k-functions and hypergeometric k-functions based on Pochhammer
k-symbols for factorial functions. In [12] 13 14} [I5], the researchers studied the generalized gamma k-
function and proposed its various properties. Later on, Mubeen and Habibullah [32] proposed the so-called
k-fractional integral based on gamma k-function and its applications. In [33], Mubeen and Habibullah
defined the integral representation of generalized confluent hypergeometric k-functions and hypergeometric
k-functions by utilizing the properties of Pochhammer k-symbols, k-gamma, and k-beta functions. In [34],
Mubeen et al. proposed the following second order linear differential equation for hypergergeometric k-
functions as

kw(l — kx)" + [y — (a+ B+ k) kz] ' — afw = 0.

The solution in the form of the so-called k-hypergeometric series of k-hypergeometric differential equation by
utilizing the Frobenius method can be found in the work of Mubeen et al. [35, [36]. Recently, Li and Dong
[37] investigated the hypergeometric series solutions for the second order non-homogeneous k-hypergeometric
differential equation with the polynomial term. Rahman et al. [38]39] proposed the generalization of Wright
type hypergeometric k-functions and derived its various basic properties.

Qi and Wang [40] worked on Young’s integral Inequalities and discussed its geometric interpretation. Ad-
jimi and Benbachir [41] worked on Katugampola fractional differential equation with Erdelyi-Kober integral
boundary conditions. Furthermore, Mubeen and Igbal [16] investigated the generalized version of Griiss-type
inequalities by considering k-fractional integrals. Agarwal et al. [18] established certain Hermite-Hadamard
type inequalities involving k-fractional integrals. Set et al. [27] proposed generalized HermiteaASHadamard
type inequalities for RiemannaASLiouville k-fractional integral. Ostrowski type k-fractional integral inequali-
ties can be found in the work of Mubeen et al. [I7]. Many researchers have established further the generalized
versions of Riemann-Liouville k-fractional integrals, and defined a large number of various inequalities by
using different kind of generalized fractional integrals. The interesting readers may consult [19] 31, 25| 20].
The Hadamard k-fractional integrals can be found in the work of Farid et al. [21]. In [23] Farid proposed
the idea of Hadamard-type inequalities for k-fractional Riemann-Liouville integrals. In [24] 22], the authors
have introduced the inequalities by employing Hadamard-type inequalities for k-fractional integrals. Nisar
et al. [28] investigated Gronwall type inequalities by utilizing Riemann-Liouville k-fractional derivatives and
Hadamard k-fractional derivatives [28]. In 28], they presented dependence solutions of certain k-fractional
differential equations of arbitrary real order with initial conditions. Samraiz et al. [26] proposed Hadamard
k-fractional derivative and related properties. Recently, Rahman et al. [29] defined generalized k-fractional
derivative operator. Jangid et al. [30] worked on the generalization of integral inequalities. By using the
Saigo k-fractional integral operators, they found some new inequalities for the Chebyshev functional for two
synchronous functions.
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By getting motivation from Diaz and other researchers working on the generalization and extensions of

the special functions, we get the idea to obtain the more generalized and extended form of special functions.
The structure of the paper is organized as follows:
In Section [2, we study the generalized Pochhammer’s symbol, gamma function and beta function in terms
of (s,k). Also, some basic properties are presented. In Section , generalized hypergeometric functions,
differential equation for hypergeometric function and their associated properties are discussed. In Section [4]
concluding remarks are given.

2. Main Results

In this section, we introduce generalized Pochhammer’s symbol and its various associated properties.
Also, generalization of gamma and beta functions and their associated properties are presented.

Definition 2.1. The generalized Pochhammer’s symbol in term of (s, k) is defined as
() = ala+(s/k)) - (a+ ((n = 1)s/k)), a€C,
s,keRT, neN, s>k>0. (1)

s(b)k — 9mn s(ﬂ)k S(M)k s(bk+(m*1)5)k

nm m/n mk /n mk n

Just as for the usual T, the function *T'* admits an infinite product expression given by

g e (1) (5]

n=1

where v is Euler-Mascheroni constant, defined by
v = ILm (H, —log(n)) ~ 0.57721566490,

n

where H, = Y L.
m=1

Lemma 2.2. For all z, the Euler product is given as

e [ (CONCN

Proof. Using equation , we have

Since
v = lim [Hy —log(n+1)]. (5)

