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Abstract

In this paper, we apply the iterative method to establish the existence of the positive solution for a type of
nonlinear singular higher-order fractional differential equation with fractional multi-point boundary condi-
tions. Explicit iterative sequences are given to approximate the solutions and the error estimations are also
given. The result is illustrated with an example.
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1. Introduction

In this paper, we are interested in the existence of solutions for the nonlinear fractional differential
equation
Dgyu(t)+ f(u(t) =0, te(0,1), (1.1)

subject to the boundary conditions

p
uld (0)=0,0<i<n—2 Dju(l)=> a;Dj un), (1.2)
j=1
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where Df, Dg , are the stantard Riemann-Liouville fractional derivative of order a € (n—1,n], 8 €
[I,n—2] forn e N*andn >3, f € C((0,1) x R,R) is allowed to be singular at ¢ = 0 and/or ¢t = 1 and
a; €eRT, j=1,2,...,p, 0<m <M <...<mp <1, forpe N~

The first definition of fractional derivative was introduced at the end of the nineteenth century by Liouville
and Riemann, but the concept of non-integer derivative and integral, as a generalization of the traditional
integer order differential and integral calculus, was mentioned already in 1695 by Leibniz and L’Hospital. In
fact, fractional derivatives provide an excellent tool for the description of memory and hereditary properties
of various materials and processes. The mathematical modeling of systems and processes in the fields of
physics, chemistry, aerodynamics, electrodynamics of complex medium, polymer rheology, Bode’s analysis of
feedback amplifiers, capacitor theory, electrical circuits, electro-analytical chemistry, biology, control theory,
fitting of experimental data, involves derivatives of fractional order. In consequence, the subject of fractional
differential equations is gaining much importance and attention. For more details we refer the reader to
[2,5,6,7,19,9,21,25,26,29,30,31,36] and the references cited therein.

Boundary value problems for nonlinear differential equations arise in a variety of areas of applied math-
ematics, physics and variational problems of control theory. A point of central importance in the study of
nonlinear boundary value problems is to understand how the properties of nonlinearity in a problem influence
the nature of the solutions to the boundary value problems. The multi-point boundary conditions are im-
portant in various physical problems of applied science when the controllers at the end points of the interval
(under consideration) dissipate or add energy according to the sensors located, at intermediate points, see
[8,10, 18,32, 35] and the references therein.

The techniques of nonlinear analysis, as the main method to deal with the problems of nonlinear frac-
tional differential equations, plays an essential role in the research of this field, such as establishing the ex-
istence and the uniqueness or the multiplicity of solutions for nonlinear fractional differential equations, see
[1,3,4,6,11,12,13,14, 15,16, 17,22,24, 27,28, 34,37, 38,39] and the references therein. For instance, Zhang
et al. [24] studied the existence of two positive solutions of following singular fractional boundary value
problems:

D u(t) + f(t,u(t)) =0, N te(0,1),
w(0) =0, D§,u(0)=0, Dy, u(l)= ;ajpg+u(nj),

where D, Dg . are the stantard Riemann-Liouville fractional derivative of order o € (2,3], 8 € [1,2], f €

C([0,1] x R,R) and aj, n; € (0,1), « — f > 1 with Zajna A=t 1.
=0
In [23], the authors studied the boundary value problems of the fractional order differential equation:

{D0+U() fltu@®)=0, te(@),
(0)=0 D0+u()—aD0+u()

where ]l < a <2, 0<n<1l, 0<a, <1, f¢€ C([O, 1] XRQ,R) and D, , Dng are the stantard
Riemann-Liouville fractional derivative of order a. They obtained the multiple positive solutions by the
Leray-Schauder nonlinear alternative and the fixed point theorem on cones.

Inspired and motivated by the works mentioned above, we focus on the uniqueness of positive solutions
for the nonlocal boundary value problem — with the iterative method and properties of f (¢, u),
explicit iterative sequences are given to approximate the solutions and the error estimations are also given.
The rest of this paper is organized as follows. After this section, we present some notations and lemmas that
will be used to prove our main result in Section 2. We discuss the uniqueness in Section 3. Finally, we give
an example to illustrate our result.
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2. Preliminaries
In this section, we recall some definitions and facts which will be used in the later analysis.

Definition 2.1. [31]. The Riemann-Liouville fractional integral of order a > 0 of a function v : (0,00) = R
is given by

t
I, = /t—s (s)ds, t>0,
0

where T'(+) is the Euler gamma function.

