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1. Introduction

Difference equation or discrete dynamical system is a diverse field which impact almost every branch of pure and applied mathematics.
Lately, there has been great interest in the study of solving difference equations and systems of difference equations, see [1-20]. In these
studies, the authors deal with the closed-form, stability, periodicity, boundedness and asymptotic behavior of solutions of nonlinear difference
equations and systems of difference equations. There are many recent investigations and interest in the field which difference equations have
been studied by several authors, as in the examples given below:
In [2], Tollu et al. considered the following difference equations

1

—_— =0,1,.., 1.1
14 x, =R (.1

xn+1 = ) yn+1 =

-1 +yn’

such that their solutions are associated with Fibonacci numbers.
In [6], Halim and Bayram investigated the solutions, stability character, and asymptotic behavior of the difference equation

o
=, n €Ny, (1.2)
ﬁ + VXn—k
where the initial conditions x_j,x_z41,...,Xo are nonzero real numbers, such that its solutions are associated to Horadam numbers, which are
generalized Fibonacci numbers.

Then, in [7] Halim considered the system of difference equations

1

1+ Yn—2

Xn+1 =

1
y Y+l = 7T n:0717“'s (13)

X, =
n+1 1+x, 5

such that their solutions are associated with Fibonacci numbers, where Ny = NU {0} and the initial conditions x_5, x_1, xp, y_2, y_1, and
Yo are real numbers.
In [8], Halim and Rabago studied the systems of difference equaions

1
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where the initial conditions x_x, X_g41, ..., X0, Y—k» Y—k+1- ---» Y0 are nonzero real numbers.
Then, in [9], the authors studied the rational difference equation
ax,—1+B

PR RS (15)
YXnXn—1

where Ny = NU {0}, o, B, ¥ € R™ and the initial conditions nonzero real numbers and also investigated the two-dimensional case of the this
equation given by
axy—1+p ayn-1+p
Xpil = — o Yp1 = ————, n € Ny, (1.6)
Y¥nXn—1 YXnYn—1
Also, the solutions of Eq. (1.5) and system of (1.6) are associated to generalized Padovan numbers.

As far as we examine, there is no paper dealing with the following difference equations. Hence, in this study, we study the following four
difference equations

Xnt1 :m, n=0,1,..., (1.7)
Xptl = )ﬁil)*l’ n=0,1,..., (1.8)
Xngl :m, n=0,1,.., (1.9)
Xpil = ! n=0,1,... (1.10)

Xn (xn—l + 1)+ I
2. Preliminaries

Let / be some interval of real numbers and let f : [+

is an equation of the form

— I be a continuously differentiable function. A difference equation of order (k+ 1)

Xn+1 :f(xnaxn—lw'"xnfk)? I’l:O,l,.... (21)
A solution of Eq.(2.1) is a sequence {x,};r__, that satisfies Eq.(2.1) for all n > —k.

Definition 2.1. A solution of Eq.(2.1) that is constant for all n > —k is called an equilibrium solution of Eq.(2.1). If
Xp =X, foralln > —k

is an equilibrium solution of Eq.(2.1), then X is called an equilibrium point, or simply an equilibrium of Eq.(2.1)..

Definition 2.2 (Stability, 1). Let X an equilibrium point of Eq.(2.1).

(a) An equilibrium point X of Eq.(2.1) is called locally stable if, for every € > 0; there exists & > 0 such that if {x,},__, is a solution of
Eq.(2.1) with

|Xx_g =X+ [xj—k —X|+ ...+ |xg —X| < 6,
then
|x, —%| <&, foralln> —k.

(b) An equilibrium point X of Eq.(2.1) is called locally asymptotically stable if, it is locally stable, and if in addition there exists 'y > 0 such
that if {x,}__, is a solution of Eq.(2.1) with

e =X+ P =X 4w —X] <,
then we have
lim x, =X.
n—oo
(¢) An equilibrium point X of Eq.(2.1) is called a global attractor if, for every solution {x,}__, of Eq.(2.1), we have
lim x, = X.
n—soo

(d) An equilibrium point X of Eq.(2.1) is called globally asymptotically stable if it is locally stable, and a global attractor:
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(e) An equilibrium point X of Eq.(2.1) is called unstable if it is not locally stable.Suppose that the function f is continuously differentiable in
some open neighborhood of an equilibrium point X. Let

qi = =—(%,%,...,X), fori=0,1,...,k
" du; ( )
denote the partial derivative of f(ug,u1, ...,ux) with respect to u; evaluated at the equilibrium point X of Eq.(2.1).

