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Abstract

In the present paper, we proved a common fixed-point theorem for two-hybrid pair of non-self mappings
satisfying a generalized (F,&,n)- contraction condition under joint common limit range property in weak
partial b- metric spaces. Our result is a generalization of many works available in metric space settings. An
example and application to the integral equation are given to support the results proved in this paper.
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1. Introduction

In 1993, Czerwik [13] introduced b-metric space by weakening the triangle inequality and generalized
Banach’s contraction principle to this space. This research influenced many other potential researchers to
perform and analyze contraction condition variants by using single and multi-valued maps in b-metric space.
One ca see [4] 10} 22] 26], 35]. In 1994, Matthews [27] introduced a generalization of the metric space called
the partial metric space as a part of the study of denotational semantics of dataflow networks in computer
programming. Recently, Shukla [36] introduced the notion of partial b-metric spaces by combining partial
metric spaces and b-metric spaces. He generalized the Banach contraction principle [[7] and proved the Kannan
type fixed point theorem in partial b-metric spaces. Furthermore, Mustafa et al. [28] introduced a modified
version of partial b-metric space and proved the fixed point results. In 2019, Ameer et al. [2] proved fixed
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point theorem for hybrid multi-valued type contraction mappings in aK-complete partial b-metric spaces
and applications.

Wardowski [38] introduced a new contraction called F- contraction in metric spaces and proved fixed point
results as a generalization of the Banach contraction principle. Wardowski and Van Dung [39] established
weak F-contraction in metric space and proved fixed point results as an extension of the Banach contraction
principle. Also, Cosentino et al. [12] improved the results due to Wardowski [38] by introducing the concept
of b-metric space and proved some fixed point results. For more details, we refer the reader to [0l 23] and
the references therein.

In 2018, Beg and Pathak [§] proved Nadler’s theorem on weak partial metric spaces with application to
homotopy result. Later, in 2019, Kanwal et al. [21I] define the notion of weak partial b-metric spaces and
weak partial Hausdorff b-metric spaces along with the topology of weak partial b-metric space. Moreover,
they generalized Nadler’s theorem using weak partial Hausdorff b-metric spaces in the context of a weak
partial b-metric space.

Later, Sintunavarat and Kumam [37] initiated the concept of common limit range (CLR) property in
order to exhibit its sharpness over the (EA) property due to Aamri and El Moutawakil [I]. Persuaded by
the ideas of Sintunavarat and Kumam [37], Imdad et al. [19] introduced the notion of common limit range
property for a hybrid pair of mappings and proved some fixed point results in symmetric (semi-metric) space.
Besides this, Imdad et al. [18] established the joint common limit range notion and proved the common fixed
point theorem for a pair of non-self mappings in metric space.

Naimpally et al. [29] generalized Goebel’s [L6] result to a hybrid of multi-valued and single-valued
maps satisfying a contractive condition. Henceforth, several fixed point theorems for multi-valued maps are
extended by Naimpally et al. [29].

The contributions of Aserkar and Gandhi in [3], Wardowski and Van Dung [39], Secelean [34], Joshi et
al. [20], Nashine et al. [30, 3I], upon this particular study has influenced us to prove a common fixed point
theorem for two hybrid pairs of non-self mappings satisfying a generalized (F,¢,n)-contraction condition
under joint common limit range (JCLR) property in weak partial b-metric space with application to a non-
linear hybrid ordinary differential equation. Our results generalize and improve several known works of the
existing literature.

2. Preliminaries

We will require the following preliminary definitions and theorems for establishing our result.
Czerwik [13] gave a generalization of metric space to b-metric space as bellow;

Definition 2.1. [I3] Let M be a non empty set and s > 1 be a given real number. A function d: M x M —
[0,00) is called a b- metric if for all z,y,z € M the following condition satisfied:

(Bl) d(z,y) =0iff x =y,

(B2) d(z,y) = d(y,x) and

(B3) d(z,y) < s[d(z,z) + d(z,y)].

The pair (M, d) is called a b-metric space. The number s > 1 is called the coefficient of (M, d).

Example 2.2. [9] Let p € (0,1), and

X = [(R):= {x ={z,} CR: i |zn|P < oo},

n=1
together with the functional d : [P(R) x I[P(R) — R,

1

de) = (X lon—wl)”

n=1
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1
where x =z, y = yn, € P(R). Then (M, d) is a b-metric space with the coefficient s = 2» > 1.

Definition 2.3. [27] A partial metric space is a pair (M, p) consisting of a non-empty set M together with
a function p : M x M — R, called the partial metric, such that for all z,y,z € M we have the following
properties:

(P1) x =y if and only if p(z,z) = p(z,y) = p(y,y),

(P2) p(z,z) < p(z,y),
(P3) p(z,y) = p(y,r) and
(P4) p(z,y) < p(x,2) +p(z,9) — p(z, 2).