Definition 2.2. [21]. The Riemann-Liouville fractional derivative order a > 0, n—1 < & < n of a continuous
function u : (0,00) — R is defined as

¢
Doy ——L / (t— )" (s)ds, t>0,

I'(n—a)dt J
provided that the right integral converges.
Lemma 2.3. ([21])(i) Ifu € L (0,1), 1 <p < —I—oo B> a>0, then
DR (t) = 12w 1), Dyl (t) = w(e), I I (1) = 1650 (1),

(i) If B> a > 0, then D2, 1P~ = %
Lemma 2.4. ([21]). Let a > 0 and u € C (0,1) N L (0,1). Then the differential equation
Dg,u(t)=0
has a unique solution u (t) = cit® 1 4 ot 2 4+ - Fcpt®™, ¢ €R, i =1,2,...,n, wheren —1 < a < n.
Lemma 2.5. ([21]). Let a > 0. Then the following equality holds for any u € L' (0,1), D§,u € L' (0,1);
I8, Dg u(t) =u(t) +ert® 4 eat® 24 ot

where ¢; € R, i =1,2,...,n, wheren —1 < a < n.

In the following Lemma, we present the Green function of fractional differential equation boundary value
problem

P

Lemma 2.6. Let Zajn;kﬁfl €0,1),ae (n—1n], e l,n=2],n>3andy € C[0,1]. Then the
j=1

solution of the fractional boundary value problem

Dgu(t) +y(t) =0,
u®(0)=0,0<i<n-—2,

) (2.1)
Dy (1) = Ry D6 u ().

s given by

1
u(t) = /G (t,s)y(s)ds, (2.2)
0
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where
ta 1 P
G(t,s)=g(t,s) Za] (nj,s), (2.3)
1 gl (] — g)A-1 t—s“‘1,0§s<t<1,
g(ts) = o § O =l i) (2.49)
[(a) | t*71(1—s) , 0<t<s<l,
1 [Pl 1= —s)* P 0<s<t<1
hit,s) = = (1) s (=) === (2.5)
(o) | toB1(1—s)” , <t<s<l,

where d =1 — Za]na A1

Proof. By using Lemma , the solution of the equation Df u (t) +y () =0 is

¢
/t—s Ty(s)ds 4 cit*” D eot®2 4o ept®™,
0

where cq, cs..., ¢, are arbitrary real constants.
By the boundary condition ({2.1]), one can c3 = ¢3... = ¢p—2 = ¢p—1 = ¢, = 0 and

1

Cl_dI’lm) /(1— s)e P Ly ds—Zaj/ $)* Py () ds

0

Then, the unique solution of the problem ([2.1)) is given by

1 t
1 a—1 a—p—-1 / a—1
- 1— _ _
(o) /t (1—2s) y(s)ds (t—s)"""y(s)ds
0 0
zlajnffﬂ oy p M
+—= /t”‘_l(l $) Py (s) ds—i—Zaj/(nj — )Py (s)ds|
a—p—1 -
1— > a;n; =1 3
j=1
. ¢ 1
— a=1 a—p-1 a—1 / a=10q _ a—B-1
o [lera-s (t— 5y (s)ds + [ 127 (1= )"y (s)ds
0 t
Zajn;‘liﬁil P 3
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1y
R e R e FICI
0
o1 p
~ [ottoyds+ =30, [ ns)u(s)ds
Jj=1 0

O\H O\H

G (t,s)y(s)ds.

The proof is complete.
O

»
Lemma 2.7. Let Zajn?_ﬂ_l €1[0,1), a € (n—1,n], B € [1,n—2], n > 3. Then, the functions g (t,s)
j=1
and h(t,s) defined by (2.4) and (2.5) have the following properties:

(1) The functions g (t,s) and h(t,s) are continuous on [0,1] x [0,1] and for all t, s € (0,1)

g(t,s) >0, h(t,s)>0.
(1) g (t,s) < % forall t, s €[0,1].
(iii) g (t,s) > t*"tg(1,8) for all t,s€[0,1], where

g(1,5) = F(la) (-9t a9

Proof. Tt is easy to chek that (i) holds. So we prove that (i) is true. Note that (2.4) and 0 < (1 — s)* 771 <
1. It follows that g (t,s) < % for all ¢, s € [0,1]. It remains to prove (i7i). We divide the proof into two

(6%
cases and by ([2.4), we have
Casel. When 0 < s <t <1, we have

g(t,s) = F(la)ta—l [(1 _ )BTl (1 . S)M] > 197l (1, 5).