Therefore equation becomes

7= lim [Hn - Zn: log (mq;rlﬂ (6)

m=1
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Multiply the whole equation @ by —£2, we obtain
n kz
kz~y kz m+1Y)
— = 1 - —H, 1 .
7w 2( )|
By taking exponential, we get
kz +1 0
_k m s
e nh_}n;o [exp < - —H > exp zjllog <m) ] (7)
Since Hp, = ) %, put in equation , we have
m=1
ko 1 " 1\~
e_sz7 = nh_}rxgo [exp < — szmz::l m> expmzﬂlog <m'er_> ]
kz
= lim [exp( Z) epolog <m+> ]
oo m=1 sm m=1 m
And so
kzy " —kz - m+ 1, k=
s =1 1 — 1 s
e n1_>rroloexp<m1 og(exp(sm )))(exme:1 og( ) )
_kzy n —kz m-+1)\ s
[ R— 1 _—
= e (50) (50) ©
This implies that
1 i n+ 1,k kz\—1
SF]C(Z) — p |: s — :|
2(s/k)7F 1] =) o)
O
Lemma 2.3. For all finite z, the difference equation is given below
ST*(2 4 (s/k)) = z *T*(2). (9)
Proof. Using equation , we have
1 Elat(s/k)) kztk\—1
z S 1 + “sn
THE 4 (3/K) _ ermem H 55 a0
STk (2) 0T 1 ntl kz
Z(S/k),% TLE S+ )

z(s/k) .. m+1 sm+ kz
= —F— 1

z—l—(s/k)nlﬁnolonll_:[l m )sm+kz+k)

z(s/k) .. n+1 s+ zk
= ——1

z+(s/k)nlﬁnolo[ 1 )(sn+kz+k:

)| = z.

Therefore
SFk(z +(s/k)) ==z sl“k(z).
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Definition 2.4. The Gamma (s, k)-function is defined as
kz
1gn(ns) 2
STk = i GBS
T =
, 2€C—kZ, (10)
s,k €RT s>k >0, R(z) > 0. (11)
Lemma 2.5. For z € C, R(z) > 0, we have
i s/k
TR (2) = /tz_le_kts dt.
0
Proof. By equation , we have
n s/k
STF(2) = /tz_le_kt-dt
0
(ne)% Lt
.2
= lim [ ¢ (1 - '“) dt
n—00 ns
0
Let Ap(2),i=0, ---, n, be given by
() >
i3
Api(z) = / =1 (1 - k>dt.
ns
0
The following recursive formula is proven using integration by parts
i S
An 7 - An 7 5 )
i) = Az + 1)
Also,
)+ o B
Anol(z) = / gy — (B
z
0
Therefore,
kz
nls™(%2) s
Anm(z) - k : zk
ko (z)n(1 4 55)
and
1gn (1S
spk(Ly — 1 o s (R)
I'"(z) = nh_)nolo Apn(z) = nh_}ngo ()
i s/k
TR (2) = /tz_le_kts dt, z€C, s,kecR" s>k>0, R(z)>0. (12)

0
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Lemma 2.6. If « is neither zero nor a negative integer, then
Tt )
s k k
=—Ff7, 1
(@) = e (13
Proof. Consider
srk OZ—I—E :srk a+(n_1+1)5
k k ’
Using equation @, for n a positive integer, we have
sk ns\ _ ns =S\ sk ns — s
(a + A > (a + A o+ A
— -2
N I e A
i.e.,
_9 _
SF'“(OH— T;:) = a<a—|— Z) <a+ e A S) <a+ nsk S) ST ().
Since
S(a)f = a at+).. a+ns_28 "
o k k k ’
therefore we have
spk (oz + 7;:) = S(a)f *T*(a).
This implies that
sk ns
3(0[)712 — r (O[+ ?)
sl“k(a)
O
Definition 2.7. The beta (s, k)-function is defined as
" 1
SBF(z,y) = S /t’l‘”lu %, s, keRT, s>k>0, R(@) >0, R(y) > 0. (14)
0
The beta (s, k)-function can be defined in terms of algebraic functions by putting t = sin® ®, given as
2k ;
spk(z,y) = - /sinzlzw1 O cos st &d®, R(x) >0, R(y)>0. (15)
0
Lemma 2.8. If Re(p) > 0 and Re(q) > 0, then
*T*(p) *T'*(q)
°B(p,q) = : 16
(P, q) Thp T ) (16)
Proof. Using equation , We have
o0 S 0 S
ST*(p) Tk (q) = /e_kusk uksp_ldu/e_kvsk v Lo, (17)
0

0
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In equation , use u = 22 and v = y2. Thus du = 2xdx and dv = 2ydy.
Now if w — 0, then £ — 0. If v — 0, then y — 0. If u — o0, then x — oco. If v — o0, then y — co. We have

o0 2s o0 2s
. ¥
“T*(p) °T*(q) = /ek s m2§p22mdx/ekys y2§q*22ydy

0 0

00 00 25 Qf
kx k 2k 2k
N 4//6( s ey  dady. (18)