From (P1) and (P2) we have

p(z,y) = 0= p(z,y) = p(z,z) =p(y,y) =z =y.

As an example, the pair (R, p), where and p : M x M — R7 is defined as p(z,y) = max{z,y} for all
x,y € RT is a partial metric space.

Shukla [36] gave an extension by combining partial metric space and b-metric space to partial b-metric
space.

Definition 2.4. [36] A partial b- metric on a non-empty set M is a function b : M x M — R such that
for all z,y,2z € M:

(Pbl) x =y if and only if b(x,z) = b(z,y) = b(y, y),

(Pb2) b(z,x) < b(x,y),

(Pb3) b(z,y) =b(y,z) and

(Pb4) there exist a real number s > 1 such that b(z,y) < s[b(z, z) + b(z,y)] — b(z, 2).

A partial b-metric space is a pair (M, b) such that X is a non-empty set and b is a partial b- metric on
M. The number s > 1 is called the coefficient of (M, b).
Mustafa et al. [28] gave an extension of partial b-metric space as follows;

Definition 2.5. [28| Let M be a non empty set and s > 1 be a given real number. A function py : M x M —
R* s called a partial b- metric if for all z,y,z € M the following condition are satisfied:

PB1) z =y <= py(z,z) = pp(z,9) = ps(y, ),

PB2) py(z,z) < pp(z,y),

PB3) py(x,y) = pp(y,x) and

PB4) py(a,y) < slpp(x, 2) + po(2,y) — po(2, 2)] + 52 o2, 2) + po(y, ).

The pair (M, py) is called a partial b-metric space. The number s > 1 is called the coefficient of (M, py).
Example 2.6. [36] Let M =R™, ¢ > 1 be a constant and p, : M x M — R be defined by
pb(x7y) = [max{m,y}]q + |I‘ - y|q>

for all x,y € M. Then, (M, pp) is a partial b-metric space with the coefficient s = 27 > 1, but it is neither a
b-metric nor a partial metric space.
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In 2018, Beg and Pathak [8] gave a generalized notion of weak partial metric space as follows:

Definition 2.7. [8] Let M be a non empty set. A function ¢ : M x M — R" s called a weak partial metric

on M if for all x,y,z € M the following conditions satisfied:

The pair (M, q) is called a weak partial metric space.

Some examples of weak partial metric spaces are the following.

Example 2.8. [§]
(1) (RT,q), where ¢ : RT x R* — R is defined as
q(z,y) =[x —y[ + 1,
for all z,y € RT.
(2) (RT,q), where ¢ : RT x RT — R" is defined as
dley) = gl — 3] + max{z,y),
for all z,y € RT.
(3) (R, q), where ¢ : RT x Rt — R is defined as
¢(w,y) = max{z, y} + el 4 1,

for all z,y € RT.

In 2019, Kanwal et al. [2I] gave a generalized concept from weak partial metric space to weak partial b-

metric space as follows:

Definition 2.9. [21] Let M # 0 and s > 1, a function g, : M x M — R is called a weak partial b-metric

on M if for all x,y,z € M, following conditions are satisfied:

The pair (M, gp) is called a weak partial b- metric space.
Some of the examples of weak partial b-metric space are:

Example 2.10. [2]]
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(1) (R, 0p), where gp : RT x Rt — RT s defined as

Qb(xvy) = ‘33‘ - y’2 + 17
for all z,y € RT.

(2) (R, q), where gp : RT x RT — R is defined as

1
on(w,y) = Sl = yI* + max{z, y},

for all z,y € RT.
Definition 2.11. [2I] A sequence {x,} in (M, o) is said to converges a point x € M, if and only if
op(z,z) = lim op(z, zn).
n—oo
Definition 2.12. [2I] Let (M, 0p) be a weak partial b-metric space. Then
(i) A Cauchy sequence in metric space (M, g}) is Cauchy sequence in M.
(i1) If the metric space (M, o}) is complete, so is weak partial b-metric space (M, op).

(ii1) If op is a weak partial b-metric on M, the function of : M x M — RT given by

op(x,y) = op(z,y) — %[Qb(%ﬂﬁ) + o(y, v)],

define a b metric on M. Further, a sequence {x,,} in (M, o) converges to a point x € M, iff

Jlim g3 am) = limon(sn,5) = ool 5).

Motivated by Kanwal et al. [2I] we define multivalued notion in weak partial b-metric space, which is an
extension of the concept given by Aydi et al. [5].

Let (M, g0p) be a weak partial b-metric space and C' B (M) be class of all nonempty, closed and bounded
subsets of (M, gp). For A, B € CB% (M) and z € M, define:

op(z,A) = inf{op(z,a):a € A};
dp,(A,B) = sup{op(a,B):ac A};
dp,(B,A) = sup{os(b,A):be B}.