Case2. When 0 <t < s <1, we have

g(ts) = F(la)tal (1— )2 P > 1g(1,5).

Hence g (t,s) > t*1g(1,5) for all ¢, s € [0,1]. O

3. Existence results

First, for the uniqueness results of problem (1.1]) — (1.2)), we need the following assumptions.
(A1) f(tur) < f(t,ug) forany 0 <t <1, 0 <wuy < ug.
(Ag) For any r € (0,1), there exists a constant ¢ € (0,1) such that

F(tru) > r1f (), () € (0,1) x [0,00). (3.1)
(A3) 0 < fol f(s,8*7 1) ds < 0.
We shall consider the Banach space E = C'|0, 1] equipped with the norm ||u|| = maz |u (t)| and let

0<t<1

D= {u € Ct0,1] : IM, > m, >0, such that myt® ' < u (t) < Myt* Y forte [0, 1]} , (3.2)
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where

CT[0,1]={uecE :u(t)>0,tec|0,1]}.

In view of Lemma [2.5] we define an operator T as
1
)0 = [ Gt.s)y (s (3.3)
0

where G (t, s) is given by (2.3).

By (A1) it is easy to see that the operator T' : D — C*[0,1] is increasing.

Observe that the BVP — has a solution if and only if the operator T" has a fixed point.
Obviously, from (A1) we obtain

ftru) <rif(t,u), Vr>1,¢e(0,1), (t,u)e€ (0,1)x][0,00).

In what follows, we first prove T : D — D. In fact, for any v € D, there exist a positive constants
0 <my <1< M, such that
mys® 1t <u(s) < Mys® L, sel0,1].

Then, from (A1), f (¢,u) non-decreasing respect to u and (Asz), we can imply that for s € (0,1), ¢ € (0,1)
(my)? f (s,so‘_l) < fs,u(s)) < (M)!f (s,sa_l) , s€(0,1). (3.4)

From ({3.3) and Lemma we obtain

7=1
N 1
< o1 F(a0/f(5,u(s))d8+d;ajo/h(nj,s)f(s,u(s))ds ,
r 1 1
a—1 (Mu)q a—1 (Mu)q ¢ . g S Safl S
<t I (a) O/f(s,s )ds + p jz;ajo/h(n], ) f (s, )ds|, te0,1], (3.5)
and .
a—1_P
Tu(t) :/g(t,s)f(s,u(s)) ds+tdZaj/h(77],s)f(s,u(s)) ds,
0 =l 9
L TR
S [— s)f(s,u(s))ds+ =) a; 8) f(s,u(s))ds
> 1 Fa)o/gu,)f(, ())d+d;y0/h(mv)f(7 (5))ds|

Equations (3.5)), (3.6) and assumption (As) imply that 7' : D — D.
Now, we are in the position to give the main result of this work.
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Theorem 3.1. Suppose (A1) — (As) hold. Then problem (L.1) — (1.2)) has a unique, nondecreasing solution

u* € D, moreover, constructing successively the sequence of functions
1
:/G@ﬁf@mlgnw,temu,n:LGw (3.7)
0

for any initial function ho (t) € D, then {hy (t)} must converge to u* (t) uniformly on [0,1] and the rate of
convergence s

maz [h (1) ()] = O (1~ 67). (38)

where 0 < 0 < 1, which depends on the initial function ho (t).

Proof. For any hg € D, we let

lhy = sup{l >0 : lho (t) < (Tho) (t), t €[0,1]}, (3.9)
L, =inf{L>0: Lho(t) > (Tho) (t), t € [0,1]}, (3.10)
m:mm{l, (lho)ﬁ}, M:max{l, (Lho)ﬁ}, (3.11)

and
Uup (t) = mho (t) Vo (t) = Mh() (t) s (3.12)

Up (t) = Tup—1(t), vp(t) =Tvp—1(t), n=0,1,...,. (3.13)
Since the operator T is increasing, (A1), (Az2) and (3.9) — (3.13)) imply that there exist iterative sequences
{un}, {vn} satisfying

uo(t)Sul(t)g...<un(t)S...gvn(t)S...Svl(t)gvo(t), tG[O,l]. (3.14)

