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Abstract

The focus of the current paper is to investigate the initial boundary value problem for a system of viscoelastic
wave equations of Kirchhoff type with a delay term in a bounded domain. At first, the energy decay rate is
proved by Nakao’s technique and expressed polynomially and exponentially depending on the parameter m.
However and in the unstable set, for certain initial data, the blow up of solutions is obtained.
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1. Introduction

In this paper, we are concerned with the following problem:

t
wi — M([[Vull3)Au + / ot — ) Au(s)ds + i [u(w, £)" g, 1)
0

(1.1)

Fpo|ug(z, t — 7)™ g (2, t — 7) = JulP ,
ut(z,t —7) = folx,t —7), z€Q, t€(0,7), (1.2)
u(z,0) = up(z), ut(z,0) = uy (z), = € Q, (1.3)
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u(z,t) =0,z € 9, t > 0. (1.4)

Here 2 is a bounded domain in R™, n € N*, with a smooth boundary 9. 7 > 0 is a time delay term and
{1, fi2 are positive real numbers and p > 1. The initial datum (ug, u1, fo) belong to a suitable spaces.
To motivate our work, let us recall some results regarding wave equations of Kirchhoff type.

This type of problem without delay (i.e., yu2 = 0) has been considered by many authors during the past
decades and many results have been obtained (see [9], [I8], [22], [24] ) and the references therein.

The problem - without the viscoelastic term and delay (i.e., g = 0, uo = 0) has been extensively
studied and decay and blow-up have been established. For example, the following equation

e — M(|[Vul3)Au + g(ue) = f(u), (1.5)

has been considered by Matsuyama and Ikehata in [18], for g(u¢) = §|us[Pus and f(u) = £|u|Pu. The authors
proved existence of the global solutions by using Faedo-Galerkin’s method and the decay of energy based on
the method of Nakao |20]. Later, Ono [2I] investigated equation for M(s) = bs, f(u) = &|ulPu and
g(u¢) = —Awuy. They showed that the solutions blow up in finite time with E(0) < 0. For M(s) = a+ bs and
g(u¢) = uy, this model was considered by the same author in [22]. By applying the potential well method,
he obtained the blow-up properties with positive initial energy E(0).

Recently, Zeng et al. [24] have studied equation for the case g(u;) = uy with initial condition and zero
Dirichlet boundary condition. By using the concavity argument, they proved that the solutions to equation
blows up in finite time with arbitrarily high energy.

When g # 0 and M is not a constant function, problems related to have been treated by many
authors. Wu and Tsai [23] considered the global existence, asymptotic behavior and blow-up properties for
the following equation

ug — M(||Vull3)Au + /0 g(t — s)Au(s)ds — Auy = f(u), (1.6)

where (z,t) € Q x (0,00) and with the same initial and boundary conditions as that of problem (1.1))-
(1.4). To obtain the decay result, they assumed that the nonnegative kernel ¢'(t) < —rg(t) V¢t > 0 for some
r > 0. Later, Wu [25], extended the result of [23] under a weaker condition on g (i.e ¢’(s) < 0 for t > 0).

In the present paper, we analyze the influence of the viscoelastic, damping and delay terms on the
solutions to (|1.1)-(1.4). Under suitable assumptions on the function g, the initial data and the parameters
in the equations, we establish several results concerning asymptotic behavior and finite blow-up of solutions

to (1.1)-(1.4) for both negative and positive initial energy.
The paper is organized as follows. In Section 2, we present the preliminaries and some lemmas. In Section

3, the decay property is discussed. Finally, in Section 4, the blow-up results of (|1.1)-(1.4)) are obtained on
different cases of the sign of the initial energy E(0).

2. Preliminary Results
In this section, we present some material for the proof of our result. We assume
(Ag) M(s) is a nonnegative C! function for s > 0 satisfying

M(s) =mo+ as?, mp >0, a>0and~y>D0.
(A1) g: RY — R* is a bounded C* function satisfying

oo
g(s) >0, mg / g(s)ds =1>0, ¢'(t) < —rg(t), Vt >0, and ¢'(s) <0.
0
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(A2) We assume that
¢
BM(s) — [M(s) + 77/ g(u)du} s >mys, Vs >0, (2.1)
0

where M (s fo v)dv, m; > 0, 5 and n are positive constants that will be specified later.

n

Lemma 2.1. (Sobolev-Poincaré inequality) Let 2 < m < 2% The inequality

lullm < esl[Vulla - for u e Hy(9),

holds with some positive constant c.

Lemma 2.2. ([14]) Let ¢(t) be a nonincreasing and nonnegative function on [0, T], T > 1, such that
S <wo(p(t) — ¢t +1)), on [0,T],
where wg > 1 and r > 0. Then we have, for allt € [0,T]
(1) ifr=20, then
o(t) < p(0)e= 1,
(13) if r >0, then
-1
6(t) < ($(0) " g 't = 1]F) 7

where wy = In (w‘:ﬂl) and [t — 1]t = maz(t — 1,0).