00

Let = rcos, y = rsinf and 72 = 22 + 32, where 0 < r < co and 0 < 0 < 5, and dzdy = rdrdf. Put in
the equation , we have

2s
k

r=le 2 Pl gp2a— 1Sm s L Ordrd

\M\ﬂ
@

sl-\k( )srk 4/
0

7r

< 2s
2/6 e A 22rdr/cos ¥1 g sin " 1 9do. (19)
0 0
Put the following in equation
2 o=t 0= g —
2rdr = dt df = —do,

™

asT — 0,t—0and as 7 — 00, t — oo. Also if # =0, then ¢ = 5 and if § = 7, then ¢ = 0, so we have

oo s
SI‘k(jv) st(q) = /ektsk pra—1 gy Q/Sin2'§p (;5Cos i 1¢d¢>
0 0
= “T*(p+4q) *6"(p,q).
By using equation and equation we have

[ME]

"T*(p) *T*(q)

s nk
B (p,q) =
#:9) sT*(p + q)
O
Lemma 2.9. Prove that - i
Y\ _ka *(a)y y"
1-— s = — 20
(-2 Jn (20)
n=0
Proof. The binomial theorem states that
sy e _ S (A - 1)(=E ) (1) ()"
(1 - ?) s = Z n' )

SY . _ka i (a)(a+ 7)(a+23)...(a+ (n—1)F) y”'

|
n.
n=0
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Therefore, in factorial function notation,

sy, _ka = *(a)k y"
(1—?) : _ZT'

n=0

2.1. Some important results of Pochhammer (s, k)-symbol.

In this section, some important results of Pochhammer’s (s, k)-symbol are presented.

T — )

TR} — )

_ THE — a)

(58— ) (5 — o) (5 — o) T — a)
(1" _

olat (ot n-1F) (@)

Thus,
T —a) (1)
THi—a) ()
s(aﬂ% s( + %)72 — a(a+ %)(a+ (m;l)s)(a+ %)(a—}— (m—ll; 1)8>”.
(o + ms + (]:L — l)s) —t (o)
Thus,
@)k *(a+ 0k = (@
(=1)™ *(a)y
(5 = alh
_ (hralat i)l M)
(s—kns _ a)(2s;ns - a) . (s—nk—i-lgm—l)s . Od)
B s (n—m—1)s, |
= afat5) (o P = (@),
Thus,
(D" @b .
s(sfns _ O‘)Ifn - ( )n—m'
Example 2.10. Prove that
(n—m)! = 7(—3)mn!k )

~ )

m
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Proof.
s( )k: _ (_1)m s(a)ﬁ
X)p—m = s(s—ns _ Oé)k ’
k m
taking o = 7, we have
s(f)k (_1)m 8(%)5;
e E O

S\n—m n—m) — (_1)m (%)nn|
(= myt = S
(~s)"n!
(’I’Lfm)l o 5(_”5)7’?’1

2.1.1. Legender’s (s, k)-Duplication formula.
Lemma 2.11. Prove that

]fﬂ- 2kz S
v Srk 9 — 9% -1 SI\/C kl'\k 2.
Ve 2z) (2) T+ )

Proof. Since *(a)k, = 22" 5($)k s(%)ﬁ and a = 2z, we have

2 2k
(22)h, = 22 (T ()

Th(22 4 22) 220 STR(Z 4 me) oph(Zhzigiing)
sTk(2z) sTh(22) srk(%)
Using
! n(ns %
and

) nls" (%)
1= lim ——————.
n—o0 k" STk (z + %)

STk (22) B

STk (22 4 Zns)pl2n gn(ns)'s

sI‘k(Z) SF’C<Z + i) T nSeo (2n)'52"kn(%)%z SI‘k(Z N %)
”!5"(%)%(271)!52”(2728)&;;{%
(%)%Zs;gskznk”n!n!?" st(z+ %)

5 eanE s
- \/;nhi& ()2~ \ 5S
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Put z = 5 in above equation and use STH( (35) = 1/ . This implies that

1
C=/=

s

kﬂ- 2kz
SFk _ QT_I Sl—\k’ k‘Fk‘
Vo) = () T+ 20

Definition 2.12. The binomial (s, k)-theorem states that

Therefore

(1+ sz/k)" = (g) (s2/k)° + (’f) (sz/k)' + - -- (Z) (s2/k)" + -+, (21)

(14 sz/k)" (sz/k)™ (22)
-2 ()
and . 12
(1+sz/k)" =1+ (nsz/k) + nin = 2)!(82/ ) (23)
Also
(l—sz/k:)_k?a:i.éM aeR, s>k>0 (24)
n! ’ ’

n=0

3. Generalized hypergeometric functions and their properties

In this section, a new generalization of hypergeometric functions are introduced with the help of new
generalized Pochhammer’s symbol . We also introduce the generalized hypergeometric differential equa-
tions and derive that the new generalized hypergeometric function is the solutions of the said differential
equations. Certain basic properties are also presented.

