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A New View on Topological Polygroups
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Abstract. Soft set theory, defined by Molodtsov as a novel mathematical tool modeling uncertainty,
has been combined with many different discipline fields. In this article, the concept of soft topological
polygroups is proposed by examining polygroups, a special class of hypergroups, with a soft topological
approach. Also, several results have been obtained by establishing important characterizations related to
this concept. In last, by presenting the definition of soft topological subpolygroups, some of their properties
are examined.

1. Introduction

Hyperstructure theory, as a generalization of classical algebraic theory, was initiated by F. Marty at the
eighth congress of Scandinavian Mathematicians in 1934 [2]. Although it does not have a long history,
this theory has been used successfully in both applied and theoretical branches of mathematics. A special
subclass of hypergroups, one of the most important hyperstructures, is polygroups. Polygroups studied
by many researchers were defined by Ioulidis in 1981 [17]. Some algebraic and topological properties were
investigated in detail. Davvaz and Poursalavati in [16] described matrix representations of polygroups
over hyperrings. Subsequently, Davvaz introduced permutation polygroups and notions related to it [15].
Also, by examining the topological properties of this concept, the concept of topological polygroups was
presented by Heidari et al. as a generalization of topological groups [19].

Another important theory in the basis of this study is soft set theory. In 1999, soft set theory was proposed
by Molodtsov to resolve some complex problems involving uncertain data in engineering, medical science,
economics, environment science [1]. This theory, which is a powerful mathematical approach for modeling
uncertainties, has been studied algebraically and topologically by many mathematicians. Aktas and cagman
presented the definition of soft groups [3]. Later on, Jun defined the notion of soft ideals on BCK/ BCI-
algebras [8]. By defining the actions of soft groups, Oguz et al. examined the relation between the soft
action and soft symmetric group [9]. Also, topological studies on soft sets were introduced by Shabir and
Naz [6]. By proposing the definition of a soft topological space, they studied the separation axioms in a
soft topological space. Aygunoglu and Aygun described soft product topologies and soft compactness [11].
Oguz et al. defined soft topological categories and obtained some important properties [7]. After that, Oguz
proposed the concept of soft topological transformation groups [10]. On the other hand, soft hyperstructures
are introduced by applying soft set theory to hyperstructures. Leoreanu-Fotea and Corsini [13] defined the
concept of soft hypergroups. Yamak et. al. [12] introduced the notion of soft hypergroupoids. Morever,
soft polygroups were studied by Wanga et. al. [14].
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The main purpose of this study is to introduce the notion of soft topological polygroups by applying soft
set theory to topological polygroups. In addition, some important properties of soft topological polygroups
are examined and soft topological subpolygroups are studied.

2. Preliminaries

In this section, we review some fundamental notions and properties of soft sets and topological poly-
groups for the sake of completeness. See [1-4, 18].

Assume that X is an initial universe set and E is a set of parameters. Also, P(X) denotes the power set
of X and A ⊂ E. Then, Molodtsov defined the soft set follow as:

Definition 2.1. [1] A pair (F ,A) is said to be a soft set over X, where F is a mapping defined by

F : A −→ P(X)

Clearly, a soft set over X can be regarded as a parametrized family of subsets of the universe X.

Definition 2.2. [4] Let (F ,A) and (G,B) be two soft sets over the common universe X. Then, (F ,A) is said to be a
soft subset of (G,B) if
i) A ⊆ B,
ii) F (a) and G(a) are identical approximations for all α ∈ A.

We denote it as (F ,A)⊂̃(G,B).

Definition 2.3. [4] A soft set (F ,A) over X is is said to be a null soft set denoted by Φ, if F (α) = ∅ for all α ∈ A.

Definition 2.4. [4] A soft set (F ,A) over X is is said to be an absolute soft set denoted by Ã, if F (α) = X for all
α ∈ A.