Lemma 2.3. (/26]) For any g € C and ¢ € H'(0,T), we have
1d ! 2 2 /
9(t = s)pprdeds = =5 7 | gop)(O) + | g(s)dsligllz | = g(B)llellz + (g00)(2),

where

(gop)(t) = / (t—s) / | () — olt) |2 dads.

Lemma 2.4. (/26]). For u € H}(Q), we have

2

/Q </Otg(t — s)(u(t) — u(s))ds> dr < (1 —1)c2(goVu)(t), (2.2)

where c? is the Poincaré constant and | is given in (Ay).
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3. Global existence and asymptotic behavior
In order to prove the global existence result, we introduce the new variable z as in [12],
z(x, k,t) = w(x, t — k), v € Q, k€ (0,1),
which implies that
Tze(x, b, t) + zi(x, k, t) =0, in Qx(0,1) x (0,00).
Therefore, problem ([1.1)-(1.4) can be transformed as follows
( t
uy — M (|| Vul|3)Au + / g(t — s)Au(s)ds
(@, )™ (@, t) + pola(z, 1,0) " 2 (2, 1,1)
= |ulP~tu, in Qx (0, ) (3.1)
Tze(x, ko t) + zi(x, k, t) =0, in Q x (0,1) x (0,00), ’
z2(x,k,0) = fo(x,—7k), x € Q,
U(IL’,O) = UO( )7 ut(x70) = U1( )7 z €,
u(xz,t) =0, x € 0Q, t > 0.
For any regular solution of (3.1]), we define the energy as
L, .9 1 1 t 5
E(t) = Slluellz + 5(90Vu)(t) + 5 {mo — | g(s)ds | [|Vull3
CO (3.2)
’Y+l m+1 k dkd
g v g [ [ ek e
such that ¢
pom pa(m+1) — po
Tm+1<<<7' 1 . (3.3)
Lemma 3.1. Let (u,z) be the solution of , then the energy satisfies
1 ¢ 12 m+1
E'(t) = 5(g’ovu)( ) — (ul T T may 1) [lue ()] o
¢ om m 1 ’
- (£ [amiende - Sa@ITuI <0,
T m+1
Proof. Multiplying the first equation in || by ws, integrating over €2 and using integration by parts, we
get,
! H ®13 + EWOIIVU(tW t+ ([ Vul)7*!
ar |22 T g 279>y + 1) 2

+1
| KA G e

4 / ol (2, 1, O™ 2, 1, g, £)de
(9]

- /0 Cgt—s) /Q Vu(s)Vu(t)deds = 0.



F. Z. Mahdi, M. Ferhat, A. Hakem, Adv. Theory Nonlinear Anal. Appl. 2 (2018), 146-167. 150

Using Lemma 2.3 on the last term of the left hand side of (3.5]), we find

2@+ 3 (ma= [ atspas) 19ato

+ 50000 + 5 VB - i)

(3.6)
@+ e [ [0 oo 1 e, o
1 , 1,
+ 500 Vu(t)[ 2 (g/oVu)(t) =
Integrating (3.6]) over (0,¢) we arrive at
1 , 1 ¢ , 1
I+ (mo— [ gds) IVu1B + 0Vt
t
- 2y7+1 +1 1
+m(||VuH2)“’+ || Hﬁﬂ] /Ml”us(S)HdeS
t
—f—ug/ /\z(w,1,s)|m_1z(ac,1,s)u5(az,s)dsd:z (3.7)
0 Jo

I 1 [t
5 [ 9govasds + ;5 [ g Tul)ds
0 0
1 1
= I3+ SIVa2l3
Multiplying the second equation in (3.1)) by ¢|z|™ !z and integrating the result over Q x (0, 1) we obtain

1
cjt// |z(z, k, )™ 2(2, k, t)dkdr =

// —|z(x, k, t)|" T dkdx
m+1

(3.8)
:_(m+1)/ [2(2, 1) — |2(x,0,)" "] da
— g m+1 g m—+1
=— |2(z, 1, )" da + = [lue (8) || 51 -
T JQ T
Combining (3.7) and (3.8)) together, we get
S ' m+1 S ! m+1
E(t)+ {pm— [[us(s)[[mi1ds + 2(z,1,5)|"" dsdx
T/ Jo T Jo Jo
t
—Mg/ / |2(z,1,8) ™ L2(x, 1, s)us(z, s)dsdx (3.9)
0 Ja

' t
+ ;/0 9(s)[[Vu(s)||5ds — ;/0 (g'0Vu)(s)ds = E(0).

Making use of the Young’s inequality on the fourth term of the left hand side of (3.9)), we deduce that

C H2 /t m+1
) (m o) [hltias
l
2

E(t

pam > / / MLz, 1, 5)dsdzx (3.10)

Vs — 5 [ (o) = £

\\H«/\ +
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After deriving (3.10)), we get the desired result. This completes the proof. O

Remark 3.2. Due to the condition (3.3) we have

¢ ¢ _pam
= - = — 0 =(=- 0.
“ <,u1 T m+1 >0 G T m-+1 =
Remark 3.3. The conditions (Asg) is used to derive the blow up of solution to problem (3.1)).
We show that when m > p the solution of the problem (3.1)) is global if

5 >m=p>1n=3; (1<p<m, n<2) (3.11)
P

Now, we center our attention on the global existence of the solutions to the problem (3.1)). In order to
do so, as in [6], we define

t
n(t) = <m0 -/ g(s)ds> 193 + (goVu)(t) — ful2*!

