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Abstract

This paper is concerned with the controllability of higher order fractional damped delay dynamical systems
with time varying multiple delays in control, which involved Caputo derivatives of any different orders. A
necessary and sufficient condition for the controllability of linear fractional damped delay dynamical system
is obtained by using the Grammian matrix. Sufficient conditions for controllability of the corresponding non-
linear damped delay dynamical system has established by the successive approximation technique. Examples
have provided to verify the results.
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1. Introduction

Fractional calculus has a long history which goes back to Leibniz, who introduced the notion of “%— order
derivative" in a letter to L’Hospital from 1695. Nowadays, the subject of fractional calculus has proved to
be useful in modelling of many real-world problems in various fields of science and engineering. Fractional
order models have the tendency to capture non-local relations in space and time, thus forming an improvised
model for analyzing complex phenomena. The most important advantage of using fractional differential
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equations is their non-local property, which means that the next state of a system depends not only upon its
current state but also determined by the entire historical states [28]. Studying non-local observed facts, the
notion of fractional derivatives has been familiar as a useful mathematical tool, which follows the general-
ized Mittag-Lefller law, power law and exponential law. Many engineers, technologists, mathematicians and
other scientists have modelled various types of complex physical and biological phenomena using fractional
operators. Magin [24] presented the usefulness of fractional operators in the areas like, bioimaging, biome-
chanics and bioelectrodes. Fractional derivative formulations are used to represent many practical systems
more accurately than integer order ones and gained significance in the fields of bioengineering, signal pro-
cessing, in electrochemistry, frequency dependent damping behaviour of many visco-elastic materials, filter
design, circuit theory, dynamics of interfaces between nanoparticles and substrates, continuum and statistical
mechanics, the nonlinear oscillation of earthquakes and robotics [, 6, 12, 18, 25] 29].

The Mathematical point of view, the fundamentals of fractional calculus and fractional differential and
difference equations are given in the monographs [22 27]. Very recently, the analysis of fractal-fractional
malaria transmission model under control strategies using the Liouville Caputo fractional order derivatives
with the exponential decay law and power law was studied by Gomez-Aguilar et al. [16]. Aziz Khan et al.
[4, 5] examined the dynamical study of fractional order mutualism, parasitism food web module and also
stability and numerical simulation of a fractional order plant-nectar pollinator model.

On the other hand, some researchers have generalized integer order controllers to noninteger order con-
trollers. In 1961, fractional order systems in the area of automatic control were investigated by Manabe
[26]. In 2009, Chen et al. [II] discussed the fractional calculus as well as fractional order controllers and
the discretisation techniques. Review, design, optimization, and stability analysis of fractional-order PID
controller established by Ammar Soukkou et al. [32] in 2016. The fractional calculus in dynamic systems
and controls are developed by many researchers [9] [14] [15, 20, 36].

Controllability plays a vital role in the development of the modern mathematical control theory and it
is used to influence an object’s behaviour of a dynamical system to accomplish a desired goal. The study
of control systems modeled using fractional differential equations is significant in various problems of an
applied nature. Nowadays, the controllability has applied in the fields of industrial and chemical process
control, reactor control, control of electric bulk power systems, aerospace engineering and recently in quantum
systems theory. Controllability theory of linear and nonlinear dynamical systems in finite-dimensional spaces
has been studied by many researchers [2, [7, [8], 13].

A remarkable feature for delay system is that the system’s future evolution depends not only on the
present control state, but also in a period of control history. Such system occurs in automatic control,
biology, economics, medicine and other areas. Mathematical description of these processes can be done
with the help of equations with delay, integral and integrodifferential equations. Delay differential equa-
tions were initially introduced in the 18th century by Laplace and Condorcet. The principal difficulty
in studying delay differential equations lies in their special transcendental character. Delay equations al-
ways lead to an infinite spectrum of frequencies. The determination of this spectrum requires a corre-
sponding determination of zeros of certain analytic functions. Delay differential equations are often solved
using numerical methods, asymptotic solutions, and graphical tools. Several attempts have been made
to find analytical solutions for delay differential equations by solving their characteristic equations under
different conditions. The differential equations with delay was investigated by Bellman and Cooke [I0]
and Hale [17]. Wiess [34] studied the controllability of delayed differential systems and Dauer and Gahl [I3]
established the controllability of nonlinear delay dynamical systems by using fixed point technique.