In fact, from (3.12) and (3.13]), we have

ug (1) < (t), (3.15)
1 n
uy (t) =Tup (t) = /G1 (t,s) f(s,mhq(s))ds —|— 12(1] /Gg nj,s) f (s,mhg (s)) ds,
0

a—1 "

=1

1
/G1 (t,s) f(s,ho(s))ds+ !
0

£
o

Ga (nj,8) f (s,ho(s)) dS] ,

> miTh () > mho (t) = uo (£) , (3.16)

and

o 1"
vy (t) =T (t /G1 (t,s) f (s, Mhy (s ds—|— ZQJ/GQ nj,s) f (s, Mhg(s)) ds,

a—1

/ G (1:5) £ (5, ho (3)) ds + = "o, / Ga (11:9) f (5,10 (5)) ds
0 L0

1=
< Mtho (t) < Mh() (t) = Vo (t) . (3.17)
Then, by (3.15) — (3.17) and induction, the iterative sequences {uy}, {v,} satisfy

Uo(t)Sul(t)S...<un(t)S...S’l}n(t)g...gvl(t)gvo(t),VtE[O,l].
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Note that ug (t) = Jjvo (t), from (A1), (3.3), (3.12) and (3.13)), it can obtained by induction that
Un () > 6070, (t), t€[0,1], n=0,1,2,..., (3.18)

_m
where 0 = e

From (3.14) and (3.18]) we know that
0 < tnp (£) — upn (£) < vy () —up (£) < (1 —609") Mho (t), ¥n, p € N, (3.19)

and since (1 —69") Mhy (t) = 0, as n — oo,
this yields that there exists u* € D such that

up (t) = u* (t), (uniformlyon [0,1]).
Moreover, from and
0 <wy(t) —u*(t) = vy (t) —up (t) + up (t) —u* (t),

< (1—9qn)Mho(t)—>0, asn — 0o,

we have
v (t) = u* (t), (uniformlyon [0,1]),
S0,
up (t) = u* (t), vy (t) = u* (), (uniformlyon [0,1]). (3.20)
Therefore
up (t) <u*(t) <wv,(t), te]0,1],n=0,1,2,...,, (3.21)

From (A1), and (3.13)), we have
Upt1 (t) = Tup (t) <Tu* (t) < T, (t) =vp41(t), n=0,1,2,...,.

This together with (3.20]) and uniqueness of limit imply that «* satisfy u* = Tu*, that is u* € D is a solution

of BVP (L1) — (L2).
From (3.12) — (3.14) and (A1), we obtain

Up (t) < hp (t) <v, (t), n=0,1,2,...,. (3.22)

It follows from ([3.19), (3.20)), (3.21) and that
[ (8) = " ()] < [P () = wn (£)] + [un (£) — " (2)],
< b (8) = un ()] + [u” (£) = un (£)],
< 2|vp (8) — un ()]
< 2M (1= 67) [ho (1))

) —
(

Therefore

h “(1)| < 2M (1 — 09" h
tem[gﬂf]\ (t) —u* (t)] < 2M ( )t@[gfﬁlo()l

Hence, (3.8)) holds. Since hg (t) is arbitrary in D we know that «* () is the unique solution of the boundary

value problem ([1.1)) — (L.2]) in D.

O

We construct an example to illustrate the applicability of the result presented.
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Example 3.2. Consider the following boundary value problem

5 (u)%—écos(t)
D§+u (t) + —F

(u)%f%cos(t)

wherea:%,le,alzg,m:%andf(t,u): NG

all t € (0,1), so, assumption (A;) satisfied.
By simple calculation we have d =1 — @ ( %) = %
For any r € (0,1), there exists ¢ = 3 € (0,1) such that

is increasing function with respect to u for

— %cos(t)

Vit Vi

thus, f (t,u) satisfies (A2) and is singular at ¢t = 0.
On the other hand,

wlr

(ru)

f(t,ru) =

1 1
/f (t,0>5 1) dt < /tidt = <,
0 0

so, assumption (As) is satisfied.
Hence, all the assumptions of Theorem [3.1|are satisfied. Which implies that the boundary value (|1.1)) — (1.2))
has an unique, nondecreasing solution u* € D.

4. Conclusion

This paper is concerned with the boundary value problem of a class of fractional differential equations
involving the Riemann-Liouville fractional derivative with nonlocal boundary conditions. The existence of
a positive solution was shown by using the properties of the Green’s function and the monotone iteration
technique and two successively iterative sequences to approximate the solutions were constructed.