) (3.12)
+C/Q/0 2"z, k, 5)dkdz,
t 1
I(t) = <m0 -/ g(s)ds) 19l + (goVer)(¢) — [l
0 ) (3.13)
T a|[Vu 37 +¢ /Q / M (o b, )dkd,
and . . .
) = 5(aovu)(0) + 5 (1mo - / o(s)ds ) [Vl = 3l
(3.14)
L 1 m+1
+ CIopn 1)(”V ul|3)7" / / (z, k, s)dkdz.
We observe that ]
E(t) = J(t) + 5”%”%7 (3.15)
and
I(t) = I1(t) + || Vu2)" . (3.16)

Lemma 3.4. Suppose that (Ag) — (A1) and hold. Let (u,z) be the solution of the problem (3.1)).
Assume further that 1;(0) > 0 and

— E(O)) <1. (3.17)

Then I (t) > 0 for all t > 0.

Proof. Since I(0) > 0, then there exists (by continuity of u(t)) 7% < T such that

I(t) >0, forall tel0,T"]. (3.18)
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From ([3.14) and (3.15)) we get easily
p—1 !
J(t) > [(mo - [ st ) I9ul3 + (govu)(t >]

2(p+1)
H[//m“xktdkdx] I (t)
2p X (3.19)
> o —
s | (o= [ atas) 19l + ovu)(n
+</ / ml (e k tdkdaz] > ( )zuv ul3.
Thus by (3.10) and (3.19)) we deduce Vt € [0, T%]
t 2(p+1) 2(p+1)
qu2§<1—/ sds> V|3 < E(t) < E(0). 3.20
Vullz Og() [Vullz =1 (t) =1 (0) (3.20)
Exploiting Lemma 2.1 and formula (3.17]), we obtain
lullPty < & Vulp* < Va3
2+ 1) = 2
<= E 3.21
<= <(p_ i (0)> 1| Vull3 (3.21)

¢
= ol||Vul? < <m0 —/ g(s)ds) |Vul|3, ¥t € [0,T%].
0
Whereupon
t 1
L(t) = <m0 —/ g(s)ds> [Vul|3 + (goVu)(t) — Hquﬂ + C/ / 2" (@, ke, t)dkdx > 0,Vt € [0,T7).
0 0 Jo

Repeating this procedure and using the fact that

p—1

& 2p+1) 2
li E(u(t < 1.
BT <2l(p =) B ))> sas
We can take T* = T'. This completes the proof. O

Theorem 3.5. Assume that the assumptions (Ao) (Al) are fulfilled. Let ug € H(Q)NH?(), w1 € H (Q)
and fo € L?(2 x (0,1)) be given. Suppose that and pe < p1 hold. Then the solution of the problem
1s global and bounded in time. Furthermore, zf

200 + 12 + 41

<
o 411

(3.22)

then we have the following decay estimates:

(i) ifm=1

(1) < p(0)e~ 1T

where w; = In ( “’31) , and [t — 1|7 = max(t — 1,0),

wo

(i) ifm>1

s\H

o(t) < (¢(0)™™ + Tomlt — 1] ) for t >0,

with 75 = c¢i, (B(0)).
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Proof. First, we prove that T = oco. It is sufficient to show that I||Vu|3 is bounded independently of t. We

have from (3.14)) and ({3.15))

BO) 2 B0) = ylul + 90) 2 glul} + (55575 ) €Val > (I7uld),

Therefore
([IVull3) < €E(0),

where £ is a positive constant which depends only on p, thus we obtain the global existence result. This

ends the proof.
O

From now and on, we focus our attention to the decay rate of the solutions to problem . In order
to do so, we will derive the decay rate of the energy function for problem by Nakao’s method [I4]. For
this aim, we have to show that the energy function defined by satisfies the hypotheses of Lemma 2.2.
By integrating over [t,t + 1], we have

E(t) — E(t+1) = [D@®)]™*, (3.23)

where

e t+1 t+1 gy
[D(t)] = HuthHds + e (x,1,s)dxds
t

t+1 1 t+1 1 (324)
+/ i(g’OVu)(s)ds — / ig(s)HVu(s)Hds.
¢ ¢
By virtue of (3.24) and Holder’s inequality, we observe that
t+1 t+1
/ g 2t + / / (2,1, 5) Pdads < (D], (3.25)
¢ ¢ Q

where ¢(Q) = vol(2). Applying the mean value, there exist ¢; € [t,t + 1] and t5 € [t + 3, ¢ + 1] such that
e (till3 + [l2(z, 1, 2:) 13 < () D(#)%, i =1, 2. (3.26)

Multiplying the first equation in (3.1)) by w and integrating over 2 x [t1,t2]. Using integration by parts,
Holder’s inequality, adding and subtracting the following term fQ ¢z (2, k, t)dkdx, we obtain

to
[ na dt<Z||ut el + [ s
1

t1

to
—,U,l/ /|ut] ]uﬂudwdt—l—/ (goVu)(t)dt

/tt2// (t = 5)Vu(t)(Vu(s) = Vu(t))dsdadt (3.27)

to
+/ / g/ 2"z, k, t)dkdxdt
t1 0 Q

to
—M2// |2(2, 1, )" 2(z, 1, t)udtdx.