From an general perspective, the following notions are presented for the nonempty family {(Fi,Ai)|i ∈ I}
of soft sets over the common universe X

Definition 2.5. [5] The restricted intersection of the family {(Fi,Ai)|i ∈ I} is a soft set (F ,A) =
⋂̃

i∈I(Fi,Ai) such
that A =

⋂
i∈I Ai , ∅ and F (a) =

⋂
i∈I Fi(a) for all a ∈ Ai.

Definition 2.6. [5] The restricted union of the family {(Fi,Ai)|i ∈ I} is a soft set (F ,A) = (
⋃
R)i∈I(Fi,Ai) such that

A =
⋂

i∈I Ai , ∅ and F (a) =
⋃

i∈I Fi(a) for all a ∈ Ai.

Definition 2.7. [5] The extended union of the family {(Fi,Ai)|i ∈ I} is a soft set (F ,A) =
⋃̃

i∈I(Fi,Ai) such that
A =
⋃

i∈I Ai and F (a) =
⋃

i∈I(a) Fi(a), I(a) = {i ∈ I : a ∈ Ai} for all a ∈ Ai.

Definition 2.8. [5] The extended intersection of the family {(Fi,Ai)|i ∈ I} is a soft set (F ,A) = (
⋂
E)i∈I(Fi,Ai) such

that A =
⋃

i∈I Ai and F (a) =
⋂

i∈I(a) Fi(a), I(a) = {i ∈ I : a ∈ Ai} for all a ∈ Ai

Definition 2.9. [5] The ∧−intersection of the family {(Fi,Ai)|i ∈ I} is a soft set (F ,A) =
∧̃

i∈I(Fi,Ai) such that
A = Πi∈IAi and F ((ai)i∈I) =

⋂
i∈I Fi(ai) for all (ai)i∈I ∈ Ai.

Definition 2.10. [5] The ∨−intersection of the family {(Fi,Ai)|i ∈ I} is a soft set (F ,A) =
∨̃

i∈I(Fi,Ai) such that
A = Πi∈IAi and F ((ai)i∈I) =

⋃
i∈I Fi(ai) for all (ai)i∈I ∈ Ai.

Now, we recall the definitions of polygroup and topological polygroup. Assume P∗(P) be the set of all
non-empty subsets of P.
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Definition 2.11. [18] A polygroup is a multi-valued system P =< P, ◦, e,−1 >, where ◦ : P × P −→ P∗(P), e ∈ P,
−1 is a unitary operation on P and the following conditions hold for all x, y, z ∈ P: i. (x ◦ y) ◦ z = x ◦ (y ◦ z), ii.
e ◦ x = x ◦ e = x, iii. x ∈ y ◦ z implies y ∈ x ◦ z−1 and z ∈ y−1

◦ x.

Definition 2.12. [14] Let P =< P, ◦, e,−1 > be a polygroup and K be a non-empty subset of P. Then K is said to be a
subpolygroup if < K, ◦, e,−1 > is itself a polygroup.

The concept of polygroup is examined with the soft set theory and the concept of soft polygroup is defined
as follows:

Definition 2.13. [14] For a non-null soft set (F ,A) over the polygroup P =< P, ◦, e,−1 >, (F ,A) is said to be a soft
polygroup over P if and only if F (a) is a subpolygroup of P for all a ∈ Supp(F,A).

Definition 2.14. [19] Let P =< P, ◦, e,−1 > be a polygroup and (P, τ) be a topological space. Then multi-valued
systemP =< P, ◦, e,−1 , τ > is said to be a topological polygroup if the mappings −1 : P −→ P and ◦ : P×P −→ P∗(P)
are continuous with respect to the the product topology on τ × τ and the topology τ∗ on P∗(P) which is generated by
B = {SV |V ∈ τ}, where SV = {U ∈ P∗(P)|U ⊆ V,U ∈ τ}.