Yonggang and Xiu’e [35] introduced a fractional oscillator equation in which the restoring force is repre-
sented by a term containing fractional derivative and the property of oscillation is retained. In the fractional
oscillator model, numerous specific forcing functions and their resonance were analysed by Achar et al. [1].
Tofighi [33] has described and attained the expression of the intrinsic damping force in the fractional os-
cillator system. Some authors extended the interpretation to the fractional oscillator and reported that
fractional oscillations have finite numbers of zeros. Al-rabth et al. [3] used the differential transform method
to solve a fractional oscillator system. Recently, some researchers 7, [19] 2T] has discussed the controllability
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of fractional damped dynamical systems.

To the best our knowledge, there are no relevant work has been reported on the control problem of
fractional damped delay dynamical systems of higher order. In this paper, we make an attempt to study the
controllability of the higher order fractional damped delay dynamical systems with time varying delays in
control. Numerical examples are provided to illustrate the theoretical results.

The paper has been developed as follows, in Section 1, the background, motivations and objective of
this paper has been discussed. Some preliminary facts, definitions and notations are recalled in the Section
2. In Section 3, necessary and sufficient conditions for controllability results of linear damped delay system
has been established. In Section 4, controllability criteria of corresponding nonlinear fractional damped
delay dynamical systems with time varying multiple delays in control are provided. In Section 5, numerical
examples has given to illustrate the effectiveness and applicability of our results. Finally, some concluding
remark has been drawn in Section 6.

2. Preliminaries

In this section, let us recall some notations, basic definitions and preliminary facts [22], 27].

Definition 2.1. Let f be a real-or complez-valued function of the variable t > 0 and let s be a real or complex
parameter. The Laplace transform of f is defined as

F(s) = /OO e SLf(t)dt, for Re(s) > 0.

0
Definition 2.2. The Caputo fractional derivative of order o > 0, n — 1 < a < n, s defined as

1 ! _ g)n—a-l (n)S p
)/Ou a1 £ () s,

CD8“+f(t) = Tn—a)

where f(”)(s) = Z:,{ and the function f(t) has absolutely continuous derivative up to order n — 1. For the

brevity, Caputo fractional derivative CD& is taken as ¢ D.

The Laplace transform of Caputo derivative is
n—1
LD z())(s) = s*Lz(®)](s) = Y 2" (0)s* " F, n-1<a<n.
k=0

Definition 2.3. The Mittag-Leffler functions of various type are defined as

0 k

Eo(2) = Ean(z) =Y m 2€C, Re(a)>0,
k=0
e = T 1., A ) Ca )
E.5(2) kzz:o Tk 1 B) z,B € Re(a)) >0
a = (’Y) (7)‘)]C a
B (=A%) :kzomt g

where (v)n, is a Pochhamer symbol which is defined as y(y+1)---(y+n —1) and(y), = F(;(:)").

Definition 2.4. The Laplace transforms of various types of Mittag-Leffler functions are defined as

Sa—l
LIEq1(£XY)](s) = =) Re(a) > 0,
@B
E[tﬁ_lEaﬁ(:l:)\ta)](s) = m, Re(a) >0, Re(pB) >0,
V=B

LIPTVE] (EM)](s) = Re(s) >0, Re(B) >0, [As™ <1

(s + NV’
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Definition 2.5. The Mittag-leffler matriz function derivative of order p(p € N) is defined as

d\® . X
<dt> (t“‘ Ea—ﬁ,oc(Ata_B)) =t P Ey_gap(At"F), (p € N).