Note that
op(z,A) =0 = pj(z,A) =0, (1)

where

03(z, A) = inf{g}(z, 4), v € A}.
Remark 2.13. [21] Let (M, o) be a weak partial b-metric space and A a nonempty subset of M, then
a € A<= gy(a,A) = op(a,a).

Definition 2.14. [21] Let (M, g;) be a weak partial b-metric space. For A,B € CB%M) the mapping
H  CB% x CB% — [0,00) defined by

H3,(A4,B) = 3 (60, (A, B) + 0, (B, A)},

is called H;rb—type Hausdorff metric induced by op.
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The following explanations for developing the F-contraction definition are from Wardowski and Van
Dung [39].
Let F : RT — R be a mapping satisfying

(F1) F is strictly increasing, i.e. for all a, 8 € RT, a < 3 implies F(a) < F(f);
(F2) for each sequence {ay, tnen of positive numbers, lim,, o o, = 0 if and only if lim, o F'(ay,) = —o0;
(F3) there exists k € (0,1) satisfying lim,_,o+ o*F(a) = 0.

We denote the family of all functions F' satisfying conditions (F'1— F3) by Q. Some examples of functions
F € Q are:

(1) F(a) =Ina,
(2) F(a)=a+Ina.
(3) F(a) = In(a®+a).
Motivated by Wardowski and Van Dug [39], we introduce the notion of F-weak partial b-metric space.

Definition 2.15. Let (M, 0p) be a weak partial b-metric space. A map T : M — M is said to be an F-weak
contraction on (M, op) if there exists F € Q and T > 0 such that for all z,y € X satisfying op(fx, fy) > 0,
the following condition holds:

4 Flo(fo, fy) < F(max{en(@), oz, f2), 00(y: f9),

o(z, fy) -2F ov(y, fr) })

Motivated by Piri and Rahrovi [33], we establish the concept of multivalued F-weak partial b-metric
space as follows:

Definition 2.16. [33] Let (M, o) be a weak partial b-metric space. A map T : M — CB® (M) is said to
be multivalued F-weak contraction on (M, op) if there exists F' € Q and 7 > 0 such that for oll x,y € X
satisfying H} (Tx, Ty) > 0, the following holds:

T+ F(H} (T2, Ty)) < F(N(z,y)),

where,

2

N(z,y) = max{gb(gg’y)7 on(x, T), 0y (y, Ty), o(z, Ty) + op(y, Tx) }

In 1984, Khan et al. [24] established an altering distances concept between the points in metric space as
follows:

Definition 2.17. [24] ({,n) € U iff £, n are continuous functions from [0,00) — [0,00) and s > 1 be a given
real number are called an altering distance function if satisfies:

(7) & is continuous and non-decreasing.
(13) &(t) =0 if and only if t = 0.
(791) s&(t) < &(t) —n(t) if and only if ¢ = 0.

Imdad et al. [18], have established the concept of joint common limit range property for two hybrid pairs
of non-self mappings as follows:
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Definition 2.18. Let (M,d) be a metric space whereas Y an arbitrary non-empty set with F,G : Y —
CB(X)and f,g: Y — M. Then the pairs of hybrid mappings (F, f) and (G, g) are said to have the (JCLR)
property, if there exists two sequences {z,,} and {y,} in Y and A, B € CB(X) such that

lim Fe, = A, lim Gy, =B,
n—oo n—oo
ILm frn = ILm gy =t € ANBNf(Y)Ng(Y),

i.e., there exists u,v € Y such that t = fu=gv € ANB.

Imdad et al. [17] defined that a map is said to be coincidentally idempotent if it satisfies the condition
given in the following definition.

Definition 2.19. [I7] Let (M,d) be a metric space whereas Y an arbitrary non-empty set with 7' : ¥ —
CB(M) and g : Y — M. The mapping g is said to be a coincidentally idempotent with respect to the
mapping T, if u € M, gu € Tu with gu € Y imply ggu = gu that is, g is idempotent at coincidence point of
the pair (7', g).

In 2020, Aserkar and Gandhi in [3] gave the following results in b-metric space for weakly compatible
mappings in pairs that satisfy the common limit range property.
The theorem of Aserkar and Gandhi in [3] is as follows:

Theorem 2.20. [3] Let (M,d) be a b-metric space with s > 1 and F,G,P,Q : M — M. Suppose that
&,m e and L > 0 such that

(i) (F,Q) satisfies CLRp and (G, P) satisfies CLRg.
(”) Sf(d(F.’L’, Gy)) < g(Nl(‘rL.v y)) - T](Nl(wvy)) + LN2($7y)a where

s T
(d(Py, Fz))? + (d(Qx, Gy))?
d(Py, Fz) + d(Qx,Gy) ’

d(Qz, Fx) x d(Qz,Gy) + d(Py, Gy) * d(Py, Fx)
d(Qz,Gy) + d(Py, F'z) ’

and
No(z,y) = min{d(Q:& Fu),d(Q, Gy), d(Py, Fx), d(Py, Gy)},
for all z,y € M.
(74i) The pair (F,Q) and (G, P) are weakly compatible.
Then F, G, P, @ have a unique common fixed point.