Theorem 3.1. Prove that sz(k — sz)w” + [k*c — (ak + bk + s)sz]w’ — abk*w = 0

if and only if gFlk <(a;s(f)s (Z)S k) > =3 W s a solution.
n=>0 n

Proof. Let w = §FF (038, k), (b s, k) 2z ) be a solution of the differential equation. Now Consider § = z-4
(55, k) o
X s(,\k s bk on
T S N OO (25)

Enl
n=0 S<C)nn'

s (s s s, (s 5\ o= *(a)k s(b)km
kﬁ(kéH-c k)w = k9<k0+c k)% “(OF n!
sz s6 s6
Thus

s (s s sz s s
k9<k9+c—k>w—k9<a+k> (b+k>w—0, (26)
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after a little simplification, we get
sz(k — sz)w" + [k*c — (ak + bk + s)sz]w’ — abk?w = 0.

Conversely:
Let sz(k — sz)w” + [k?c — (ak + bk + s)sz]w’ — abk?w = 0, suppose that

o0

w = Zdnz”
n=0
o

W= annz"_l
n=1

o
o= Zn(n — 1)dp2" 2,
n=2

put these values in differential equation

sz(k — sz) Z n(n —2)d,2" "' + [k*c — (ak + bk + 5)s2] Z nd, 2"~ — abk? Z dpz" =0,
n=2 n=1 n=0

therefore

sk Z n(n —1)d,z""1 — s Z n(n — 1)d,2" + k?c Z nd,z" 1

n=2 n=2 n=1
— [abk® + (ak + bk + 5)s] > dpz" =0
n=0
replace n by (n+ 1)
o0 oo o
sk Z n(n+ 1)dp412" — s Z n(n —1)d,2" + k*c Z(n + 1)dpy12"
n=1 n=2 n=0

— [abk? + (ak + bk + 5)s] Y _ dp2" =0.
n=0

comparing the coefficient of 2™ on both sides
skn(n 4 1)dpy1 — sn(n — 1)d, + k*c(n 4 1)dpy1 — [abk?® + (ak + bk + 5)s]d, = 0.
Therefore

p sn(n — 1) + [abk® + (ak + bk + s)s] i
nr T skn(n+1) + k2c¢(n + 1) "
(a+ (ns/k))(b+ (ns/k))

(n+1)(c+ (sn/k)) "

This implies

oSk

*(c)in!

= 5@k *(b)ke"
207 5okl

- (0
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i ((a;s,m,(b;s,m‘Z) _ o ah oz

(c;8,k) = sl
O
Definition 3.2. The hypergeometric (s, k)-function is defined as
sk (@8, k), (b, k)| ) _ g S(a)s *(0)n"
it () - P F (21)
provided a, b, c€ C, s>k >0, |z| <% and R(c—b—a) > 0.
Theorem 3.3. If R(c) > R(b) > 0, s > k > 0, then for all finite z < %
sk [ (@38, k), (bs s, k)
2 F] [ (c; 5, k) <
1 _ka
_ @_1 = kb_l B L‘Tt s
= srk C—b /t (1—1) (1 k‘> dt.
0
Proof.
sk | (@38, k), (b s, k) o *(a)y *(b)y 2"
(c;8,k) s 5(c)k n!
IR O ONES
T T (Ea
by using *(a)k = w, we have
s ok (a7 S, k)? (b7 S, k)
R
*(a)y °T*(b + (ns)/k) °T*(c) 2
B = Tk(c+ (ns)/k) sT*(b) n!
B STk (c) 2. 5(a)k STR(b 4 (ns)/k) *TF(c — b) 2"
~ sTk(b) sT'*(c — b) —~ STk (c + (ns)/k) n!
1 _ka
kb ke—kb kb _1 szt s
- 71— 1= :
SFk /t 1-1) < - > dt
0
O

Theorem 3.4. If R(c—b—a) >0, s >k >0, then

st: (a;sak)a(b;sak)
2 (c; 5, k)

k] _ *T*e) *T*(c—b—a)
~ sTk(c—b) 5T*(c —a)’

S
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k
S
1
o @_1 kc kb_1 ka
= st /t (1—1¢)" <t
0

_ TR(e) SFk(c —b—a)
- sTk(c—b) sTF(c—a)

Proof. Let |z| < ¥ and consider

SFh [(a S(f)s(z)s k)

