Advances in the Theory of Nonlinear Analysis and its Applications 3 (2019) No. 2, 53-63.
https://doi.org/10.31197 /atnaa.471245
Available online at www.atnaa.org

Research Article

Advances in the Theory of Nonlinear Analysis

and its Applications -

ISSN: 2587-2648 Peer-Reviewed Scientific Journal

Lyapunov-Type Inequalities for Riemann-Liouville
Type Fractional Boundary Value Problems with
Fractional Boundary Conditions

Debananda Basua®, Jagan Mohan Jonnalagadda®, Dipak Kumar Satpathi®

@ Department of Mathematics, Birla Institute of Technology and Science Pilani, Hyderabad Campus, Telangana, India.

Abstract

In this article, we establish Lyapunov-type inequalities for two-point Riemann-Liouville type fractional
boundary value problems associated with well-posed fractional boundary conditions. To illustrate the ap-
plicability of established results, we estimate lower bounds for eigenvalues of the corresponding eigenvalue
problems and deduce criteria for the nonexistence of real zeros of certain Mittag-Leffler functions.
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1. Introduction

Lyapunov [10] established a necessary condition, known as the Lyapunov inequality, for the existence of
a nontrivial solution of Hill’s equation associated with Dirichlet boundary conditions. This inequality has
several applications in various problems related to the theory of differential equations. Due to its importance,
the Lyapunov inequality has been generalized in many forms. For a detailed discussion on Lyapunov-type
inequalities and their applications, we refer [2} 12 [13] 17, 19 20] and the references therein.

Recently, many researchers have derived Lyapunov-type inequalities for various classes of fractional
boundary value problems [8, 15| [16] 18, 21]. For the first time, Ferreira [5] obtained a Lyapunov-type in-
equality for a two-point Riemann-Liouville type fractional boundary value problem associated with Dirichlet
boundary conditions as follows:
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Theorem 1.1. [J] If the fractional boundary value problem

{Dgy@) +q(t)y(t) =0, a<t<b,
y(a)=0, y(b) =0,

has a nontrivial solution, where q : [a,b] — R is a continuous nonnegative function, then

/ab q(s)ds > T'(«) (b f a>a71.

Recently, Ntouyas et al. [1I] presented a survey of results on Lyapunov-type inequalities for fractional
differential equations associated with a variety of boundary conditions. This article shows a gap in the litera-
ture on Lyapunov-type inequalities for two-point Riemann-Liouville type fractional boundary value problems
associated with fractional boundary conditions. In 2016, Dhar et al. 3] derived Lyapunov-type inequalities
for two-point Riemann-Liouville type fractional boundary value problems associated with fractional inte-
gral boundary conditions. This article stresses the importance of choosing well-posed boundary conditions
for Riemann-Liouville type fractional boundary value problems. In this line, the authors [7] have obtained
Lyapunov-type inequalities for two-point Riemann-Liouville type fractional boundary value problems asso-
ciated with well-posed mixed, Sturm-Liouville, Robin and general boundary conditions, recently.

Motivated by these developments, in this article, we establish Lyapunov-type inequalities for two-point
Riemann-Liouville type fractional boundary value problems associated with well-posed fractional boundary
conditions.

2. Preliminaries

Throughout, we shall use the following notations, definitions and known results of fractional calculus
[9, [14]. Denote the set of all real numbers and complex numbers by R and C, respectively.

Definition 2.1. [9/ The Euler gamma function is defined by
I'(2) ::/ t*"le7tdt, R(z) > 0.
0
Using the reduction formula
I'(z+1)==2I'(z), R(z)>0,
the Euler gamma function can be extended to the half-plane R(z) < 0 except for z #0,—1,—-2, ...

Definition 2.2. [9/ Let « > 0 and a € R. The a'-order Riemann-Liouville fractional integral of a function
y: [a,b] — R is defined by

1

ITy(t) = F(a)/ (t—s)*y(s)ds, a<t<b, (1)

provided the right-hand side exists. For a = 0, define I$ to be the identity map. Moreover, let n denote a
positive integer and assume n —1 < o < n. The a'P-order Riemann-Liouville fractional derivative is defined
as

Dey(t) = DIIOy(t), a<t<b, (2)

where D™ denotes the classical n'-order derivative, if the right-hand side exists.

Definition 2.3. [J] We denote by L(a,b) the space of Lebesgue measurable functions y : [a,b] — R for which

b
lylle = / ly(t)|dt < oo.
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Definition 2.4. [9] We denote by Cla,b] the space of continuous functions y : [a,b] — R with the norm

— 1)].
lyllc max ly(t)]

Lemma 2.5. [9/ If o> 0 and 8 > 0, then

Lemma 2.6. [9] Let « > 3 >0 and y € Cla,b]. Then,
DJIgy(t) = 197 y(t), t € [a,b].