3. Linear Damped Delay System

Consider the linear fractional damped delay dynamical systems with time varying multiple delays in
control of the form

M
CDox(t) — A°DPx(t) = Ba(t — )+ Y _ Ciu(p(t), te€J=10,T],
i=0 (1)
2(t) = (1), 2'(t) =¢'(t),-- 2P () = pP)(1),
u(t) = I/J(t), —7<t<0,
wherep—1l<a<p, q—1<p<q, g<p—1,z e R ueR™ p(t)=t—7(t) and 7;(t) > 0,i =0,1,..., M
are time-dependent delays in control, A, B are n X n matrices and C; are n X m matrices for i = 0,1,..., M.
Assume the following conditions:
(H1) The functions p;(t) : J - R, i =0,1,..., M, are twice continuously differentiable and strictly increasing
in J . Moreover

pi(t) <t,i=0,1,..., M, for t € J.

(H2) Introduce the time lead functions r;(t) : [pi(0), pi(T)] — [0,T],i = 0,1,..., M, such that r;(p;(t)) =t
for t € J. Further po(t) =t and for ¢ = T. The following inequalities holds

pu(T) < pary (T) < -+ pmy1(T) <0 = p(T) < p—1(T) = -+ = p1(T) = po(T) = T. (2)
Definition 3.1. The set y(t) = {x(t),9¥(t,s)} where (t,s) = u(s) for s € [min7;(t),t) is said to be the
complete state of the system at time t .

Definition 3.2. System is said to be relatively controllable on [0,T] if for every complete state p(t),

O (t), -, oP)(t), 2 € R™, there exists a control u(t) defined on [0,T), such that the solution of system
satisfies x(T) = z.

In order to get the solution of system , by taking Laplace and inverse Laplace transform of both sides
of the equation , and using convolution of Laplace transforms, we have the solution of the form [30, B1]

p—1 q—1

2(t) = 3 (OB (AH) = 3 aH OBy i (A°P)
k=0 k=0

+ B/_ (=5 — 1) By _sa(Alt — s — 7)°F)p(s)ds

M

+ / (t = ) Bars alAlt — 8)°) S Crulpi(s))ds. (3)

1=0

Using the time lead function 7;(¢), the solution is of the form

p—1 q—1
w(t) = 2 (0)tFo_g 1k (At*0) = " ab (0t PP g 0 pi1in(AL*F)
k=0 k=0
0

+ B (t—s— T)a_l@a_@a(A(t — 85— T)a_ﬁ)cp(s)ds

M rpi(t)

+ Z/ (t = ri(s)* ' RapalA(t = 1i(5))*7)Ciri(s)u(pi(s))ds. (4)
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The solution is expressed as

Mt
e +Z/ (t = 13(5))" ™ @a- sl At = 1i())™ ) Citi(s)u(pi(s) ds,
=0 pi(0
where
p—1 q—1
w(t;0) =y @ (0)t" Pa—p k(A7) = a0 Do g 0 pirin (A7)
k=0 k=0
0
+B [ (t—s—1) 0 g (At — s —T)F)p(s)ds, (5)
and
r ga—B—1-k T

Dop (A" ) = L7

| Se=B] — A— BsBe—sh | (®),
r —B—(a—B+1+k) T
& k_(Ataiﬁ) :ﬁil s B (OZ B ) (t)

a—fa-ptlt | Se=B] — A— BsBe—sh |7
- B -
| Se=B] — A — BsBe—sh | (®)-

Do pa(At* Py =71

Now using the inequality in the above equation, we get

—ri(s)) ! —1i(8))*P)Ciri(3)9(s)ds
+Z/Z(O) t i (I)a 5Q(A(t z( )) )Cz z( )1/1( )d

+ Z/ (t— ri(s))a_IQDa_g’a(A(t — ri(s))a_ﬁ)cih(s)u(s)ds

+ Z /sz (t—ri(s)*™ 1(1)a ga(A(t—r( 5))*~ B)CTZ( Yob(s)ds.