Definition 2.3. The equation
Va1 =4q0¥n +q1Yn—1+ -+ qen—k, n=0,1,... 22

is called the linearized equation of Eq.(2.1) about the equilibrium point X, and the equation
A —goAf — — g A —q =0 2.3)
is called the characteristic equation of Eq.(2.2) about X.

Theorem 2.4 (The Linearized Stability Theorem, 1). Assume that the function f is a continuously differentiable function defined on some
open neighborhood of an equilibrium point X. Then the following statements are true:

(a) When all the roots of characteristic equation (2.3) have absolute value less than one, then the equilibrium point X of Eq.(2.1) is locally
asymptotically stable.

(b) If at least one root of characteristic equation (2.3) has absolute value greater than one, then the equilibrium point X of Eq.(2.1) is
unstable.

(¢) The equilibrium point X of Eq.(2.1) is called hyperbolic if no root of characteristic equation (2.3) has absolute value equal to one.

(d) If there exists a root of characteristic equation (2.3) with absolute value equal to one, then the equilibrium X is called nonhyperbolic.

(e) An equilibrium point X of Eq.(2.1) is called a repeller if all roots of characteristic equation (2.3) have absolute value greater than one.

(f) An equilibrium point X of Eq.(2.1) is called a saddle if one of the roots of characteristic equation (2.3) is greater and another is less than
one in absolute value.

3. Main Results

In this section, we present our main results for the above mentioned difference equations. Our aim is to investigate the general solutions in
explicit form of the above mentioned difference equations and the asymptotic behavior of solutions of these difference equations.

3.1. The Difference Equation (1.7)

Theorem 3.1. Let {x,},__; be a solution of Eq.(1.7). Then, for n =0,1,2,..., the forms of solutions {x,},,__, are given by

1-— _
Xon_| = (n)x_pqﬁ—n (3.1)
nx_1xg+xp—n
nx_1xg+xo—n

32
—nx_1xo+n+1 (3.2

Xon =

where the initial conditions x_1, xyg € R — Fy, with F is the forbidden set of Eq.(1.7) given by
Fi=U,__{(x_1,x0) :nx_1xp+x0 —n=00r —nx_jxo+n+1=0}.
Proof. For n = 0 the result holds. Assume that n > 0 and that our assumption holds for n — 1. That is,
2—n)x_1xp+n—1
n—1)x_1xo+x0—(n—1)

X2pn—-3 = (

and
(n—=1)x_1xp+x—(n—1)
(I=n)x_1x0+n '

Xop—2 =

From this and from Eq.(1.7), it follows that
1
Xon—2 (Xon—3+1)—1

Xopn—1 =

1
(n—Dx_i1x0+x0—(n—1) (( (2—n)x_1x0+n—1 . + 1) ]

(1—n)x_1xo+n n—1)x_xp+xo—(n—

(I=n)x_1xg+n
nx_1xo+xo—n

Hence, similarly, we obtain
B 1
C Xt (o2 1) — 1
B 1
(1=n)x_1xo+n ((nfl)x,]onrxof(nfl) + 1) 1

nx_xo+xo—n (1—n)x_1x0+n

X2n

nx_1xo+xp—n

—nx_1xp+n+1"
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Theorem 3.2. The following statements are true.

(i) The equilibrium points of Eq.(1.7) areX; = 1 and X, = —1.
(ii) The positive equilibrium point of Eq.(1.7), X = 1, is nonhyperbolic point.
(iii) The negative equilibrium point of Eq.(1.7), X, = —1, is nonhyperbolic point.

Proof.

(i) Equilibrium points of Eq.(1.7) satisfy the equation
1

T(x+1)-1

After simplification, we have the following cubic equation

X =

P+ -3-1=0. 3.3)
The roots of the cubic equation (3.3) are —1, —1, 1. Therefore, Eq.(1.7) has two equilibra, one positive and one negative, such that

xX1=1,x=-—1.