O
Theorem 3.5. If |z| < g and % <1,s>k>Q0, then
s mk (G;S,k),(b;s,k) _ . —ka k (a;s,k),(c—b;s,k) —kz
oI [ (c;8, k) 2| = (A= (s/k)2)" = 2 (¢;8,k) k—sz|"
Proof. Let |z| < % and consider
_ _kag 1 |(a;s, k), (c—b;s, k) —kz
R R
_ i S(a)lk *(c = bk 2™ (1= (s/k)2)" ¥
’ Ok,
Sk 2
=2k al
_ sk (a;s,k‘),(b;s,k)
s [ (s, k) ]
0

Theorem 3.6. If |z| < %, s>k >0, then

s {(G;S(f)s(z)s k)‘ } (1= (s/k)z)~ ket s o [(C—a;s%‘i);,(z)— b; s, k)

z] .
Proof. Let |z| < % and consider

« [(a;s,k),(b;s,k)‘z] (1 (s/k)) s {(a;s,k),(cb;s,k)‘—kz}

(c:5, k) (sk) k-2

Suppose that y = sz’ we have
) bay o [(@55,k), (b5, K)

(1= (i) 2t |55 1 (o),

_ sk (@58, k), (c—b;s, k)

_sp [ PR

B ke (c—1b;s,k), (c—a;s,k)| —ky

= (1—(s/k)y) Fl [ (c;8,k) k—sy|

This implies that

s [(a;s,(i);’(z;)s,k)z] = (1= (s/k)z)" e s ok [(c— a;s,(f;);’(;)— b;s,k)‘z} ‘
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Lemma 3.7. Show that
SFk[(IZLS,S,k),(’i—b—T}L:,Sk) k:|: s(a—i_b_%)]rgz
241 (a; s, k) S S(a)k s(a+b— )k
Proof. Since Gauss summation (s, k)-theorem
st (_Tnsusvk)?(% —b— %7871{:) ﬁ
2 (a; s, k) s
B sI‘\k(a) srk(a+ b—|— Qni—s)
STh(a + ) sTk(a + b+ 25=2)
. la+b- Sk
s(a)k S(CLer* %)k
O

Theorem 3.8. If 2b is neither zero nor a negative integer and if |sy| < 5 and ‘ki?i,y‘ <1,s>k>0, then

o ka+s.
kS (k — sy)~ s SFF [( 5, K), (73 8 )

] =sm [ ]

Proof. Let |sy| < % and }ki‘iy‘ < 1, we have

L k(b + 5 )k nlml

_sp [(ass,k),(b;s,k)‘zy} .

O
Definition 3.9. Confluent hypergeometric (s,k)-function is a solution of confluent hypergeometric

differential (s, k)-equation which is a degenerate form of a hypergeometric differential (s, k)-equation where
two reqular singularities out of three merge into an irreqular singularity

We define the confluent hypergeometric (s, k)-function as
kol

(o e %)
n=0 n o

for |z] < oo, c#0,—s/k,—2s/k,---.

)y 2

Theorem 3.10. If R(b) > R(a) >0, s > k > 0, then for all finite z

s a; s,k
T

1

B SFk tki_l kb ka1 ot dr,
- SFk SFk b _ a
0
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Proof.
st |:(a;8,l€) Z:| _ G S(G)ﬁ 2"
T | s, )7 = 2 5@k m
By using *(a)k = %ﬁw we have
s mk ( 7k7)
# ool
1
srk‘ lﬂ_l
= srk st b _ a b
0
O
Definition 3.11. The Generalized hypergeometric (s,k)-functions is defined as
st (Oél; S, k)a (012; S, k)? Ty (ar; S, k)’z] _ S s(al)k S(OZ?)? co s(ar)ﬁ 2" (29)
md (,81;3,k>,(52;8,k),"‘ 7(ﬂq;37k) (51)2 S(ﬁQ)ITCL S(ﬁq)ﬁn' ’
for all oy, pj €C, Bj #0,—s/k,—2s/k,---, |z| < % where i = 1,2,--- ,r and j =1,2,--- ,q.
It is known that
(1) if r < q, the series converges for all finite z,
(i) if r = q + 1, the series converges for |z| < % and diverges for |z| > %,
(13) if r > q + 1, the series diverges for z # 0 unless the series terminates.
Theorem 3.12. If r < s+ 1, if R(b1) > R(a1) > 0, if no one of by, ba, --- bs is zero or a negative integer,