Motivated by the results obtained by Aserkar and Gandhi [3]. In the following section, we wish to
establish the proof of common fixed point for two hybrid pairs of coincidentally idempotent non-self mappings
in weakly partial b-metric space, which satisfies joint common limit range property in a generalized (F, &, n)-
contraction. We provide an illustrative example to support the theorem proved. Also, an application for a
hybrid differential equation will be provided to support the results.
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3. Main Results

We commence by extending Definition to weak partial b-metric space for non-self mappings as
follows:

Definition 3.1. Let (M, o) be a weak partial b- metric space with f,g: X — M and G, T : X — CB%(M).
Then the pairs of hybrid mappings (G, f) and (T,g) are said to have joint common limil range property,
denoted by (JCLR)-property. If there ezists two sequences {x,} and {y,} in X and A, B € CB%(M) such
that

lim Gx, = A, lim Ty, =B,
n—oo n—oo

lim fz, = lim gy, =1,
n—oo n—oo

with t € f(X)Ng(X) N AN B, that is, there exists u,v € X such that t = fu=gv € AN B.
Next, we extend Definition to weak partial b-metric space as follows:

Definition 3.2. Let (M, o) be a weak partial b- metric space with f : X — M and G : X — CB%®(M).
The mapping s said to be a coincidentally idempotent with respect to the mapping G, if u € M, fu € Gu
with fu € M imply ffu = fu that is, f is idempotent at coincidence point of the pair (G, f).

Now, we prove the following theorem which is an extended version of Theorem and Definition
in weak partial b-metric space for two hybrid pairs of non-self mappings, which satisfies joint common limit
range property.

Theorem 3.3. Let f,g: X — M be two self mappings of a weak partial b-metric space (M, op) with s > 1
and G, T : X — CB% (M) be two multivalued mappings from X into CB%(M). Assume that £,n € ¢ and
L > 0 such that

(1) the hybrid pair (G, f) and (T, g) satisfies JCLR property,

(i) there exists T > 0 with "} (Gx,Ty) > 0 such that

T+ F(s€(Hg, (Gz,Ty))) < F(E(N1(x,y)) — n(Ni(z,y)) + LN2(z,y)), (2)
where

z,Gx) * , T
Ni(@y) = max{gb@y, fa), TR0 VL),
(o5(gy, Gx))* + (0p(fz, Ty))?
ov(9y, Gx) + op(fr, Ty)
ov(fz,Gz) * op(f, Ty) + 0v(gy, T) * ov(gy, G)
os(fz,Ty) + 0v(gy, Gx) ’

)

and

N2(357 y) = min{@b(fxv G$), Qb(fxv Ty)’ Qb(gy7 Gl‘), Qb(gyv Ty)}v

forall x,y € M,
(#i1) if X C M and the pairs (G, f) and (T, g) are coincidentally commuting and coincidentally idempotent.

Then the pair (G, f) and (T, g) have a common fized point in w € M and op(u,u) = 0.
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Proof. Since the hybrid pairs (G, f) and (T, g) satisfies the JCLR property, by Definition there exists
two sequences {x,} and {y,} in X and A, B € CB% (M) such that

lim fx, =t€ A= lim Gx,, lim gy, =t € B= lim Ty,,

n—oo n—oo n—oo n—oo
for some u,v € X and t = fv = gu € AN B. We assert that gu € Tu. If not, then using z =z, and y = u
in (2)), we get

T+ F(s§(H,, (Gap, Tu))) < F(E(N1 (2, w)) — n(N1(zn, w)) + LN2 (25, 1)), (3)
where

ob(fan, Gxy) * op(gu, Tu)
1+ Qb(Gxn, Tu) ’

(ob(gu, Gzn))? + (05(f2n, Tu))?
Qb(gu7 Gxn) + Qb(fxn, T'LL)
0b(fxn, Gay) * 0p(fan, Tu) + op(gu, Tu) * op(gu, Gy, } ()

N (x'm u)) = max{gb(gu, fxn)7

)

Qb(flnm TU) + Qb(guv G(En)
Taking limit as n — oo in , we get

Qb(gua A) * Qb(gua TU)
1 + Qb(Av Tu) ’
(o5(gu, A))? + (0p(gu, Tu))?
ov(gu, A) + op(gu, Tu)
ob(gu, A) * 0p(gu, Tu) + op(gu, Tu) * 0p(gu, A) }

< maX{Qb(gu, gu),

ob(gu, Tu) + op(gu, A)
ob(t, A) * 0p(gu, Tw)