(ii) Now, let I = (0,0) and consider the function

fiP I
defined by
flxy) = m (3.4)
Then, it follows that
of xy) =+
dx x+1)-1%
af (x,y) —x

dy (x(y+1)—1)*

Therefore, the linearized equation of Eq.(1.7) about the equilibrium point ¥; = 1 is

Zn+1 = PZn tq2p—1,

where
af (¥1,%1)
P=Tra TR
_df(x,x) |
9=, ~— b
Y

and the corresponding characteristic equation is

A2 4+22+1=0.

Therefore, from Theorem 2.4, it is clearly seen that
Aa=-1

and
M| =A2| =1.

So, X| is nonhyperbolic point.
(iii) Similarly, from (3.4), the linearized equation of Eq.(1.7) about the equilibrium point X, = —1 is

Zn+1 = PZn t+92p—1,

where
p= A E%)
dx ’
_df (%, %) 1
9=—>5, — b
y
and its characteristic equation is
A2—1=0.
Thus, it follows that
Mo ==l
and
M| =[Aa] = 1.

So, X, is nonhyperbolic point.
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Theorem 3.3. Let {x,},__; be a solution of Eq.(1.7). Then, the negative equilibrium point of Eq.(1.7), Xy, is a global attractor.

Proof. From Theorem 3.1, we have
1— _
lim xg, | = lim (—)X-1%0+7
n—reo n—ee NX_1X)+X0— N
(L=n) (xxo + 125)
= lim e
e (x5 - 1)
s (l_n) (x*1x0_1+11n)
= lim =
n—soo n(x_lx()—i-;—l)

=1,

and
. . nx_1xo+xo—n
lim xy, = lim ——
n—yoo n—e —px_1Xg+n+1

n (x,lxo + x;" — 1)

- ”121‘1’ —n (x,lxo —-1- %)
=-1.
Hereby, it implies
lim x, = —1.

n—sco

3.2. The Difference Equation (1.8)

Theorem 3.4. Let {x,},__, be a solution of Eq.(1.8). Then, for n=0,1,2,..., the forms of solutions {x,},.__, are given by

—((1=n)x_1xp+n)
nx_1Xg — X0 —n

Xopn—1 =

— (nx_1x0 —x0 —n)
—nx_j1xo+n+1

Xon =

where the initial conditions x_1, xyg € R — F;, with F, is the forbidden set of Eq.(1.8) given by
Fy=U;__{(x_1,x0) :nx_1xg —xp —n=00r —nx_jxo+n+1=0}.
Proof. For n = 0 the result holds. Assume that » > 0 and that our assumption holds for n — 1. That is,

—(2=n)x_jxo+n—1)
n—1)x_1xg—xp—(n—1)

Xop—3 = (

and

—((n=1x_1xo—xo—(n—1))
—(n—1)x_1x9+n '

X2n—2 =

From this and from Eq.(1.8), it follows that
—1
Xop2 (X2p3—1)—1

Xon—1 =

-1
—((n—1)x_1x0—x9—(n—1)) ((7((27n)x,|x0+n71)) o 1) _1

—(n—1)x_1xo+n n—1)x_1xo—xo—(n—1

—((I=n)x_1x0+n)

nx_1xp—Xxp—n
Hence, similarly, we obtain
-1

T Xt (22— 1)~ 1
B —1
- —((1=n)x_1x0+n) (7((n71)x,1x07x07(n71)) _ 1) _1

X2n

nx_jXo—Xo—nh —(n—1)x_1xo+n
— (nx_1x0 —x0 —n)
—nx_1xg+n+1

Theorem 3.5. The following statements are true.

(i) The equilibrium points of Eq.(1.8) are Xy = 1 and X, = —1.
(ii) The positive equilibrium point of Eq.(1.8), X = 1, is nonhyperbolic point.

(3.5)

(3.6)
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(iii) The negative equilibrium point of Eq.(1.8), X, = —1, is nonhyperbolic point.
Proof.
(i) Equilibrium points of Eq.(1.8) satisfy the equation

. -1
S xE-1)-1
After simplification, we have the following cubic equation

¥ —X¥+1=0. (3.7)
The roots of the cubic equation (3.7) are —1, 1, 1. Therefore, Eq.(1.8) has two equilibra, one positive and one negative, such that

x1=1,x=-—1.

(ii) Now, let I = (0,0) and consider the function

FiPI
defined by
-1
fxy) = o-D-T (3.8)

Then, it follows that

af (x,y) (r—1)

ox (x(y—1)—1)%
af (x,y) x

9y (-1 -1*
Therefore, the linearized equation of Eq.(1.8) about the equilibrium point ¥; = 1 is

Zn+1 = PZn t+492p—1,

where

_ofEx)
ox ’
_9fxLx)
dy ’
and the corresponding characteristic equation is

AZ—1=0.