s>k >0 and if |2|%, then

st (al;‘S?k)?(aQ;S’k))"' 7(a7‘;5ak) 2 = k Srk(bl)
T4 (biss, k), (bay s, k), (bgs s, k) s 5T%(a1)sTk(by — aq)
1
_ kby —ka ag; s, k), (ar; s, k
/t | 1(1_t) 1 1 o " le |:((bz S k; ttt qu.s k)) Zt:| dt.
0
Proof.
s ok (a1;s,k), (ag; s, k), -, (ar; s, k)
i (blas k)a(b%s k) 7(bq7$ k)
*(a1)y *(az)y - S(ar)'fi 2"
250k 3 (ba)l - (bg)f
_ srk(bl)
SFk(al) Fk(bl — al)
1
kay g _ kby—kay g k (a27S k) 7(a7‘;57k)
X/t ‘ (1 t) ‘ " 1F (b275 k) ,(bq;S,k‘) <t dt.
0
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Theorem 3.13. If R(a) > 0, R(B) > 0 and if m and p are posilive integers, s > k > 0, then inside the
region of convergence of the resultant series

t
ka _q _ ﬁ—ls k (a1;57k)7(a2;87k)7'” 7(a7“;57k)
/:L‘ ‘ (t $) ‘ TFq (bl;sak)v (bQ;S’k)7 T 7(bq;8>k)
0

ca™(t — x)p} dx

ka+kpB
1

_fs k

(al;svk)v (CLQ;Svk)v e ,(GT;S,]{?), (%;Sak)a (kOH_S'Sak)a

mk_
ka+(m—1)s s k —1)s m m
» s ok "(7+£rzk: );s,k),(kgz;s,k)-..7(454‘;1]’6 );s,k:) mmpP P
r+m+p * qg+m-+p (b17 S, k)) (b27 S, k), RN (b(I7 S, k)7 m + perp
a+p . ka+kB+s . ka+kB+(m+p—1)s .
Gty 8 F)s (g 3 8:K)s -5 (G390 %)

Proof. Let R(a) > 0, R(B) > 0 and if m and p are positive integers and consider

t
ka1, kB _1s ok (al;s,k),<a2;8,k),"' 7(ar;57k>
/:1: (t CE) TFq |:(b1;5,]€),(b2;8,k’),"‘ ,(bq;S,kﬁ)

cx™(t — x)p] dzx.
Suppose that x = tv = fj%:twhenazzo:szwhenaz:tivzl, we have

ka1 o @—ls k (a1;87k)7(a2;87k)7'”7(a7’;87k)
/:C (t x) TFq |:(b1;8,k‘),(b2;8,k’),"‘ 7(bq;57k)

ca™(t — x)p} dz

ka4 _ @—15 k (a1;57k)7(a2;57k)7”'7(a7‘;5)k)
(tv) (t tv) TFq [(bl;sak)a(b%s,k),"' 7(bq;5>k)

o™t P(1 — v)p] tdv

» O~

— E sBk(O[”B)tLaikﬁ_l
(Ql; S, k)v (CLQ; S, k)u Tty (a’f; S, k)v (%7 S, k)? (k%—;;s;s7 k)?
L o (Rl g gy (B2 s k), (BEEEEDS s ) [ mmpp gt
r+m-+p= g+m-+p (b17 s, k>7 (1)27 s, k)7 RN (b(]7 s, k)) m +pm+p
at8 . ka+kfB+s. ka+kB+(m+p—1)s .
(W,S,k),( (m+p)k ,S,k) 7( (m+p)k ,87]{3)

O

Theorem 3.14. If R(a) > 0, R(B) > 0 and if m is a positive integers, s > k > 0, then inside the region of
convergence of the resultant series

t
ka1 - kB _ sk (al;svk)v(a2;5’k)""7(a7‘;5ak)
/x (t m) TFq <b1;87k)7(b2;87k)7”' ,(bq;87k)
0

cxm] dx
ka+kB
katkp _;

_fs k
_k B(a7ﬁ)t

(al;sak)7 (GQ;Svk)a o 7(a'T;Svk)v

e a+s ka+(m—1)s
% st (E7S7k)7(km—i]; ;S7k)7'” 7( +£nk ) ;Sak) ct™
rmegtm (bl;sak)a(bQ;sak)f” a(bq;sak)a
(a;ﬁ;&k)?(katr’:]?Jrs;sak):"' ’(ka+kﬁ;§’(€m*1)8;8’k)