i=m+1

Further simplify we get

x(t) =z(t;0) +o(t) + Z/o (t— ri(s))a%@a,g’a(/l(t — ri(s))o‘*ﬁ)@h(s)u(s)ds, (6)
where

mo .0
=3 / (t = 14(5))° B p.alA(t — 13(5))° ) Cori(5) 0 (s)ds

i=0 ¥ Pi(0)

M (t)
+ > / (t — 7i(8))* PargalA(t — ri(s))*?)Cii(s)(s)ds. (7)

Z:m_i'-l Pi (0)

The controllability Grammian matrix is defined by as follows
- [T 20—2
w=2 /0 (T = 74(5)* (@ .0l AT = 74(5)* ) Cira(3)] [@a- .o AT = 7s(5)* ) Cira(s)]“d,
i=0

where the x denotes the matrix transpose.
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Theorem 3.1. The linear fractional damped delay dynamical system is controllable on [0,T] if and only
if the controllability Grammian matrix W is positive definite.

Proof. Since W is positive definite, it is non singular and so its inverse is well defined. Let control function
u is defined by

ut) =[(T = ri(t)* ' @a—pa (AT — (1)) ) Cits (O Wz — 2(Ts ) — o(T)]. (8)

Substituting ¢t =7 in @ and inserting we have,
m_ T
2(T) =z(T;¢) + o(T) + ) / [(T —7i(s))*  ®apalAlt — n(s))a—ﬂ)cm(s)]
i=0 70

X [(T — (1) Dy o (A(T — ri(t))a_B)Cih(t)} M [z — (T ) — U(T)] ds,

Thus system is controllable on [0, T7.

On the other hand, W is not positive definite. Then there exists a non zero vector y such that

m_ .7
y Wy =y* Z/O (T = 74())** 2 [@ap,a (AT = 14(5)* ") Citi(5)][Pa-pa AT = i(s))*~7)Citia(s)*yds
i=0
=0,
Y@ 5.0 (AT —1i(s))*?)Ci7i(s) = 0 on [0, T].
Let the initial points ¢(t) = ¢'(t) = - -- = ) (t) = 0 and the final point z = y. By assumption, there exists

control input u on [0, 7] such that it steers the response from 0 to z at t =T
It follows that

mr
2=y = Z/ (T —14(8))* " ®ap (AT — 7i(5))*P)Citii(s)u(s)ds,
i=0 "0

then,
m_ T
vy=y Z/ (T —7i(5))* Pap.a(A(T —1i(s))* ") Ciri(s)u(s)ds = 0.
i=0 0
This is a contradiction to y # 0. Thus W is positive definite. [J OJ

4. Nonlinear Damped Delay Dynamical System

Consider the nonlinear fractional damped delay dynamical systems with time varying multiple delays in
control of the form

CDog(t) — AC DPx(t)
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wherep—1l<a<p, q—1<p<q, q<p—1,z e R"ueR™ p(t)=t—7(t) and 7;(t) > 0,i =0,1,..., M
are time-dependent delays in control, A, B are n X n matrices and C; are n x m matrices for i =0,1,..., M,
and f:J X R" x R” x R" x R" x R™ — R" is continuous function. The solution of @ using the time lead
function r;(t) is given by

w(t) =a(tig) + o () + 3 / (= 12())* B a_p (At — r:(s))* ) Ct(s)us)ds
1=0

+ /0 (t— S)Oé_l‘ba,/g,a(A(t — s)a_ﬁ)f(s, x(s), x(s — T),C Do‘x(s),c D’Bx(s), u(s))ds, (10)

where x(t; p) and o(t) are defined as in and (7).