QJt
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Since

// (t — s)Vu(t)(Vu(s) — Vu(t))dsdx
= 5| [ ot = 019ue + 19utt s

— [ ot = IVt 3 + Va0 s (328)
// $)|Vu(t) ]dsdx——// 5)|Vu(s)|*dsda
+2/0 g(t — s)ds||Vu(s)|2d (goVu)()

Then (3.27) takes the form

to 2 to
| < 3 hutellate)l + | sl
t1 i=1

t1

to to
+u1/ /!ut|m ugludadt + - / (goVu)(t)dt
1 tl
- // s)|Vu(s)|*dsdx + 2/ g(t — s)ds||Vu(s)|3ds (3.29)

to
/ / g/ 2"z k t)dkdxdt
t1

to
- /‘2/ / |2(, 1,t)|m_12(m, 1, t)udtdx.
QJty
Now we will estimate the right hand side of (3.29). First by (3.20)), (3.26) and Lemma 2.1, we have

lua(t) 2 luti)l2 < esc()2 D) sup [[Vu(s)]2

t1<s<tg
1
1(2(p+1)\2 1
< Djec@?t (L) swp (805 (3.0
158512
1
2 1)\ 2
< Djec@)t (2251 (Bt
=
Employing Young’s inequality for convolution ||¢ * ¢|| < ||¢]|||¢]| and noting that
1
[ Vut)l; < g12(2), (3.31)
then we have
t pto ) 2 t2 9
| [ st =oivatsizasa < [ gar [ vu g

1 1 1

. ety g (3.32)
< (mo=10) | [IVu®)lzdt = — 5 Iy(t)dt.
t1 t1
In the same manner
t to 0 to
| [ s@ivuiasa < [~ gs [ Ivutolae
0 /h 0 h (3.33)
moy — l
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Exploiting (3.31)) and (| - ) to obtain

1 b2
/ (goVu)(t)dt = / / (t —s)||Vu(s) — Vu(t)|dsdt
2 t1 t1

to to
/ dt/ IVt Hdt</ dt/ UVu(t)|dt
t1 t1
mo—l)
<7
=20 /IQUd

It follows by using (3.8]) that

to to to
/ / m+1xktdkdmdt</ / [ (s) || E ] dsdy
t1 t1 t1
< (["ar) ([ htoias) < - b,
t1 t1

Using Sobolev’s inequality, we get

to to
l/ﬁuAmHuAudxdﬂ St/‘ ey s a
t1 Q t1

2(p + 1)>é
I(p—1)

xl?wm%ﬂﬁ§%<%ﬁf3>2E@ém@Wm

<CJWH+NVMM#<%<
t1<s<tg

Also we have

to to
l/vmmmw%mmeﬂg/|<m@nﬂwmﬂw

t1 t1

S%Gﬁ+me>0mw%/®memmﬂﬁ

l p— t1<s<ts i1

2(p+1
S%Q@—n

Therefore, from (3.30))-(3.37) we deduce

/tt2 L(t)dt < 2c; <2(p 8 1)> T (B DO + (12— 1) (DO

I(p—1)
() (DO + cac() (?((ijll))) 2

(2mg —20)  mo—1 /It2
+ [ 0 + 5 3 I(t)dt.

Then, rewriting (3.29)), we obtain

(E(t))2D(t)

%/bbmedmuwW+@w@ﬁDw

t1
+ e B(t)7 [DO]™ + ea [D()] ™

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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with

= |:1 — ((2777,(;9— 21) -+ mge_ l:| ,C3 = csc(Q) <?((§i_]]:))>2 , C4 = (tQ - tl),CG - 205-

From the condition (3.22)) and observing that is equivalent to ¢5 > 0, then we get
to 1
[ nttyin < e (1D + (E)2D0) + (B0} D)
t1

(3.40)
n [D(t)]m“),

mazx(cs,cq,c6,c(2))
cs

B0) = 52 (wovuo + (mo - [ otsras) 19
# [ [ e ks + 13+ 5l
#1100 < 5 00w+ (mo— [ atsids) 190l (3.41)

+/Q/01 Zm+1(gg,k,s)dkdx] + <p}r o+ 2(71 1)> I5(t)

1
+ 5l
where cg = z% + 2(771“) Hence, integrating | over (t1,t2) and using (I3.25l), (]3.31[),(]3.34[) and 1| we

deduce that

where ¢; = . On the other hand, from the definition of E(t) and by (3.15) and () we have

l2 p—1 t2
Bt < 50 /t 1 [(goVu)(t)

t1

+<mo—/t (s)d )!VUHZ}dt
+ pﬂ/ [// m“a:ksdkda:—i—}dt .
+<10inL (7+1))/t ()dt+/t1 Sl (®)]13d

< ¢y /tz Iy(t)dt + ea [D(E)]™ ! + () [D(1)]

t1

< e [e() DO + (E®)2 D(6) + (B®)? [DEO]" + (DO |

where

_ p—1 mo — 1 7 1. 1 B
T2+ [( 20 > " 9] ot oy o = maales o), ca).