Proof. Let R(a) > 0, R(B) > 0 and if m is a positive integers and consider

t
ka1 BB 15k (Gl;s,k‘),(GQ;S,k),--' 7<a7”;37k)
/x (t ‘T) 7’Fq (bl;S,k),(bQ;S,k),"' 7(bq;57k)

cmm} dx.
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Suppose that z = tv = ‘;—i:twhenx:Oév:OWhenx:tévzl, we have
t
ka N EB sk ((Il,S k)?(aQ;S)k)"" 7(a7“;57k) m
/m (t x) F |:<b178 k)7(b2;37k)7“' 7(bq;87k) “ da
1 (a335,k). (azi 5, k). (ars5, )
B o kB 15k a‘17$k7a‘2;87k7"'7 a?";37k maym
/ tv t tv) F |:(b175 k)a(b2;57k)7"' 7(bq;57k) ’CU t :|th
0
= 2 *Bf(a, Bt
(al;S k) (CLQ,S k) . 7(ar§57k)7
a a+s ka+(m—1)s
st (E;Svk) (ka]g 35y k) ,(%;S,k) ct™
X ortmtgrm (b1; s, k), (bg,s,k), , (bg: s, k),
(%;Sak%(%;s k)77(%]§;ﬂ11)8 7k)
O
Lemma 3.15. Show that
Gm
ist |:(a1;8,k3), (G’Q;Sak)a” : 7(CLT;S,I€) 2| = ml—:[1
dz"" 1 | (bi;s, k), (ba; s, k), -+, (by; s, k) 4
q H b]
j=1
st (a1+ Z?S k))(a2+%;87k)7"' 7(a7”+%787k) P
(b1+ka5k)a(b2+%;5ak)7"'7(bq+%;5ak) .
Proof. Consider
d k (a’178 k)?(a2;87k)7"' 7(a’r‘;37k) 2
d 7 (bl,S,k),(bz;S,k’),"' >(bq;57k)
(m s s s
_ ml_:[1 Fk; |:(CL1 + E;Sak)a (CLQ + E;Sak)a e 7(a7” + Easvk) Z:| )
ﬁ <b1+%;87k)7(b2+%;Sak)a'”7(bq+%;87k)
O

Lemma 3.16. Show that

- s k

ai)n

dm st: |:(Cl1;8,k’), (a2;5ak)a"' 7(ar;83k) 2| = 721;[1 ( )
dzm™ 9 | (b1; s, k), (ba; s, k), -+, (bg; s, k q

SR RO
=1

xst; (al+%;5)k)7(a2+ kaSk) 7(ar+%,57k)z
(b4 s k), (be + B s k), (bg + s k) ]

Proof. Consider

]

" SFk; |:(a1;57k)7(a2;57k)7"' 7(a7‘;5)k)

dzm ™ (biys, k), (bs s, k), (b 5, k)
S a/Z m
:i=Hl()sF (a1 + 5555, k), (a2 + %5 8, k), -+ (ar + 5358, K)|
Lk (b1 + 28, k), (ba + %58, k), -+, (bg + 28, k) |
[T =(b)m

<.
I
—_
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Theorem 3.17. Show that

[e.e]

—ptt——l st' ((11,8 k)u(GQ;Sak)a"' ,(GT;S,]{))
(bhs k)a (bQ;Sak)a e 7(bq§57k)

:rt] dt

_ s Fk‘ (al;s,k),(ag;s,k),--‘,(ar;s,k),(a;s,k)
N ba g ko r+1 q (bl;sak)a(bQ;*S?k)?"' ,(bq;S,k)

kz
spl|’

where r < q, R(p) >0, RN

Proof. Consider

() >0, s>k>0.

o0

—pt B2 15k (alas k)v(a2;57k)7"' 7(a7“557k)
/ b F |:(b178 k),(bg;87k),"‘ 7(bq;87k) wt| dt
0

— Fk (a1;87k)7(a2;$7k)7"'7(ar;31]€)a(a;87k> kj / 7pttk°‘ Lt
— ol (bl;s)k)’(bQ;Suk)u'” 7(bq;37k) Sp

Since L{t"} = pﬁrl

o

F(s) = /e_ptf(t)dt.

0
So,

o0

—pt 4= ls k (alvs k))(a%s’k), : (CLT,S k)

0/ S [(bl,sk),(bg;s,k), (b s, k) |7 4
kT_l SI‘]C( ) k |:(a1;57k)7(a2;5)k))' o ,((ZT;S,IC), (CE;S,I{Z)
ﬁr-ﬁ-lF

K (155 K) (5,00 5.0

ka
sp |’

Theorem 3.18. If n is a non-negative integer and if a, b, ¢ are independent of n, s > k > 0, then
st (*]?S;s,k),(a;s,k),(b;s,k) E — S(C b)k S(C_a)fb
2 (s k), (3 —ct+a+b—"5)s s(c)k s(c—a—b)k’
Proof. Since theorem ({3.6)), we have

s [(c —a; 87(5;);,(;)_ b; s, k)H (1= (s/k)2) e o [(a; $,k), (b s, k)