Consider the space X = {z(t) € C(J : R"), “D(t) € C(J : R"), “DPz(t) € C(J : R") and u €
L*®(J,R™)} be a Banach space endowed with the norm ||z||, = max;e 7 {|z(t)],|° D*x(t)|, |® DPx(t)], |u(t)|}.
Further we assume the following hypothesis:

(H3) f:J xR"xR" x R" x R" x R™ — R" is continuous and there exist positive constants K and L such
that

[1f(t, x(t), 2t — 7),C DY(t),C DPx(t),u(t))|| < K, fort € J,

|| f(t, 1,91, Tat1, 21, 21) — f(E, @2, Y2, Ta2, Tp2, 22)|| < L|||lz1 — 22| + [lyr — w2l + [|Ta1 — Za2l]

+ w1 — wpal| + [|21 — 22|,
T1,T2,Y1,Y2, Tal, Ta2, Tp1, Tp2 € R, 21,20 € R™.
For brevity, let us define

a; =sup H(t —7i(8)* 0 pa (A*(t - ri(s))o‘_ﬁﬂ , by =sup|lri(s)]|, :=0,1,2,..., M,
e =sup [Pa— s (At = ri()* ) ||, ma=suplla(t:@)ll, na = sup|[(s)]],

n3 =sup H(T —8)* P, g4 (A(T - s)o‘_’3>

, ng = a;bi||CF||[|[W ],

m M
ns =Y cbillGilIN:+ > abil|Cil| M,
i=0 i=m+1

ng =Y cibil|CillLi, nr = supllp(t)|], ns = sup ||(t = 8) ™ Pa—p(A(t — 5)*77)[|, ng = ||Cill,

=0
1o =sup ||(t = )P, g0 g g (At —5) 7)),
0 pi(T) T
N; = (T —ri(s))* tds, M; = (T —ri(s))* tds, L; = / (T — ri(s))* ds.
pi(0) pi(0) 0

Theorem 4.1. Assume that the function f satisfies the condition (H3). Suppose that the linear system
is controllable then the nonlinear system (@ is controllable on J.

Proof. To prove the controllability results we apply the successive approximation technique . For that, we
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define
zo(t) =p(t),
m .0
Tnt1(t) =z(t;0) + Z/ (t —ri(s))” I(I)a—ﬁ,a(A(t —1i(s))*7)Ciri(s)Y(s)ds
=0 pi(0)
+30 [ =) gl Ale = ri(s) ) Coti(s)un ()
=0 0
M pi(t)
+ > (t = 7i())" " Pa—pa( At = ri(s))* ) Ciri(s)1b(s)ds
i=m+1 i(0)
+ /0 (t - S)Q_lq)a—ﬁ,a(A(t - S)O[_B)f(s? l‘n(S), $n(5 - 7_)>C Da$n(s)vc Dﬁxn(s)7 un(s))ds7 (11)
where

- /0 (t =)Dy _g oAt — 8)* ) f(5,20(5), Tnls — 7),¢ DY (5),C DP2y(s),un(s))ds|, (12)

and n=0,1,2,....
Since ¢(0) is a given vector, and note that {z,(t)} are the known sequence of functions. Now we have to

show that {z,(t)} is a Cauchy sequence in X. Noting that @,y (¢ )+ Z xjp1(t j(t)), and it is
n
necessary to prove that the series Z(l’j+1(t) — xj(t)) converges uniformly with respect to t € J. It is clear
§=0
that

[lun (O] SINT = 7i(£)* Pacpal AT = ri()* HINCE[[l7 @)W [HZH + [[=(T5 )|

m 0

+Z/ T = 73())* ™ @apa(AT = ri(s)* )G 1Fi(3)] ()]s
M
» / T — 1) B pa (AT — ri(s)* PICHIIF()][11(s) | ds

+/ (T = ) o pal AT = )| f (5,20 (s), (s = 7),C Dy (s),” DPwn(s), un(s))|lds
0
m 0
<aibi||CF || [[W | [HZH +n +nzzcz’bz‘|Cz‘H/(O)(T—"”z‘(S))O‘_ldS
i=0 pi
pi(T)
+ Z cibil| G| (T—ri(s))a_lds—l—ngKT]
i=m+1 pi(0)

<ny [||Z|| + ny1 +nans +n3KT] =p,
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and
[un (t) = un—1(2)]]

T
<IT = ril0)* ™ By (AT = i) )OO | [ I =0 AT = 5
X || f (s, 2n-1(8), xn-1(s — T),C Daxn,l(s),c Dﬂmn,l(s), Un—1(8))

— f(s,zn(s),zn(s — T),C Daxn(s),c Dﬁa:n(s), un(s))Hds]
<ngng LT {[|an-1(5) — zn(s)|| + [[en-1(s = 7) = 2n(s — 7)|| + |9 Dn1(s) = Dz (s)|
19D 20 1(5) =C DPan(s)]| + [fttn1(5) — un<s>||].