Lemma 2.7. [1] Let o > 0 and n be a positive integer such that n —1 < o < n. Then, the fractional
differential equation
DZy(t) =0, a<t<b,

has a unique solution y € C(a,b) N L(a,b), and is given by
y(t) = Ci(t —a)* "+ Cot — a)* % + -+ 4 Cp(t — a)* ",
where C; € R, i =1,2,--- n.
Lemma 2.8. [1] Let a > 0 and n be a positive integer such thatn—1 < a < n. Ify € C(a,b) N L(a,b), then
IgDgy(t) = y(t) + Ci(t —a)* ' + Co(t —a)* 2 4 - + Ot — @)™ ",

for some C; e R, i =1,2,--- ,n.

3. Main Results
In this section, we obtain two Lyapunov-type inequalities for the fractional boundary value problem

{Dsya) +q(t)y(t)

=0, a<t<b,
y(a) =0, Diy(b) =0,
using the properties of the corresponding Green’s function.

Theorem 3.1. Let 1 <a<2,0< <1 such that 0 < (a — ) <1 and h : [a,b] — R. Then, the fractional
boundary value problem

Dgy(t) +h(t) =0, a<t<b, 3
y(a) =0, Diy(b) =0,
has the unique solution
b
y(t) = G(t,s)h(s)ds,
where .
ey (522)" Tt —a) a<t<s<b,
G(t,s) = {F(la (bb_s) g o - 0
(=) - = (t=5)7"], a<s<t<b
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Proof. Applying I3 on both sides of and using Lemma we have
y(t) = —IZh(t) + Ci(t — a)* ' + Cot — a)* 2, (5)

for some C1, Cy € R. Applying DE on both sides of , using Lemma and Lemma we get

.ny@>::—135h@>+-caré}fi”<t—ww“ﬂ1

e - ap, ©

MNa—-p—1)
Using y(a) =0 in , we get Cy = 0. Using Dgy(b) =0in @, we get

+ Cy

b
(b-a)a}ﬁ—1r<a>j[(b“$>“‘5‘1huﬁds

Substituting C; and Cs in , the unique solution of is

C =

o) =~ [ (6= hispas
<b<@aﬂa;<>/%b o) s
/t [(b O‘ = @)t = (1 — )%t h(s)ds
/tb(z I ) h(s)ds
_ / Glt,s
The proof is complete. ' O

Corollary 3.2. Let 1 < a<2,0< <1 such that 1 < (o — ) < 2. Then, the fractional boundary value
problem has the unique solution
b
_ / G(t, s)h(s)ds

where )
e E) T e a<t<s<b,
G(tys)_ 1 [(b S)a B— 1(t—(1)a_1—(t—8)a_1] <s<t<b (7)
T'(a) ’ -7 =" ="
Proof. The proof is similar to the proof of Theorem O

Remark 3.3. Recently, Eloe et al. []|] have obtained the Green’s function for
—Dgy=0, a<t<hb,

satisfying the boundary conditions
y(0) = Dgy(b) = 0.

Now, we prove that these Green’s functions are nonnegative and obtain upper bounds for both the Green’s
functions and their integrals.

Theorem 3.4. The Green’s function G(t,s) for Theorem satisfies

G(t,s) >0, for (t,s) € [a,b) x [a,b).
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Proof. For a <t <s<b,
1 /b—s\a-p-1 1
t = —(— t—a)* " >0.
Gt.9) F(a)(b—a) (t=a)" 20
Now, suppose a < s <t < b. Then, we have
b—s\a—B-1 a—1 a—1
> — < (t —
(b_a) > 1 and (f —s)* < (t —a)* L,
implying that
_ 1 b—s\a—pF-1 a—1 a—1
G(t,s)—@ |:<b—a) (t a) (t S)
1 ~1 -1
>~ [(t—a)* ! = (t—s)>" 1] >0.
_F(a)[(t a) (t—s)*"] >0
The proof is complete. O
Corollary 3.5. The Green’s function G(t,s) for C’orollary satisfies
G(t,s) > 0, for (t,s) € [a,b] x [a,b].
Proof. For a <t <s<b,
1 /b—s\a-p-1 _1
- —a)* 1 >0.
Gt s) ') <b - a) (t=a)™" 20
Now, suppose a < s <t < b. Since
(t—a)b—s)—(b—a)(t—s)=(s—a)(b—t)>0and (t —a) > (t —s),
we have
(t _ a)a—ﬁ—l(b_ S)a—ﬁ—l > (b _ a)a—ﬁ—l(t _ S)a—ﬁ—l
and
(t—a)’ > (t—s),
implying that
_ 1 b—sya-p-t a—1 a—1
G(t:9) = ) [(b_a) (t—a)* ! = (t—s) ]
[(b _ S)afﬁfl(t a)afl (b _ a)af,@fl(t S)afl]
N (b—a)*#1T(a)
B (t— a)ﬂ [(t ) R (- s)afﬁfl]
B (b—a)*=F~1T(a)
(t—3)[(b—a)* P71t — s)>F1]
(b—a)*F~1T(e)
(t—a)P[(t —a)*=P=1(b— s)>=F~1]
- (b—a)*=F~11(a)
O (O U o
(b—a)*=F~1T(a) -
The proof is complete. O
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Theorem 3.6. For the Green’s function G(t,s) defined in (@),
Glt,s) _  Glss)