Moreover, integrating (3.42)) over (¢, t2), using (3.24)) and taking into account the fact that E(ts) < 2 2 Bt dt,
t1
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due to to — t1 > %, we obtain
to 1 , to 1 5
B0 = Ee)+ [ 5(dovu o+ [ 590 Tu(o) B
t t
to
« <u1 _e ”1) (6t
t

+ / < - ,u2> / 2 (2,1, t)dxdt
t T m + 1 0
to
<2 [ E(@)dt+ D)™,
t1
which implies that
B(t) < en [[DW] + [E@]EDE) + E® DO + D] . (3.44)
Then a simple application of Young’s inequality gives, for all t > 0
B(6) < cn | [DOF + [DOP™ + D™, (3.45)
where c11, c12 are some positive constants. Therefore, we have the following decay estimate:
(i) If m = 1. From (3.45)), we get
E(t) S Clg[E(t) — E(t + 1)],
here we choose ¢19 > 1. Thus by Lemma 2.2, we obtain
E(t) < E(0)e ™ for t>0,
with 71 = In (Cl‘;l—il) .
(1) If m > 1. It follows from ({3.45|) that, for all ¢ > 0,
B(6) < en (14 DO+ DOP" D). (3.46)
As
D(t) < B(t)7 < E(0)7, (3.47)
then by (3.45)) and (3.46), we have, for all t > 0
m—1 2m—2
B(t) < eut |(1+ B(0)77 + E(0) %51 [D(O)] < e1a(E(0)) [P, (3.48)
=2 m—3 .
where ¢19 = (% + E(0) ™+ 4+ E(O)m+1) . We get easily that
(E6)™ < [e13(E(0))D(1)*]H™ < e1a(E(0)) [D(t)] "+ (3.49)

< caB(0) (D)™ = e15(B(0)(E(t) — E(t + 1)),
where

c1a(E(0)) = 2™(c13(E(0)))™ ", ¢15(E(0)) = c14(E(0))E(0).
Applying the Lemma 2.2 to (3.49)) yields

-1
o(t) < (p(0)™™ + mom[t —1]*)™ | for t>0,
with 75 = ¢} (E(0)). The proof of Theorem 3.1 is completed.
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4. Blow up result
In this section we have a condition on parameters m and p as follows
n
>p>m>1, n>31<pn<2). 4.1
oz ~P>mzlnz3l<pns?) (4.1)

2— Nonlinear case: m > 1, with E(0) < 0.

For this case our result reads as follows:

Theorem 4.1. Let ug € HY(Q) N H2(Q), w1 € H}(Q) and fo € L*(Q x (0,1)) be given. Assume that the
assumptions (Ag) — (A2) are fulfilled. Let p > 2 and suppose that holds. Then for any initial data

satisfying E(0) < 0, the solution of blows up in finite time.
Proof. We set

Using the Lemma 3.1, to get

¢ % m o 1
202 (=& = L2 Jul + 00170l

m+1
1
+ (g - m) /szﬂ(x, 1,t)dx — E(g'oVu)(s)ds,
hence,
p+1
0< H)<H(t)< p+1||u||p+1, t>0.
Let
M(t) = [lull3.

Differentiating (4.5)) twice, we obtain
M'(t) = 2/ wpudz,
Q

and
M"(t) = 2||u||3 + 2/ uggud.
Q

Using the first equation in , to get
M"(t) = 2|jue||3 + 2/()/Otg(t — $)Vu(s)Vu(t)dzds
~ 2 [ June, O, ) — 20Vl Ve
— 2u3 /Q |2(x, 1, t)|m_1uz(x, 1,t)dx + 2Hu||§ﬁ

Using Holders and Young’s inequalities to get

t t
/ / g(t — s)Vu(s)Vu(t)dzds = / g(t — s)||Vu(t)|3ds
QJo 0

+ /Q /0 ot — $)Vu()(Vals) — Vu(t))dsdz

> ~(goVu)(0) + 5 [ als)as| Vu(t)]

(4.2)

(4.3)

(4.6)