<
a maX{Qb(t, £ 1+ o0p(A,Tu)

(Qb(ta A))2 + (Qb(guv Tu)>2
Qb(tv A) + Qb(gua TU)

ob(t, A) * op(gu, Tu) + op(gu, Tu) * op(t, A) } (5)

ob(gu, Tu) + op(t, A)
using Definition and (1)) in (5), we get

2 2
< max{ 0, O*Qb(gu’Tu), (0)° + (ob(gu, Tw)) |
L+ (4, Tu)" 0+ oy(gu, Tu)
0 op(gu, Tu) + 0p(gu, Tu) * 0
ob(gu, Tu) +0 ’
2
< maxd 0,0, 20 TW)” L
o (gu, Tu)
< max{O,O,gb(gu,Tu%Q},

= o(gu,Tu). (6)
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Consequently, we have

No(xp,u)) mln{gb fxn, Gxy), op(frn, Tu), op(gu, Gmn),gb(gu,Tu)},
< min{o(gu, 4), os(gu, Tu). as(gu, A). ev(gu, Tw) },
< min{oy(t, 4), e5(gu. Tw), os(t. A), 0s(gu, Tw) }.
< {O,Qb (gu, Tu), 0, gp(gu, TU)}

= (7)
Using and @ in , one obtains

T+ F(sf?'-[+ (A, Tu))

< F(§on(gu, Tu) — nop(gu, Tu) + L(0)),
T+ F(S§H+ (A, Tu)) <

F
F(&ov(gu, Tu) — noy(gu, Tu)).
Since 7 > 0, in viewing the properties of 1, &, and F is strictly increasing, by (F'1) we have
H;;(A,Tu) < op(gu, Tu)
S{H;—b (A? TU) < (§ - n)@b(gua TU)

Ast = fv=gu e AN B, it follows that

£ -

HZJ(A,Tu)) < :

{gb(gu Tu)}

Thus,
op(gu, Tu) < H;;(A,Tu) < éhS_gn{gb(gu,Tu)},

a contradiction. Hence gu € T'u which shows that the pair (7, g) has a coincidence point u in M.
Similar, we assert that fv € Guv. Suppose that fv # Gv, then using £ = v and y = y,, in , one gets

T+ F(s€(My,(Gv,Tyn))) < F(E(N1(v,yn)) — 1(N1(v,yn)) + LN2(v, yn, ), (8)

where

ob(fv, Gv) * 0p(gYn, Tyn)
N n = n» 9 9
1(v,yn)) maX{Qb(gy fv) T+ 0(Go, Tya)

(05(gyn, Gv))* + (o6(fv, Tyn))?
Qb(gyTw GU) + Qb(fv7 Tyn)

ov(fv, Gv) * o (fv, Tyn) + 06(9Yn> Tyn) * 0b(gYn, Gv) }

9

oo (fv, Tyn) + 06(9yn, Gv)

Taking limit as n — oo in @, we have

G
e

(Qb(fvv Gv))Q + (Qb(fvv B))2
Qb(fv7 GU) + Qb(fv7 B)

op(fv, Go) * 0p(fv, B) + op(fv, B) * 0p(fv, Gv) }

eo(fv, B) + ev(fv, Gv)
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v, Gv) * gp(t, B
< max{@b(t,t)7 Qb(Ji—FQb()G’UQbé) )7

(Qb(fvv GU))z + (Qb(tv B))2
oo(fv,Gv) + gp(t,B)

Qb(fv? GU) * Qb(th) + Qb(ta B) * Qb(fvv G’U)
op(t, B) + op(fv, Gv) ’

using Definition and (1) in (B]), we get

Qb(fv7 GU) * 0 (Qb(fv7 GU))2 + (0)2
= max{O, 1+ 0p(Gv,B)"  op(fv,Gv)+0

Qb(fv7 GU) * 0+ 0 x Qb(fva GU)
0+ Qb(fUan) ’

max{o,o,@b(fuw’o}

IN

Qb(fva G’U)

< max{0,0,gb(fv,Gv),O},
= alfv,Gv). (o)

Consequently, we have

N3(v,yn,)) = ming oy fv,Gv),Qb(fv,Tyn),Qb(gyva),Qb(gyn,Tyn)},

IN A
= E
=} =
ot W anten Wanden W e

IN
E.
=
s}
S
~
<
Q
S
o
i)
S
—~
—
<
Q
<
:—/
()
H,_/

= 0. (11)
Using and in , one obtains

T+ F(s¢H], (Gv, B))

<F
T+ F(s¢H,, (Gv,B)) < F

(Cov(fv, Gv) —nop(fv, Gv)).