Then
|Zn+1(t) — zn(2)]]

< Z/ 1(t = 7i(5))* " BapalAlt = ri(s)*NCilll[7:(5)[][un(s) = un—1(5)||ds
i=0 70
+/O 1(t = )" o palAlt = )* ) f(s,2n(5), 20 (s — 7),C D@ (5),” D mp(5), un(s))

— f(s,xn-1(8), xp-1(s — T),C Daazn,l(s),c Dﬁxn,l(s), Un—1(8))||ds

<ngningLT [Hxn_l(s) = (8| + llzn-1(s = 7) = &a(s = )| + [|“DZn-1(s) = D& (s)||
+ 19D zn-1(s) = DPu(s)l| + |lun-1(s) — un(s)]|
+ngLT [Hwn—l(S) = 2 (8)]| + llzn-1(s = 7) = @n(s = 7)|| + [|“D0-1(s) = D an(s)|
+ (19D 2n-1(s) = DPn(s)l| + |un-1(s) — un(S)H-

<(nenansLT + n3LT) [Ilwnl(S) — 2(8)|| + [len-1(s = 7) = 2n(s = 7)[| + | Dp-1(s) = Dzn(s)l|

+ 19D 21 (s) = Dy (s)]] + ||un-1(s) — Un(S)H_ :
Also,
[|lz1(2) — @o(t)|| <n1 4 nons + n7 + Z/O 1(t = 7i())* " Papal At = 7i(s)* )NCillll7 ()]l [uo(s)||ds
i=0

+ /0 1t =)' a—palAlt = 5)* )] (5,20(s), xo(s — 7). Do(s),” Do(s),uo(s))l|ds

<ny + nans + n7 + (nep + n3Kt)
<PT, P>0,
assuming that 7" > 0. The method of induction and using the above inequality we have the estimate

n+1
(n+ 1)l

[|Xnt1(t) — zn(t)|] < P(ngnang LT + nsLT)
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By choosing sufficiently large value of n, then the right-hand side of the above inequality can be made
arbitrarily small. This implies that {x,(¢)} is a Cauchy sequence in X. Since X is complete, the sequence
{zn(t)} converges uniformly to a continuous function z(¢) on J. Thus we have

a(t) =x(t; ) +o(t) + Z/O (t = ri($)*  RapalA(t = ri(5))* ) Ciri(s)u(s)ds
=0

+ /0 (t — )1, g o (At — 8)* ) f(s,2(5),2(s — 7),C D(s),” DPx(s),u(s))ds,
where

u(t) =(T — ()" 1 ®p_p .o (A*(T — r(0))ACE s (OW T | 2 — 2(T; ) — o(T)
- /Ot(t —5)* 1P, g4 (At — $) PV f(s, x(s), 2(s — 7),C DY (s),C DPx(s),u(s))ds|,
which follows by taking limit as n — oo on both sides of and . Then
2P, (1) =2 P (£ ) + o1 () + Z / (t = 74(5))* P Do pap(A(t — 7i(5))P)Crri () (5)ds

- /0 (t —8)* P10y g o p(Alt — 8)* ) f(5,20(5), Tnls — 7),C D% (5),C DP2p(s), un(s))ds,

where

Ms

0
/ (£ = 14(5))* P Loy o (t — 74(s))Cita()(5)ds

Z

Il
o

7

M
+ Z / (t = 13(5)° P B p(t — 14(s)) Cuia(8)8b(s) s,

i=m+1

n—oo n—o0

lim ) () = lim (2P (t;0) + o1 (1) + Z / (t — r4(8)) P B pap(A(t — 14(5))* ) Citti (5)un (s)ds