= b
et (b— sy BT (=g A1 € [, 8],
and
max G(Sa 8) o (b - a)ﬁ
selap) (b—s)o=#=1 — T(a)
Proof. First, we show that for any fixed s € [a,b], % increases from (b_iggf%ﬂ to (b_(j)(s S)B . and
then decreases to 903 Let a <t < s < b and consider
o[ _Gts) 1 _2
el _ Y 0
8t |:(b - 5)a51:| (b — a,)afﬁfll—‘(a _ 1)( a) > 9

(t,s

implying that ()%Bl is an increasing function of t. Now, suppose a < s <t < b and consider

8[ G(t, s) ]_ 1 [@a)a—? (m)H}

ot [ (b—s)e=B-1] ~ D(a—1) | (b—a)*B-1 (b—s)a—B-1
(t—a)*2 1 1
< — <0
~ T(a—=1) [(b—a)>B-1 (b—s)2p-1] =7
implying that (G)(% is a decreasing function of ¢t. Thus, we have
G(t,s) G(s,s)
= bl.
BB G- st gt
Clearly,
e G(s,s) e (s —a)*! (b—a)?
X ————— = max =
sela] (b— )2 B=1  sclap] (b—a)* BT () I(a)
The proof is complete. O

Corollary 3.7. For the Green’s function G(t,s) defined in ,
max G(t,s) = G(s,s), s¢€ la,b],

tela,b]
and o o1
p— a -
e O 5) = pammaray

Proof. First, we show that for any fixed s € [a, b], G(t, s) increases from G(a, s) to G(s, s), and then decreases
to G(b,s). Let a <t < s < b and consider

0 B 1 b— s\a—hB-1 2
&G(t,s)— F(a—l)(b—a) (t—a) >0

implying that G(¢, s) is an increasing function of ¢. Now, suppose a < s <t < b. We have
(b—s) Pt <(b—a)* P Land (t—5)* 2> (t —a)* 2,

implying that

;G(t, s) = 11(0[1_ - [(llj : Z)Oé—ﬁ—l(t Ca)e? (- g)o?

B (t _ a)o‘_z(b _ S)a—ﬁ—l _ (t _ s)a—2(b _ a)a—ﬁ—l
- (b— )P 1T(a—1) =0
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implying that G(¢, s) is a decreasing function of ¢. Thus, we have

max G(t,s) = G(s,s), s¢€ [a,b].

tela,b]

To prove the second part, consider
s—a a—1 b—s a—p—1
Clos) =0T 0=9)
(b—a)*=7~'T(a)

Differentiating G(s, s) with respect to s and equating it to 0, we obtain s = “T‘Fb. Again, differentiating
G'(s,s) with respect to s, we observe that G”(s,s) < 0 at s = “T'H’. So, G(s, s) attains its maximum at
s = “TH’. The proof is complete. O

Corollary 3.8. For the Green’s functions G(t,s) defined in and ,

(a—1)*""/b—a\o
tlél[aa)g]/ G(t, s)ds = MNa+1) (a—ﬁ) '

1 b —s a—pB—1
t—a)*'d
F(a/t (t—a) s

G

Proof. Consider

a)(t — a) (t—a)®

(o — )F(a) Ila+1)

Take
(b—a)(t—a)*! _ (t—a)®
(a = B)(a) I(a+1)

Differentiating f(¢) with respect to ¢ and equating it to 0, we obtain

ft) =

t € [a,bl.

(a—1)(b—a)

P Gl i) )

(=)
Again, differentiating f’(¢) with respect to t, we observe that f”(t) < 0 at t = A. So, f(t) attains its
maximum at ¢t = A. The proof is complete. O

Remark 3.9. Recently, Hollon et al. [6] have also obtained Corollary .
We are now able to formulate Lyapunov-type inequalities for the fractional boundary value problem .