Since 7 > 0, in viewing the properties of 7, £, and F' is strictly increasing, by (F'1) we have
H;, (Gv, B) < oy(fv,Gv)
s€H,, (Gv, B) < (€ —n)ew(fv, Gv)
Ast = fv=gu € AN B, it follows that

§—n

M, (Gu, B)) < p:

{on(rv.Gu)}.
Thus,

op(fv,Gv) < H} (Gv,B) < gs_gn{gb(fv,Gv)},

a contradiction. Hence fv € Gv which shows that the pair (G, f) has a coincidence point v in M.
Next we show that gu € Tu and fv € Gu, if not, then using x = u and y = v in (2)), we get



L. Wangwe, S. Kumar , Adv. Theory Nonlinear Anal. Appl. 5 (2021), 5314550 542

T+ F(s§(H,, (Gu,Tv))) < F(&(N1(u,v)) = n(N1(u,v)) + LN2(u,v)), (12)
where

Ni(u,v)) = max{gb@v, uy, @S0 G
(o5(gv, Gu))® + (ev(fu, Tv))?
ob(gv, Gu) + op(fu, Tv)
ob(fu, Gu) * gp(fu, Tv) + 0p(gv, Tv) * 0p(gv, Gu)
Qb(fua TU) + Qb(gv7 GU) ’

using ([1]), we have

< max{@b(gv,fU),O,&O},
= o(gv, fu). (13)
and
No(uw,0) = min{ o(fu, Gu), o(fu, Tv), 0y(gv, Gu), os(gv, Tv) },
< min{o,o,o,o},
= 0. (14)
Using and in , one gets
T+ F(s¢M) (Gu,Tv)) < F(So(gv, fu)) —noy(gv, fu) + L(0)), (15)

T+ F(s€H,, (Gu,Tv)) < F(£op(gu, Gv)) — nos(gu, Gv),

©b

In viewing the properties of 7,7, &, and F' is strictly increasing, by (F'1) we have
H,, (Gu, Tv) < op(gv, fu) (16)
= M, (Gu,Tv) < (€—n)ov(gv, fu)
Ast = fv=gu e AN B, it follows that
§—1n
s§

My, (Gu, Tv) < ob(gv, fu) (17)

Thus,

-1
s§
a contradiction. Hence gu € Tw and fv € Guv which shows that the pair (7, g), (G, f) has a coincidence

point u =v in M.

Suppose that X € M. Since v is a coincidence point of the pair (G, f) which is coincidentally commuting
and coincidentally idempotent. With respect to mapping G, we have fv € Gv and ffv = fv, therefore
fv= ffve f(Gv) C G(fv) which shows that fv is a common fixed point of the pair (G, f). Similarly, u
is a coincidence point of the pair (7, g) which is coincidentally commuting and coincidentally idempotent
concerning mapping 7', one can easily show that gu is a common fixed point of the pair (T, g).

Moroever, if u and v are coincidence points which are coincidentally commuting and coincidentally
idempontent, then there exists u € C(T, g) and v € C(G, f) such that gu = Tu, fv = Gv.

Hence uw = v = gu = fuv, consequently, u is a common fixed point of the two hybrid pairs of mappings
(G, f)and (T, g) in M. O

ob(gv, fu) < Hg, (Gu, Tv) < ov(gv, fu),
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Example 3.4. Let X = [0,2] C [0,00) = M be a weak partial b-metric space equipped with metric
op(7,y) = |r—y?>+1, forall z,y € M. Let G, T : X — M be defined as

2,3, if 0<ax<1,

Gx =
[3.3], if 0<z<2.
3.2), if 0<w<1,

Tx =
5.2], if 1<z<2.

Suppose f,g: X — M be defined as

1, if 0<z<1,

fr=
,zf l<ax<2
,zf 0<zr<1,

gr =

1, if 1<z<2.

Let F' : Rt — R be defined by F(a) = Ina 4+ a and &,¢ : [0,00) — [0,00) such that £(t) = 15¢,n(t) =
%, L =5,s=2and 7 =1, then, Equation takes the form

+
s€(Hy, (G, Ty)) (SEHE, (GoT) ~ 6N ) -n(M ) LMool < =7 (18)
E(N1(z,y)) — n(Ni(z,y)) + LN2(z, y) -

Choosing two sequence {z,} = {1l — &=} and {y,} = {1+ 5} in X, one can see that the pairs (G, f) and
(T, g) satisfies (JC'LR) property, i.e.

i 1) = re[23] - mofi- 1)

. 1 13 , 1
dmof{te g} = vepg) = Jmr{te g}
Now to verify condition we distinguish the following cases;
Case I

For x € [0,1], y € [1,2] and applying Definition we have
33 1
1 33| [1 ] 1 33
33 1 1 3 |1
{1 01, 1. 25}