Therefore, from Theorem 2.4, it is clearly seen that
Mo ==l

and
A =A] =1.

So, X| is nonhyperbolic point.
(iii) Similarly, from (3.8), the linearized equation of Eq.(1.8) about the equilibrium point X, = —1 is

Zn+1 = PZn tq92p—1,

where
af (%2,%2)
e
of (2, %)
= dy =-L

and its characteristic equation is
Ar4+22+1=0.

Thus, it follows that
Aap=-1

and
M| = 42| =1.

So, X, is nonhyperbolic point.
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Theorem 3.6. Let {x,},__; be a solution of Eq.(1.8). Then, the positive equilibrium point of Eq.(1.8), X1, is a global attractor.

Proof. From Theorem 3.4, we obtain

—((1=n)x_
T e (Ul DETE el
n—oo n—oo nx_1xo—Xxp—n
(=) (x5
= lim e
n—seo n(x,lxo—;“—l)
: (n_l) (X,1x0—1+ lln)
= 111130 =
n— n(x_jxo—3—1)

=1,

and

— (nx_1x0 —xp —n)

lim xp,, = lim
n—reo n—eo  —px_1xo+n-+1

—n(x_jxp— 2 —1)

=1
v —n (x,lxo— 1- %)

=1.
Herewith, it implies

lim x, = 1.

n—soo

So, the proof is complete.

3.3. The Difference Equation (1.9)

Lemma 3.7. Let {x,},__, be a solution of Eq.(1.9). Then, {xn},.__, is periodic with period four.
Proof. From Eq.(1.9),

1

Y43 (Kpg2 — 1) +1
1

1 1
(xn+2(xn+lfl)+1) <xn+l(xn71)+1 N 1) +1

Xnt+d4 =

1 1 —1|+1
1 1 1
(5rm=rm) (x,,(xn,]—l>+l 4)“ (Xi,,(xn,lfl)ﬂ)0‘"*1)“
1

1 (xl;x,,])+1
; (o) )4y | N
ﬁ(m—l)ﬂ Xnxy | —xn+1

11

1
X, ( 1—x, ) + l
n—1 XnXn—1

=Xp.

Hence, the result holds.
Theorem 3.8. Let {x,},__, be a solution of Eq.(1.9). Then, forn=1,2,...,

1
x_1x0—x0+1
x_1x0—xp+1

X4p—2 = W (3.9)

X4p—-3 =

Xqp—1 = X—1

Xdp = X0

where the initial conditions x_1, xyg € R — F3, with F3 is the forbidden set of Eq.(1.9) given by

—1
B = {(x,l,xo):x,lx():Oorx,l -0 }
X0
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Proof. From (1.9), for n = 0, the result holds. Suppose that n > 0 and that our assumption holds for n — 1. That is,

1
X_1x9—xp+1’
X_1x0—x0+1

X_1X0

X4p—7 =

X4pn—6 =

X4p—5 = X—1,
X4n—4 = XQ-
Now, from Eq.(1.9), it follows that

1 1
Xan—4 (Kan-s — 1)+ 1 x_1xo—xo+1’

X4p—-3 =

From this and from Eq.(1.9), it follows that

1 1 X_1x9—xo+1
X4p—2 = = = .
" Xp—3 (an—a =D +1 Lt (xg—1)+1 X—1%0
Again from Eq.(1.9), we get
1 1 X_1X0
= =x_

Xan—2 (Xap—3—1)+1 X_1X0—Xo+1
X_1X0

X4p—1 = = 1
( 1) +1 X0

x_1x0—xo+1 -

Similarly, from Eq.(1.9), we have

1 1
Xqn—4 = =
" X4n—1 (Xan—2 — 1) +1 X1 <X7|§oil—;;o+1 _ 1) +1
1
X0-

B A
Thus, the proof is complete.
Theorem 3.9. Eq.(1.9) has unique positive equilibrium point X = 1 and 1 is nonhyperbolic point.

Proof. Equilibrium point of Eq.(1.9) satisfy the equation

_ 1
TTIE-D4L
After simplification, we have the following cubic equation

- 4+x-1=0.