Theorem 3.10. Let 1 < o < 2,0 < 3 <1 such that 0 < (o — ) < 1. If the following fractional boundary
value problem

0, a<t<b,
0, (8)

{Da y(t) + q(t)y(t) =
(a) =0, Dy(b)

has a nontrivial solution, then

b «
‘L(b—sW_WJM@Mds>(;EJW. (9)
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Proof. Let 8 = Cla,b] be the Banach space of functions endowed with norm

lyllc = max |y(t)].
t€(a,b]

It follows from Theorem that a solution to satisfies the equation

b
~ [ Gt sauts)s

Iylle = max ‘/ G(t, ) )ds‘

Hence,

< max / G(t,s)\q<s>uy<s)yds]

t€la,b]

IN

llyllc max/ G(t,s !q ‘ds]

tela,b]

G(t,s) /b 1
< —_— b— d
< lylle [ S S)Q_B_l} ) (b—5)*F7q(s)|ds,

or, equivalently,
G(t,s) / ’ —B-1
< —_— b— )28 ds.
Ltvs)erm?x an (b= S)a_ﬁ_l] (b—5) lq(s)|ds
An application of Theorem [3.6] yields the result. O

Corollary 3.11. Let 1 < a < 2,0 < 8 <1 such that 1 < (o — ) < 2. If the fractional boundary value
problem has a nontrivial solution, then

22a £—2
[ s> T2 (1)

Proof. Let B = Cla,b] be the Banach space of functlons endowed with norm
= t)|.
[yllc = max ly(t)]

It follows from Corollary that a solution to () satisfies the equation

b
- [ Gttsauts

lyllc = max ‘/ G(t,s)q )ds‘

Hence,

<mox [[ G(t,s>\q<s>uy<s>\ds]

te(a,b]

IN

llyllc max/ G(t,s ’q |d8:|

t€(a,b]

<l [, max  ats)] [ sl

L (t,s)€la,b] X[a, b]

1<[ max ts]/‘q ‘ds
(t,s)€Ela,b] x[a,b]

An application of Corollary [3.7] yields the result. O

or, equivalently,
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4. Applications

In this section, we discuss two applications of Theorem [3.10] and Corollary [3.11] First, we estimate lower
bounds for the eigenvalues of the Riemann-Liouville type fractlonal eigenvalue problems corresponding to

-

Theorem 4.1. Let 1 < a<2,0< <1 such that 0 < (a — ) < 1. Assume that y is a nontrivial solution
of the Riemann-Liouville type fractional eigenvalue problem

DSy(t) + My(t) =0, a<t<b, (1)
y(a) =0, Diy(b) =0,
where y(t) # 0 for each t € (a,b). Then,
IA] > W (12)

Corollary 4.2. Let 1 < a<2,0< <1 such that 1 < (a— ) < 2. Assume that y is a nontrivial solution
of the Riemann-Liouville type fractional eigenvalue problem where y(t) # 0 for each t € (a,b). Then,

F(a)QQO‘_ﬁ_2
Al > ——F—— 1
> (13)
Consider the two-parameter Mittag-Leffler function [9]
. 14
ZFka+B z,8eC, R(a)>0 (14)

k=0

As the second apphcatlon we use Theorem [3.10] and Corollary [3.11] to obtain an interval in which the
Mittag-Leffler function ) has no real zeros.

Theorem 4.3. Let 1 < a < 2,0 < <1 such that 0 < (a« — B) < 1. Then, the Mittag-Leffler function
Eq o—g(x) has no real zeros for

|z < (o = )T (e).

Proof. Let a =0, b =1 and consider the fractional boundary value problem

Dgy(t) + Ay(t) =0, 0<t <1,
3 (15)
y(0) =0, Dyy(1) =0.
By Corollary 5.1 of [9], the general solution of the fractional differential equation
Dgy(t) + Ay(t) =0
is given by
y(t) = c1t* T Eq o (= AY) + cat® 2By a-1(—AtY), t € (0,1]. (16)
Denote by
ntom,
t) =t 1 Eq o (=A%) =t
9(t) a Z (an + «)
Then

A)ntan
a—2 =2 «@
gt =t § :—Om ooy = Faan (M),
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Note that

> —A)" an+a—
Doty = 3" oV perecs

(an + «a)

3
Il
o

(_)\)n F(an + a) toeraf,Bfl
Flan+a)T(an+a—f)

o

0

g 1

(=" +a—B-1 _ ja—f-1
T jemta—f-l _gja—f-lp (A,
I'an+ o —p) -l )

n=0

Also, note that
9(0) =0.

Using y(0) = 0 in , we get co = 0. Using Dgy(l) =01in , we get that the eigenvalues A € R of
are the solutions of
Eaa-p(=A) =0, (17)

and the corresponding eigenfunctions are given by
y(t) = t* By a(=MtY), te0,1]. (18)
By Theorem if a real eigenvalue \ of exists, i.e. A is a zero of , then
Al > (o = B)T' ().
The proof is complete. O

Corollary 4.4. Let 1 < a < 2,0 < f <1 such that 1 < (o — 8) < 2. Then, the Mittag-Leffler function
Eq o—g(x) has no real zeros for
lz| < 22978720 ().

Proof. The proof is similar to the proof of Theorem O
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