= Inax
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1 9 33 113 3 9 33
- 22 - m |22 22
sup 9’ 159 axq Op 2' 159 » Ob 1579
= max{l.Ol, 1.25}
= 1.25. (21)
By applying and in we get
H} (Tz,Gy) = 1.25.
Similarly we calculate the following metric
o(gy, fr) = o(1,1) =1,
33
varrhoy(fz,Gx) = op| 1, =g = 1.16,
1
Qb(gy’Ty) = O 17 552 = 1257
33 1
T = -, = —,2 =1.2
s = wf[2 ] L)) s
33
G = | =1.16
ov(9y, Gx) Qb( ,!5,2D ,
1
on(fx,Ty) = Qb<17 !2,2]) = 1.25.
It follows that,
1.16 % 1.25 (1.16)2 + (1.25)?
14+1.25 1.16 +1.25
1.16 % 1.25 +1.25 % 1.16 — 1.907,
1.254+1.16
and
No(z,y) = min{1.16, 1.25,1.16, 1.25} — 1.16.
Therefore, (13)) reduces to
2x0.1x1.25 2x0.1x1.25-[0.1x1.207—1.1035+5x 1.16]  ,—T
0.1 x 1.207 —1.1035+ 5 x 1.16 - ’
0.25 9548172 -1
: : <
18172° =€
025 45672 -1
_— : <
4.5672° =0
which is true.
Case II For z € [1,2], y € [0, 1] and using Definition we have
11 3
+ _ ot
Hgb(Gx7Ty) - Hgb ( [47 2] ) [27 2])
1 11 3 3 11
= = S P D 22




L. Wangwe, S. Kumar , Adv. Theory Nonlinear Anal. Appl. 5 (2021), 5314550 545

(il ) - ol Bl )

- max{2.5625, 2}

= 2.5625. (23)
3 11 3 [11 11
(3 [13]) = w2 (2 )
= max{2,3.25}
— 3.25. (24)

By applying and in we get
H} (Gx,Ty) = 2.90625,

Similarly we calculate the following metric

ooy, fr) = 0(0.3) =136,

i) = w3 (1) <101
on(gy, Ty) = Qb(O, [22}) = 3.25,

oo(Ga, Ty) = Qb([i,%}, [22]) — 2.90625,
or(99.Gz) = 0(0, E%D — 1.0625,
oo(fz, Ty) = gb(g, [32}) = 1.09.

It follows that,

1.01 %3.25 (1.0625)2 + (1.09)2

N =m {1.367 ) ’
1(2,y) = max 1+2.90625"  1.0625 + 1.09
1.01 % 1. 25 % 1.062
01 % 1.09 +3.25 x 1.06 5}:2.115691057,

1.09 + 1.0625

and

No(z,y) = min{1.01, 1.09, 1.0625,3.25} —1.01.

Therefore, (13 reduces to

0.58125 0.58125—3.703723516 < 6—7
3.703723516 -
0.58125 —3.122473516 < 6_1
3.703723516 -

which is true.

Notice that for z,y € [0,1] and z,y € [1,2], Equation is true. Thus, all conditions of Theorem
are satisfied, and the hybrid pairs (G, f) and (T, g) has the common fixed point in M. Consider v =1 be a
coincidence point of the pair (G, f), then we have

(1) fl=1eG1=[2 3],
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(2) ff1=/f1=1,
(3) fl=ff1e f(G1) C G(f1) and

Similarly, if we consider u = 1 as a coincidence point of the pair (7,g), prove that u = v =1 and 1 is a
unique common fixed point for the two pairs of hybrid mappings (G, f) and (T, g).

4. Some Applications

In this section, we will discuss an approximation of a non-linear hybrid ordinary differential equation.
Dhage [14] named it as a hybrid differential equation with a linear perturbation of first type (HDE), which
will validate Theorem for two pairs of hybrid mapping in weak partial b-metric space.

First, we will define some essential notions which will be useful in developing our results. One can see in
[32] and the reference therein.

Assume that J = [to, to + a] of a real line R for some ¢g,a € R with tg > 0, a > 0 be given.

Consider in the function space C(J,R) of continuous real valued functions defined on J. Let us define
a norm ||.|| and order relation < in C(J,R) by

l]| = sup [z(#)],
teJ

x <y<s x(t) <y(t) for all t € J. Then, we see that C'(J,R) is a Banach space with respect to the
partial order relation <.

The Hybrid differential equations have been investigated in different dimensions by several researchers
one can see, [I1], 14} 25] and the references therein.

Consider the initial value problem (IV P) of first order ordinary non-linear differential equation (HDE).

{ 2 (1) = f(t,2(t) + g(t, 2(1)), (25)

w(tg) =9 € R,

for all t € J, where f,g: J x R — R are continuous functions.
Also, Consider (IVP) of (HDE).

{ o (8) + Ax(t) = pe Mp(t, (t)) + f(t () + §(t, 2 (1), (26)
33‘(750) =129 € R,

for all t € J, where f,§:J x R — R are continuous functions and

f(t,ZL‘) = f(t>$> + Az,

g(t,l’) = g(t,m)—pe_Mp(t,x),
A Z 0 with 1% S ﬁ.