The roots of the cubic equation (3.10) are —i, i, 1. Therefore, the unique positive equilibrium point of Eq.(1.9) isx = 1.

Now, we prove that the equilibrium point of Eq.(1.9) is nonhyperbolic.
Let I = (0,0) and consider the function

FiP I
defined by

flxy) = o-DF1

The linearized equation of Eq.(1.9) about the equilibrium point X = 1 is

Zn+l = PZn t92n—1,

where
af (x,x
P= éx ! =0,
af (x,x
q= (g ) =1,
y
and the corresponding characteristic equation is
AP+1=0.

Therefore, from Theorem 2.4, it is clearly seen that
Mo =+i

and
M| =A2| =1.

So, this completes the proof.

(3.10)
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3.4. The Difference Equation (1.10)

Lemma 3.10. Let {x,},__, be a solution of Eq.(1.10). Then, {x,},__, is periodic with periods four.
Proof. From Eq.(1.10),

-1
X, -
T ns (G H D
_ -1
o ~1 ~1
<xn+z(xn-1+1)+l) (xn+1(xn+1)+1 + 1) +1
_ -1
=1 =1 +1]+1
-1 —1 —1
<Xn+1()m+1)+1) (x,,(xn,lﬂ)ﬂ +1>+1 (x,,(xn,]+1)+1 ) (ot1)+1

—1 _ Xl
( XnXn—1 ) +1
~1 (x,x<xn,]+l) )Jrl
—1 n Xnx,_| +an+1
Xn(x,l,1+1)+1(‘ 1)+ n-1
-1
Xy t1
Fn—1 (_xn"xH ) +1

= Xp.

Hence, the result holds.

Theorem 3.11. Ler {x,},__, be a solution of Eq.(1.10). Then, forn=1,2,...,
—1

X_1x9 +x0+1

—(x—1x0+x0+1)

Xap—2 = T (3.11)

X4p—-3 =

Xgp—1 =X_]
X4n = X0
where the initial conditions x_1, xo € R — Fy, with Fy is the forbidden set of Eq.(1.10) given by

—(xo+1)}.

Fy= {(x,l,xo) tx_1x0=0o0rx_| =
X0

Proof. From (1.10), for n = 0, the result holds. Suppose that n > 0 and that our assumption holds for n — 1. That is,
-1

X4p—7 = X 1% +xo+1 s
—(x_1xo+x0+1)
Xgp—6 = ———,
X_1X0
Xap—5 = X—1,
X4n—4 = X0-
Now, from Eq.(1.10), it follows that
-1 -1
X4p—-3 =

Xan—a4 (Xgn_5+1)+1 - X_1xo+xo+1°
From this and from Eq.(1.10), it follows that

s = -1 _ -1 _ —(x_lxo—ﬁ—xo—l—l).
Xn—3 (an-a+ 1) +1 —=lr (g +1)+1 X_1X0
Again from Eq.(1.10), we get
_ —1 _ —1 XX

Tl = (gn_3+1)+1 f(xf;m;:oﬂ) (x Ixf)_+lxn+1 +1> 11 X I

Similarly, from Eq.(1.10), we have
_ -1 -1
T e (an 2+ D)+ 1 x4 (7’(“‘*3‘);;‘”” + 1) +1
-1

=Xp.
—x g —l—4x 41

Thus, the proof is complete.
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Theorem 3.12. Eq.(1.10) has unique negative equilibrium point X = —1 and the equilibrium point —1 is nonhyperbolic point.

Proof. Equilibrium point of Eq.(1.10) satisfy the equation

—1

I+

After simplification, we have the following cubic equation

P+ +x+1=0. (3.12)

The roots of the cubic equation (3.12) are —i, i, —1. Therefore, the unique negative equilibrium point of Eq.(1.10) is ¥ = —1.
Now, we demonstrate that the equilibrium point of Eq.(1.10) is nonhyperbolic.
Let I = (0,0) and consider the function

f:12—>1

defined by

-1

flxy) = FCESIESE

The linearized equation of Eq.(1.10) about the equilibrium point x = —1 is

Zn+1 = PZn tq92p—1,

where

)
= =%

af (%,X)

dy e

and the corresponding characteristic equation is

AZ4+1=0.

Therefore, from Theorem 2.4, it is clearly seen that

and

Mo =i

|A1p| =1

Thus, the proof is complete.
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