(4.8)
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Noticing the estimate (4.8), then (4.7 takes the form
M () > (p+ D)lul3 + 2(p + D H () + (p — 1)(goVu)(t)
1—2p) [t
+ 052 [ sl Tuo)l - 2mal[Vu(o) - 2a(|Tu(o]f)
(p+ Do
+ (p+ Dmol| Vu(®) |13 + ﬁ(HVU(t)H%)Wrl
2 m—1 Vi (4.9)
+m||Vullz = 2p1 [ ue(z, t)|™ ud (z, t)dx
Q
- 2,u2/ |2(z,1,8) ™ tuz(x, 1, t)dx
Q
1
+ (p+ 1)§// 2™z, ke t)dkda.
QJo
Using (2.1]) to get
M"(t) > (p+ Dlluell3 +2(p + DH() + (p — 1)(goVu)(¢)
=2 [ Jue O (o,
Q
4.10
- 2,ug/ |2(z,1,8) " tuz(x, 1, t)dx (4.10)
Q
1
F @+ 0¢ [ [ ok dkde + my[Val,
QJo
Now we define the functional
L(t) = H(t)' ™" 4 2eM'(t). (4.11)
Differentiating (4.11)), we obtain
L'(t)=(1—r)H(t)""H'(t) +2eM"(t). (4.12)
Replacing (4.10]) in (4.12)), we get
L'(t)> (1= w)H(t) "H'(t) +2e(p+ 1) ||/ ||3 + 2e(p + 1) H(t)
— 2em / o (2, )™ Ludd (o, t)da 4 ma || V|3
Q
4.13
— 25/@/ 12(2, 1,0)|" tuz(z, 1,t) + e(p — 1)(goVu)(t)dx (4.13)
Q
1
g(p+1)g// 2" (2, k, t)dkde.
QJo
Note that by (4.4) and using Holder inequality, we obtain
1 m+1 m+1
m— 1 1
’/ ulue| " ugd| < g lullm < exllull 235 el 5 luelimg
(4.14)
m+1 1 m+l
< coflull i H@)PF @07 w7,
By Young’s inequality and (4.3)), produces
/u\ut|m Yugdz| < 3 <p1+pHuHm+1H(O)
@ (4.15)
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7. — 1 — m+41
where k= 537 = fprip

/ u|z(z,1,8) " (1, t)dx
Q

>0,p>0,m =2t Tetting 0 < k < k. Similarly we have

1 )
<y (m Jul e (0)F

) (4.16)
- pm'H(o)kkH’(t)H(t)k>.
Exploiting and , to get
/() > [(1= k) = 21 + po) B R 0)p™™ | H (&)™ B (1)
— 2e(p + ji2) H(0)F o7t |[ul 2+ ema | Vull§ + 2¢(p + D) H(2) .

+e(p +2)|Jull3 + e(p — 1)(g0Vu)(1)
1
+ e(p+ 1)¢/ / 2 () k, t)dkde,
QJo
for e sufficiently small, we have

(1= ) = 2e(r + p2) H*F(0)p~'] > 0.

We set s =m +1 < p+ 1 such that [|ull,,; < ci(|Vul3 + ||u|\£i}), where ¢ = 2(py + po) H(0) *pr+icy
and taking m; > c¢. Then

L'(t) = e(my — )| Vull3 — eclully iy +26(p + 1)H(E) + e(p +2) ue 3
1
+e(p—1)(goVu)(t) + e(p + 1)(/ / 2 () ky t)dkdz.
QJo

Using this notation a1 =mj — ¢, aa =c,a3 =2(p+1), aa =p+2, a5 =p — 1, then (4.18)) becomes

(4.18)

L'(t) > arel|Vul3 — eanl[ulD11 + casH (t) + eas|u|3 (419)
+ eas(goVu)(t). .

Following the approach of Messaoudi [I3]| we can suppose that p = 2ag + (p — 2ag), where ag <
min(ai, ag,as,aq, as), then (4.19) takes the form

L'(t) = (a1 — ag)e|| Vull3 + e(ag — az) [ullh} ) + e(az — ag) H (1)

) (4.20)
+ €(aq — ag)|utllz + e(as — ag)(goVu)(t),
it produces
L/(t) 2 de [|IVully + [ullf} + H () + uel + (govu) ()] (4.21)
finally
1
L/(t) 2 0e [l + H(E) + uall3) (4.22)
where § > 0 is the minimum of the coefficients of HuHﬁﬂ, H(t), |lut]|3 . We pick out € so that
L(0) = H(t)'~*(0) + 26/ w'u’dz > 0. (4.23)
Q

Consequently we have

L(t) > L(0) >0, Vt>0. (4.24)
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Now, we set w = lflk, and since k < k < 1 it is not difficult to see that 1 < w < ﬁ We set

L(t) = Ht)' 7 F + 26/ upudz, (4.25)
Q
then
L(t) = H(t)% + 26/ upudr < H(t)é + 26/ upudx. (4.26)
Q Q

By using Young, Holder’s inequalities and (4.26)) it follows that

L(H® < H(t) + |:26/QU1€de+2E1(‘uHP+1)T] (4.27)

<27 HH () + 27 (A7 el F lullF) < cal H(E) + lluel 5 l|ulIF],

where co = max {2“"1, ﬁw} . On the other hand for p > 1, using Holder and Young inequalities we have

_2
wwmwg<mmwmmﬂ<q@m%+wm?) (4.28)
and 2 2 1
T oL ok prl 4—1
lull 3 = el lully ™ 7 < es H(0) =200~ oot (4.29)

Then (4.27) takes the form
L0 < g (HE) + uall} + Nl (4.30)
Combining (4.22)) and (4.30) we deduce that
L/(t) > C7L(t)w, cr >0, w>1. (4.31)

A simple integration over (0,¢) yields the desired result.