Pathak [32] proved the following Lemma to satisfy HDE:

Lemma 4.1. [32] A function u € C(J,R) is a solution of HDE if and only if it is a solution of a
non-linear integral equation

z(t) = o e Mt=to) 4 ,ue_M/ p(s,x(s))ds + e_’\t/ e [f(s, z(s)) + g(s, z(s))]ds. (27)

to to

forallt e J.
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By Lemma [4.1] the HDE is equivalent to the operator equation
x(t) = Pz(t) + Qx(t). (28)

for all t € J, where

Pzx(t) = a:oe’\(tto)—i—ue)‘t/t p(s, z(s))ds, (29)
Quft) = O / [ (5, 2(5)) + (s, 2(5)))ds. (30)
forall t € J.

Definition 4.2. [I5] An operator T : E — E is partially non-linear D-contraction if there exists a D-function
Y such that
[Tz =Tyl < ¢(llz —yl),

for all comparable elements x,y € E, where 0 < ¢(t) <t fort>0.

From the continuity of integral, it follows that P and @ defines the maps P,Q : E — E. The following
applicable hybrid fixed point theorem proved in [14].

Theorem 4.3. [14] Let (E,=,|.||) be a reqular partial ordered complete normed linear space such that the
order relation < and the norm ||.| in E are compatible. Let P,Q : E — E be two nondencreasing operators
such that

(1) P is partially bounded and partially non-linear ®-contraction,
(13) Q is partially Continuous and partially compact, and
(1ii) there exists an element xo € E such that

z(t) = Px(t) + Qx(t).
Then the operator equation x = Pz + Qx has a solution x* in E and the sequence {x,}52 of successive
iterations defined by
Tpy1 = Pxpn+Qxn, n=0,1,2...,

converge monotonically to x*.

Consider in the function space C(7,R) of continuous real valued functions defined on J. Let us define
a norm ||.|| of weak partial b-metric on M by

ev(x,y) = sup |z(t) — y(t)|” + a, (31)
teJ

Va,y € C(J,R),p>1and a > 0.
We rewrite the integral equation in the form of a fixed point problem

x(t) = Tx(t).

For a map T defined by

Tx(t) = xo(t) + tK(s,a:(s))ds, telJ,R], (32)

to
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with
2o(t) = woe MTI),
and
K(s,a(s) = pe Np(s,a(s)) + eI [f(s,2(s)) + (s, 2(5))].

Our main results of this section are as follows.

Theorem 4.4. Let (M, =<, ||.||) be a weak partial b- ordered complete normed linear space such that the order
relation < and the norm ||.|| in M are coincidentally idempotent. Let f,g: X — M and P,Q : X — CB%(M)
be two hybrid pairs of non-decreasing operators such that

(2) for any x(t),y(t) € C(T,R) there exists a D-contraction function that satisfy
[T(t) = Ty(@)| < (0(8)P[lx(t) =y (O + o (33)
where 0 < ¢(t) < 1. Then Equation has a fixed point x € M.
Proof. Using equation and in we obtain

[Tz(t) — Ty(t)[| = sup /[K(S,w(S))—K(S,y(S))}dS +a,
teJ to
[t 1 gt SP
< ?él?(/to d8> ( \ IK(S,w(S))—K(S,y(S))Ipd8> + a,

/t K (s, 2(5)) - K(s,y<s>>\pds> ta,

IN

~ 0

mga

Qo
/N

~

|

~

o
N———
Y]
- N

< sup (t-t)" ( ttw<t>P\x<t>—y<t>|Pds> +a,
< (1=10)" ¢~ 10) (wPla) 9 (0)P) + o

< (t=t0) (v@Vla®) —yOF) +a,

< ((t=10)®) 12 —y®F +a.

V()P lz(t) =y + e

Hence, the condition of hybrid differential equation is satisfied and so Equation has a solution.
Therefore, the condition of Theorem (3.3) validated for two pairs of hybrid mappings which are coincidentally
idempotent. O

5. Conclusion

The main contribution of this study to fixed point theory is the coincidence result given in Theorem
2.1. This theorem provides the coincidence conditions for a substantial class of non-self mappings on various
abstract spaces. This paper, Motivated by the results obtained by Aserkar and Gandhi [3] in metric space.

We proved a fixed point theorem for common fixed point for two hybrid pairs of coincidentally idempotent
non-self mappings in weakly partial b-metric space, which satisfies joint common limit range property in a
generalized (F,&,n)-contraction, which generalizes some well-known results in the literature. These results
have some applications in many areas of applied mathematics, especially in hybrid differential equations.

Acknowledgement: The authors are thankful to the learned reviewers for their valuable comments.
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