Competing interests

The authors declare that they have no competing interests.

Authors contributions

All authors contributed equally and significantly in writing this article. All authors read and approved
the final manuscript.
Acknowledgments

The authors want to thank the anonymous referee for the throughout reading of the manuscript and
several suggestions that help us improve the presentation of the paper.



N. Bouteraa and S. Benaicha, Adv. Theory Nonlinear Anal. Appl. 2 (2018), 74-84. 83

References
[1] M. Al-Refai and M. Hajji: Monotone iterative sequences for nonlinear boundary value problems of fractional order. Non-
linear Anal. 74 (2011), 3531-3539.
[2] R.P. Agarwal, D. Baleanu, V. Hedayati, Sh. Rezapour, Two fractional derivative inclusion problems via integral boundary
condition, Appl. Math. Comput. 257 (2015), 205-212.
[3] Y. Adjabi Jarad, F. Jarad. D. Baleanu and T. Abdeljawad, On Chauchy problems with Caputo Hadamard fractional
derivatives. J. Comput. Analy. Appl. 21 (1) (2016), 661-681.
[4] Y. Adjabi, F. Jarad and T. Abdeljawad, On generaalized fractional operators and a Gronwall type inequality with appli-
cations. Filomat. 31 (17) (2017), 5457-5473.
[5] T. Abdeljawad, A Lyaponov type inequality for fractional operators with nonsingular Mitage-Lefflere kernel, J. Inequa.
Appl. (2017) 2017: 130, DOI 10. 1186/s13660-017-1400-5.
[6] T. Abdeljawad and J. Alzabut, On Riemann-Liouville fractional g-difference equations and their application to retarded
logistic type model. Math. Meth. Appl . Sci. 2018; 110. https//doi.org/10.1002/mma.4
[7] T. Abdeljawad and J. Alzabut, On Riemann-Liouville fractional g-difference equations and their application to retarded
logistic type model. Math. Meth. Appl . Sci. 2018; 110. https//doi.org/10.1002/mma.4
[8] J. Alzabut, T. Abdeljawad, D. Baleanu, Nonlinear delay fractional difference equuations with application on discrete
fractional Lotka-Volterra model, J. Comput. Analy. Appl. 25 (5) (2018), 889-898.
[9] Z. B. Bai and W. C. Sun, Existence of solutions for a fractional multi-point boundary value problem. Comput. Math. Appl.
63 (2012), 1396-1381.
[10] D. Baleanu, H. Mohammadi, Sh. Rezapour, the existence of solutions for a nonlinear mixed problem of singular fractional
equations, Adv. Difference. Equa. 2013 (2013), 12 pages.
[11] N. Bouteraa and S. Benaicha, Existence of solutions for three-point boundary value problem for nonlinear fractional
equations, Analele Universitatii Oradia Fasc. Mathematica, Tom XXIV (2017), Issue No. 2, 109-119.
[12] S. Benaicha and N. Bouteraa, Existence of solutions for three-point boundary value problem for nonlinear fractional
differential equations, Bulltin of the Transilvania University of Brasov, Serie III: Mathematics, Informtics, Physics. Volume
10 (59), No. 2-2017.
[13] M. Feng, X. Zhang and W. Ge, New existence results for higher-order nonlinear fractional differential equation with integral
boundary conditions. Bound. Value Probl. 2011, Article ID 720702 (2011).
[14] J. R. Graef, L. Kong, Q. Kong and M. Wang, Uniqueness of positive solutions of fractional boundary value problems with
non-homogeneous integral boundary conditions, Fract. Calc. Appl. Anal. 15 (2012), 509-528.
[15] J. R. Graef, L. Kong, Q. Kong, and M. Wang, Existence and uniqueness of solutions for a fractional boundary value
problem with Dirichlet boundary condition, Electron. J. Qual. Theor. Differ. Equa. 2013 No.55,11 pages.
[16] R. Ghorbanian, V. Hedayati, M. Postolache, Sh. Rezapour, On a fractional differential inclusion via a new integral boundary
condition, J. Inequal. Appl. 2014 (2014), 20 pages.
[17] M. Jia, X. Zhang and X. Gu, Nontrivial solutions for a higher fractional differential equation with fractional multi-point
boundary conditions. Bound. Value. Probl. 2012, Article ID 70 (2012).
[18] F. Jarad, T. Abdeljaw and D. Baleanu, On the generalized fractional derivatiives and their Caputo modification. J. Nonl.
Sci. Appl. 10 (5) (2017), 2607-2619.
[19] V. Kac, P. Cheung, Quantum Calculus, Springer, New York, (2002).
[20] A. A. Kilbas, H. M. Srivastava and J. J. Trijullo, Theory and applications of fractional differential equations, Elsevier
Science b. V, Amsterdam, (2006).
[21] V. Lakshmikantham and A. S. Vatsala, General uniqueness and monotone iterative technique for fractional differential
equations. Appl. Math. Lett. 21 (8)(2008), 828-834.
[22] C. F. Li, X. N. Luo and Y. Zhou, Existence of positive solutions of the boundary value problem for nonlinear fractional
differential equations. Comput. Math. Appl. 59 (2010), 1363-1375.
[23] X. Lin, Z. Zhao and Y. Guan, Iterative Technology in a Singular Fractional Boundary Value Problem With g-Difference,
Appl. Math. 7 (2016), 91-97.
[24] S. Miller, B. Ross, An introduction to the fractional calculus and fractional differential equations, John Wiley and Sons,
Inc. New York, (1993). 1, 1.3.
[25] D. Mozyrska, Z. Bartosiewicz, On Observability of nonlinear discrete-time fractional-order control systems new trends in
nanotechnology and fractional calculus Applications. (2010), 305-312.
[26] S. K. Ntouyas, Existence of solutions for fractional differencial inclusions with integral boundary conditions, Bound. Value
Prob. 2015 (2015), 14 pages.
[27] S. K. Ntouyas, S. Etemad, J. Tariboon, Existence results for multi-term fractional diffrential inclusions, Adv. Difference
Equa. 2015 (2015), 15 pages.
[28] W. Rudin, Functional Analysis, 2nd edn. International Series in Pure and Applied Mathematics. Mc Graw-Hill, New York
(1991).
[29] P. M. Rajkovic, S. D. Marancovic, M. S. Stankovic, On g-analogues of Caputo derivative and Mettag-Leffter function,
Frac. Calc. Appl. Anal. 10 (2007), 359-373.
[30] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Derivatives: Theory and Applications. Gordon &