3— Nonlinear case: m > 1, with E(0) > 0.

In this subsection, we investigate the blow up of solutions with nonlinear terms and for positive initial
energy F(0) > 0. For this purpose, we define the functional

_ 1, B ph
G(z) = 5% p+1:1: : (4.32)

Moreover, we introduce the following notations
+1 ~55 1 1
B = Cg l, )\1 = Cs p , El = (2 — p-|-1> )\1, (433)

where
o
o(t) = |UIVull3 + (goVu)(t) + m(ﬂwuawﬂ

1 . (4.34)
m+1 2
—I—C/O /Qz (x,k:,t)dk:da:] .
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Lemma 4.2. Assume (A1) holds. Let (u, z) be a solution of with initial data satisfying E(0) < Ey and
(p(O) > A\ e

[IIIW( )Hz+,y (IVu(0)[13)"*

1 (4.35)
2
+ (/ / 2 (2, k,0)dkdz | > A
0 Ja
Then there exists Ao > A1 such that, for all t > 0
e(t) >Ny, and [ulPf] > A3 = ETINET (4.36)

Proof. As in [6] but here we give slight modification. We observe that G is increasing for 0 < A < Aq,
decreasing for A > A\; and G(\) — —oo as A — oo. Thus, as E(0) < Ej, there exist \) < A\; < Ay such that
G(\)) = G(M\2) = E(0), which together with ¢(0) > A\; and (4.32) infer that

G(¢(0)) < E(0) = G(X2).

This implies that ¢(0) > Ag. To establish the first estimate in (4.36)), we argue by contradiction. Suppose
that the first estimate in (4.36])) does not hold, then there exists t* > 0 such that

go(t*) < Ag.
We easily observe from (3.14) and (3.15) and Lemma 3.2 that

B() 2 J(1) = 5ot — —— 2T} > So(t)?

2
cp—i—l
S
p+1

(4.37)

—

Vgt > *90(75)2*

5 Lot = Glelt).

p+1
Case 1: if A} < ¢(t*) < Ag, then
G(p(t7)) > G(A2) = E(0) = E(t7).
This contradicts the first estimate in .
Case 2: if p(t*) < Ay, then by continuity of the function ¢(t), there exists 0 < ¢; < t* such that
A< p(tr) < Ag,

then
G(p(t1)) > G(A2) = E(0) = E(t1).

This is also a contradiction of the first estimate of (4.36)). Thus, we have proved the first estimate in (4.36]).
To prove the second estimate in (4.36)) we have

B(t) = 1||u’<t>u§ # 5a0v(0) + 5 (mo— [ aoas) (73

¢ m
Il Hgi}+ﬁ<uvu” oy // Yz, k, s)dkdae

(4.38)

< E(O).

Hence

1 1
- m” HPL + *HUtH% + ¢(t)* < E(0). (4.39)
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Then from (4.38) we have
1 1
pHl S 2 2 _ Lo
m” 1 = @(t)” — E(0) > 5)\2 - E(0) = 5)\2 —G(\2) o)
& '
p+177

This completes the proof. O

Theorem 4.3. Let ug € HY(Q) N H2(Q), w1 € H}(Q) and fo € L*(Q x (0,1)) be given. Assume that the

hypotheses (Ao) — (Az) hold, for any initial data satisfying E(0) < E1, ¢(0) > A1. Then any solution of

problem blows up at finite time T.

Proof. We set
H(t)=E,—E(t), t>0.

By Lemma 3.1, we have

H'(t) =

+(

et
27‘ m+1

)b/ m+1xltJM>—§@ovux> Lo Va3

consequently
1 1 1
0<&—ﬂ®:H®SHm:Er5ww+ e
p+
1 +1 1 +1
<=7 H ullpty < | ——|ulPy, Vt>o0.

Now we define the functional

L(t)=H(t)' ™"+ 26/ upudz + 2tE .
Q

Differentiating (4.44)), to obtain

L'(t)=(1—r)H)"H'(t) + 2¢ /Q ugudzs + 2¢||ug)|3 + 2E;.
Then from we have
L'(t) = (1 — k)H () "H'(t) + 2el|uel|3 — 2¢]| Vul3
— 2ea(||Vul|3)" T + 26/Q /Ot g(t — s)Vu(s)Vu(t)dzds
— 2€ep /Q g (2, )| Luug (2, t) dae

_ 2%/ |2(2, 1, 6)"tuz(, 1, t)dz + 2¢||ul|21] + 2.
Q

Using Holder and Young’s inequalities, to get

/Q/Otg(t — 5)Vu(s)Vu(t)dzds = /Q/Ot g(t — s)Vu(t)(Vu(s)

t
— Vu(t))dsdz + /0 g(t — s)ds||Vu(t)|3

t
(9090)(0) + 5 [ als)as| Vo)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)
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Using (As2) then (4.46) takes the form
L'(t) = (1= r)H(t)""H'(t) + 2¢(1 +p) |ue||3 + ear (goVu) (1)
+2E1a2 + 2e(p+ 1)H(t) — 2e / g (2, )™ tung (2, t) dae
Q