3.0.1. Saalschiitz’s (s, k)-theorem.

(¢; s, k)
c—afL C—b)k
;0 "k
0 00 g c—a—bk m+n
:ZZ (@) ()S(C)(k nlm! .
n=0m=0
(c—a—"> (%25 5,k), (a5 5,k), (bs s, k) |k
_Z 3F2k (C;g’k)’(%—chava—%) s]'
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Comparing coefficient of % 2L we get

‘§F2k [ (=2:5,k), (a5 5, k), (b; s, k) k] _ S(c—b)k s(c—a)ﬁ'
(c;8,k),( —c+a+b—"5%)|s s(c)k s(c —a —b)k
O
Theorem 3.19. If R(b) > R(a) >0, s >k >0, m > 1, m € Z", then for all finite z
s pk [(a/m s, k), ((a+ (s/k))/m;s,k), -, ((a+ ((m— 1)8/’?))/%&’?)‘2}
(0/m; s, k), ((b+ (s/k))/m;s,k), -, (b+ ((m —1)s/k))/m; s, k)
1
st
= S5 a) ¢ r( ()b 2 /t—1(1 0 dt.
0
Proof.
s pk [(a/m s, k), ((a+ (s/k))/m;s, k), - ((a+ ((m —1)s/k))/m; s, k)‘ }
(0/m; s, k), ((b+ (s/k))/m;s,k), -, (b+ ((m —1)s/k))/m; s, k)
NSk () - (T ”m
T2 g (T
Since $(b)k,, = 2mn s( L)k s(bhtsk ... S(W)ﬁ Therefore
s pk [(a/m;s,k),((wr (s/k))/m;s k), ((a+ ((m— 1)8/k))/m;8,k)H
e L(b/ms s k), (b (s/k)/ms s, k), -+ ((b+ ((m — 1)s/k)) /m; s, k)
a2
=2
By using *(a)k,, = wc#)/k), we have
s pk [(a/mssak)a((Wr(S/k))/m;s,k)a'“ ((a+ ((m—1)s/k))/m; s, k) ‘ }
e L(b/ms s k), (b (s/k)/ms s, k), -+ ((b+ ((m = 1)s/k)) /m; s, k)
_ < T*(a + (nms)/k) *TH(b) 2"
= sTH(b+ (nms)/k) *T'*(a) n
1
_ tﬂ_l ’“” he 1zt gy
Fk b—a) 0/
O

Theorem 3.20. If R(b) > R(a) >0, s >k >0, m >1, m € Z*, then for all finite z < %

N [(C s, k), (a/m; s, k), ((a+ (s/k))/m; s k) s ((a+ ((m = 1)8/1€))/m;8,k)‘z]
e (b/m; s, k), ((b+ (s/k))/m; s, k), -, ((b+ ((m = 1)s/k))/m; s, k)
1

kc
_ kbk 1 _s:vtm s
S SO S (1= "
0
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Proof.
o ph [<c;s,k>, (a/ms s, k), ((a+ (s/k))/ms 5, k), ((a+ ((m = 1)s/k)) /s, k)H
L (o mis k) (0 (s/R)) i s, k), (0 ((m = 1)s/R)) fms s, k)
(O G (R - (R 2
e G AR
Since *(B)}, = 2" ()% *(CER)L -+ (R
. g [<c;s,k>, (a/ms 5, k), ((a -+ (5/k)) /s 5. K), - ((a + ((m = 1)s/k)) /ms s, k)H
T (s, ), (0 (s/R)) s s, k), (0 ((m= 1)s/R)) /s s, B)
_ (08 M) 2
= Ok
By using *(a)k,, = %%W, we have

0 0/ k) (e QU s ), (o (= ), k)H
(b/m; s, k), ((b+ (s/k))/m; s, k), -, (04 ((m = 1)s/k))/m; s, k)

2 5(e)k 5T (a + (nms) /k) *TF(b) 2"

sTk(b + (nms)/k) sT*(a) n!

1 kc

k SFk(b) ka _q kb—ka sxt™\ s
= ts 1—1t) s 1—-— dt.
s sTk(a) sTk(b — a) / ( ) k

0

4. Conclusions

In this paper, we have defined the certain generalized special functions in terms of a new symbol (s, k),

where s, k > 0 and called them special (s, k)-functions. We developed differential equation for hypergeometric
(s, k)-functions in the form of (s, k) and their integral representations. Furthermore, we have obtained some
useful results and properties related to these special (s, k)-functions. If we take s = 1, then the obtained
results are reduced to the special k-functions cited in literature. Similarly if we letting £ = 1 in all definitions
and results, then certain new results in term of s can be obtained. If we letting both s = k = 1, then all the
results will reduce to the classical results.
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