Breach, Yverdon (1993).



N. Bouteraa and S. Benaicha, Adv. Theory Nonlinear Anal. Appl. 2 (2018), 74-84. 84

31]
132]
133
1341
1351
136]
137]
138]

[39]

Y. Tian and Y. Zhou, Positive solutions for multi-point boundary value problem of fractional differential equations. J.
Appl. Math. Comput. 38 (2012), 417-427.

Y. Tian, Positive solutionsto m-point boundary value problem of fractional differential equation. Acta Math. Appl. Sinica
(Engl.Ser.) 29 (2013), 661-672.

M. Ur Rehman, R. AliKhan, Existence and uniqueness of solutions for multi-point boundary value problems for fractional
differential equations. Appl. Math. Lett. 23 (2010), 1038-1044.

L. Wang and X. Zhang, Positive solutions of m-point boundary value problems for a class of nonlinear fractional differential
equations. J. Appl. Math. Comput. 42 (2013), 387-399.

L. Zhang, B. Ahmed, G. Wang, R. B. Agarwal, Nonlinear fractional integro-differential equations on unbounded domains
in Banach space, J. Comput. Appl. Math. 249 (2013), 51-56.

X. Zhang, L. Liu and Y. Wu, The uniqueness of positive solution for a fractional order model of turbulent flow in a porous
medium. Appl. Math. Lett. 37 (2014), 26-33.

K. H. Zhao, P. Gong, Existence of positive solutions for a class of higher-order Caputo fractional differential equation.
Qual. Theory Dyn. Syst. 14 (1) (2015), 157-171.

L. Zhang, B. Ahmed, G. Wang, R. B. Agarwal, Nonlinear fractional integro-differential equations on unbounded domains
in Banach space, J. Comput. Appl. Math. 249 (2013), 51-56.

X. Zhang and Q. Zhong, Multiple positive solutions for nonlocal boundary value problems of singular fractional differential
equations. Bound.Value Probl. 2016, Article ID 65 (2016).



	1 Introduction
	2 Preliminaries
	3 Existence results
	4 Conclusion