=P (t; 0) + ou(t )+Z/O (t = 7i($)* P R pap(Alt —14(5))*7)Citi(s)u(s)ds
1=0
+/0 PP pap(Alt = )P f(s,2(s), (s = 7). DY(s),” Du(s), u(s))ds

Further, we have
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19D2a(t) = D*ania(t)]]

; ! — 5 p—a—1 B s — a—p—1 s _ )
Tlp—a) /0 (t—s) ( /0 (s =) P @4 pap(Als —)*7F)
X [Ci(u(€) — un(€)) + F(&,2(8),2(6 — 7). Dx(€),° DPx(€),u(€))

— [(& an(&), 2 (& = 7),¢ D2 (), DO (8), un(é))]d£> ds

/0 (t =)' a—p(A(t — ) 7)[Ciluls) = un(s)) + f(s,2(s), 2(s = 7),C D(s), D a(s),u(s))

<ngngT||u(t) — un(t)[| + nsLT [Hw(t) — zp(8)]] + J2(t = 7) —an(t = 7)|| + [|“D(t) = Dz (1)]|

— f(s,zn(s),zn(s — T),C Do‘xn(s),c Dﬁxn(s), un(s))]ds

+19D%(t) = DPan(®)|] + [[u(t) - un(t)H]-

Moreover,
19DPx(t) = Dy (t)]

g [ ([ s -1

X [Ci(u(T) — un (7)) + f(r,2(7), 2(t — 7),C D%(7),C DPa(7),u(r))

— f(ryzn (1), xn(t — T),C Do‘a:n(r),c Dﬁajn(r), un(T))]ah') ds

/O (t - S)Q_B_p+q_1(I)oz—ﬁ,a—ﬁ—p-i-q(A(t - S)Q_B)[Ci(u(s) - un(s))

+ f(s,2(s), z(s — T),C Dax(t),c D’Bx(t), u(s))

— f(s,zn(s), zn(s — T),C Daxn(t),o D'an(t), un(s))]ds

<muonTlu(t) — wn(t)] + moLT[nx(t) (@)l + et — 7) — anlt — )|+ D% (1) € D)
1€ DPa(t) =C DPa(8)] + Ilu(t) — un<t>u]

Asn — oo, D%, 1(t) = D(t) and DBz, 1 (t) =€ DPx(t) . Clearly z(T) = 2 which means that the
control u(t) steers the system from the initial state ¢(t), ¢'(t), - -, »®(t) to z in time T. Hence the system
@ is controllable on J. O

5. Examples for controllability results

In this section, we have provided two examples for our proposed criteria to illustrate the controllability
results.
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Example 5.1. Consider the problem of nonlinear fractional damped delay dynamical system with time vary-
ing delay in control of the form

CD32(t) — CDoa(t) =x(t — 2) + u(t) + u(t — 1)

0
+f < x1(t)sint + e%1(t=2) ) ) (13)

z2(t)+x3(t) 1+ Dez?(t—2)+C DFz2(t—2)+u(t)

=2, po=1t, pr =t—1,as a consequence,7o(t) =0, 7(t) =1, A=1,B=1,Cy =

H

[V][9N]

_ 5 _
where a = 3,8 =
1,C1 =1.

The solution of the system (13)) can be written as

o(t) ={E11(8) ~ tE1a(O](t) + [tE12(t) — PEra(D]e' (1) + P Era(t) (1)
0 3
+ /2(75 —s— 2)§E1,g((t — 5 —2))p(s)ds
1 t ) .
+ ZZ;/O (t = 74())2 By 5 ((t = ri(5))2)r(s)u(s)ds

- /0 (t — s)%ELr ((t — 8)) f(s,2(s), 2(s — 2),C DY(s),C DPx(s),u(s))ds.