—2eu2/ |2(z,1,8) ™ tuz(x, 1, t)dx
Q

1
Fp+ 1)64/ / (g k) dkda + moel| Va2,
QJo
for € sufficiently small and, p > 1, a; = (p — 1), ag = (1 — ep) > 0, this yields
L'(t) > (1= r)HE) "H'(t) + 2¢(1 + p)||us |3 + ear(goVu)(t)

+ ema[|Vul[3 — 2ep / g (, )™ Yy (2, t) da
Q
— 2€p2 / |z(z, 1,8) | tuz(x, 1,t)dx 4 2¢(p + 1) H (1)
Q

1
+(p+1)e(// 2" (@, ke, t)dkd.
QJo

Using Holder inequality and (4.42)), we obtain

‘/ wlug|™ L ugda

28 Pt
< callul A HOTT P .

By Young’s inequality and -, we obtain

/ g™ g da
Q

m+1 m+1
1 1
< el el < exllulln el 5 el

< T |l ™ H (0
<es( T |ulmtiH ()"

T HO O,

where k = ﬁ — (;TSQ >0,v>0,m = mT'H Letting 0 < k < k. Similarly we have

/u|z(a:,1,t)IM1z(a;,1,t)da:
Q

< (Mnuumiimm
O () H (8 >-’f>-

Exploiting (4.51)) and -, to get
L(t) > [(1= k) = 2e(u1 + ) H=5(0)y ™| H(t) ™ H' (1)
. 1
— 2(pur + p2) H(0) Fy 7T [l ] + ema || Va3 + 2¢(p + 1) H (1)
+2e(p + 1)|utll3 + e(p — 1) (goVu)(¢)
1

+elp+ 1)4/ / 2" (2, k, t)dkde,

QJ0O

for e sufficiently small such that

!

(1= k) = 261 + p) H*F (0] 2 0.

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)
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We set s =m+1 < p+ 1 such that [Jul|$, ., < ei(][Vull3+ ||u”£i}), where ¢ = 2(py + o) H(0)Fyr+icy
and taking my > ¢, we arrive at

L(t) > e(m1 = o)[|Vull3 — ecllull5T1 + 2¢(p + 1) H(2)
#260+ Dl + o = goV00 i)
+elp+ 1)4/ / 2" () kt)dkda.
QJo
Using this notation a1 =my — ¢, ag =c,a3 =2(p+1), ag =p+2, a5 =p — 1, then (4.54) becomes

L'(t) = are| Vull3 — easllulljiy + easH (t) + eay]ucl3
+ eas(goVu)(t).

Following the approach of Messaoudi [I3] we can suppose that p = 2ag + (p — 2ag), where ag <
min(ay, az, as, aq, as) then (4.55)) takes the form

(4.55)

L'(t) > (a1 — ag)e|| Vull3 + e(ag — az)l|ull211 + e(as — ag) H (t)

) (4.56)
+ e(aa — ag) w3 + e(as — ag) (g0V) (1),
hence
L'(t) = de [[Vull3 + ullp] + H(E) + l[uel}3 + (g0Tu)(1)] (4.57)
finally
L(t) = de |[[ully ] + H(E) + uall3] (4.58)
where § > 0 is the minimum of the coefficients of ||u||£ji, H(t), ||ut]|2 . We pick out € so that
L(0) = H(t)'7"(0) + 2¢ / u'u’dx > 0. (4.59)
Q
Consequently we have
L(t) > L(0) > 0, Vt>0. (4.60)
Now, we set w = lflk, and since k < k < 1 it is not hard to see that 1 < w < ﬁ We set
L(t)= H(t)' * + 26/ upuds + 2te ;. (4.61)
Q

p+1

Taking into account 1} of Lemma 4.1 we also can choose € small enough such that et < (A\3) = , we
obtain
1 p+1
L(t) = H(t)% + 2 / wpudz + 2By (\g) 2
@ (4.62)

p+1

<H(t)= +2e/ wudz + 2B (|ullp1) = -
Q

By using Young, Holder’s inequalities and (4.61) it follows that

=

L()® < H(t) + [26/ upudz + 2B ([[ullp11)
Q
< 27U + 277 (07 udlF Il + 2Bl ) 09

+1
< ca (H®) + [ulF lulF -+l
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where ¢y = max {21”*1, 6%, (2E1)w} . On the other hand, for p > 1, using Holder and Young inequalities we
have

_2
Ll Flal$ < esllulFlulSn < s (HutH% Tl ;ﬁ’“> , (4.64)
=55 p+1 ﬁ—ﬁ —2 ] p+1
Wl = a2l < o5 H(0) T 211, (4.65)

Then (4.63) takes the form

L) < e (H() + lwrll3 + lLD) (4.66)
Combining and we deduce that
L/(t) >crL(t)%, ¢7 >0, w > 1. (4.67)
A simple integration over (0,¢) yields the desired result.
O
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