N|o

The Grammian matriz is defined by

1 2
W =3 [ =) (B g (2= ri)i(o)] [y (2 = ri(s))is)] s,
i=0

’2

where r;(s) is a time lead function which is defined by ro(s) = s and r(s) = s — 1. Then the Grammian
matriz can be written as

W= / (2= 5 [B, (2 — )] [E, 5 (2 )] ds
/ (2= s+ 1°[E 5 (2 - s+ 1)) [B (2~ s +1)]"ds.

0

FEvaluating 1, we get
W = 145.4159 > 0,

which implies it is positive definite. Therefore, the linear system is controllable. And easy to wverify that
the nonlinear function f is bounded and Lipschiltz continuous and satisfies the Lipschitz condition with the
constant L = 1, the hypotheses of Theorem[4.1], and hence the fractional damped delay dynamical system with
multiple delays in control is controllable on [0, 2].

Ezample describe the conditions when A, B,Cy and Cy are constant. Following Example demon-
strate the conditions when A, B,Cy and Cy are matrices.

Example 5.2. Consider the problem of nonlinear fractional damped delay dynamical system with time vary-
ing delay in control of the form

CD%(t)-(é g) CD%(t):(S (1)>:c(t—2)—|—<(1)>u(t)+<(1)>u(t—1)

0
+ . o e® ( B ) Y
/ ( sin(“D*w1(t)) + cos(“DPwa(t)) + 1+z§(t)+x§(t1—;)42-u(t)+u(t—1) )
(14)
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,T=2, po=1t, p1r =t—1,as a consequence, o(t) =0, T1(t) =1, z(t) = (t), 2'(t) =

N

where o = %,B =
¢'(t),

. 20 0 1 0 1
" N/} 3 _ — — — —
{L‘(t)—go(t)ER,u(t)—@ZJ(t), A—<O 3>,B—<0 O>,00—<1>,01—(0>.
The solution of the system (14)) can be written as

2(t) =[E1,1(At) — tE12(AD)] (1) + [tE12(Al) — 2 By g(A)]¢ (8) + 2 B13(At)e" (1)

0
+ B/Q(t — s —2)2B, 5 (A(t — s — 2))p(s)ds

[Sl[6)

3)ii(s)u(s)ds

)

1 ¢ .
30 | =noie, i —ns)
+ /0 (t— s)%E1 (A(t — 9)) f(s,2(s), z(s — 2),C D%2(s),C DPx(s), u(s))ds.

The Grammian matriz is defined by

ot

LI
W = Z/o (3-— n(s))3 [EL%(A(Z& — ri(s)))C’ih(s)} [El,%(A(?’ — ri(s)))Cﬁi(s)} ds,
=0
where r;(s) is a time lead function which is defined by ro(s) = s and r1(s) = s — 1. Then the Grammian
matriz can be written as

3
W= [ 9P, (A6 = 5)Co] [, 5(AG = 5))Co] s
3
+ /0 (3 =5+ 1)°[Ey 5 (AB — s+ 1)C1] [By 5 (A3 — 5 +1))C1] " ds.

Evaluating 1t, we get

W— 502.6070  —373.1780
-\ —1593.7054 1305.1044 ) °

Thus det(W') = 61218.8890 > 0, which implies it is positive definite for any T > 0. Therefore, the linear
system is controllable. And easy to verify that the nonlinear function f is bounded and Lipschitz continuous
and satisfies the Lipschitz condition with the constant L = 1, the hypotheses of Theorem and hence the
fractional damped delay dynamical system with multiple delays in control is controllable on [0, 3].

6. Conclusion

In this paper has discussed about the controllability of linear and nonlinear fractional damped delay
dynamical systems with time varying multiple delays in control. The necessary and sufficient conditions for
controllability of linear system has been established by constructing the Grammian matrix. Consequently, a
sufficient conditions for the controllability criteria for nonlinear system has been derived by using successive
approximation technique. In addition to that, examples are included to verify the effectiveness of the results.
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