Definition 2.15. [19] Let P =< P, ◦, e,−1 , τ > and P′ =< P′, ◦′, e′,−1 , τ′ > be two topological polygroups. A
mapping θ : P −→ P′ is called a good topological homomorphism if the following conditions are satisfied for all
x, y ∈ P:
i. θ(e) = e′

ii. θ(x ◦ y) = θ(x) ◦′ θ(y)
iii. θ is continuous and open.

Note that a good topological homomorphism is a topological isomorphism if the mapping θ is one to
one and onto.

3. Soft Topological Polygroups

In this section, we define soft topological polygroups and present some of their features. From now
on, P∗ denotes the set of all subpolygroups of a polygroup P =< P, ◦, e,−1 > and P∗(P) denotes the set of all
non-empty subsets of P.

Definition 3.1. Let τ be a topology on the polygroup P =< P, ◦, e,−1 > such that and τ∗ be a topology on P∗, which
is generated by B = {SV |V ∈ τ}, where SV = {U ∈ P∗|U ⊆ V,U ∈ τ}. Let (F ,A) be a non-null soft set over P. The
pair (F ,A) is said to be a soft topological polygroup over P with the topology τ if the following axioms hold:
i. F(a) is a subhpolygroup of P for all a ∈ Supp(F,A).
ii. The mappings ◦ : F (a)×F (a) −→ P∗(F (a)) and −1 : F (a) −→ F (a) are continuous with respect to the topologies
induced by τ × τ and τ∗ for all a ∈ Supp(F,A).

It is to be noted that if P is a topological polygroup, it is sufficient that only the first condition of the above
definition is satisfied in order to the pair (F ,A) to be defined as a soft topological polygroup. Namely, the soft
topological polygroup (F ,A) can be considered as a parameterized family of subpolygroups of the topological polygroup
P.

Theorem 3.2. Every soft polygroup on a topological polygroup is a soft topological polygroup.

Proof. LetP be a topological polygroup and let (F ,A) be a soft polygroup overPwith the topology τ. Then
F (a) is a subpolygroup of P for all a ∈ A. Hence, F (a) is a topological subpolygroup of P with recpect to
the topologies induced by τ and τ∗ for all a ∈ A. Therefore, (F ,A) is also a soft topological polygroup over
P.

Remark 3.3. Each soft polygroup P can be transformed into a soft topological polygroup by equipping both P and
P∗(P) with discrete or indiscrete topology. However, every soft polygroup over a polygroup is not a soft topological
polygroup.
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Theorem 3.4. Let {(Fi,Ai)|i ∈ I} be a non-empty family of soft topological polygroups over P with the topology τ.
i. The restricted intersection of the family {(Fi,Ai)|i ∈ I} with

⋂
i∈I Ai , ∅ is a soft topological polygroup over P if⋂̃

i∈I(Fi,Ai) , ∅
ii. The extended intersection of the family {(Fi,Ai)|i ∈ I} is a soft topological polygroup over P if (

⋂
E)i∈I(Fi,Ai) , ∅

Proof. i. The restricted intersection of the family {(Fi,Ai)|i ∈ I} with
⋂

i∈I Ai , ∅ defined as the soft set⋂̃
i∈I(Fi,Ai) = (F ,A) such that

⋂
i∈I Fi(a) for all a ∈ A. Choose a ∈ Supp(F,A). Suppose

⋂
i∈I Fi(a) , ∅ so that

Fi(a) , ∅ for all i ∈ I. Since {(Fi,Ai)|i ∈ I} is a non-empty family of soft topological polygroup overPwith the
topology τ, Fi(a) is a topological polygroup of P for all i ∈ I. Then,

⋂
i∈I Fi(a) is a topological subpolygroup

of P. Thus, (F ,A) is a soft topological polygroup over Pwith the topology τ.
ii. The proof is similar to i.

Theorem 3.5. Let {(Fi,Ai)|i ∈ I} be a non-empty family of soft topological polygroups over P with the topology τ.
i. The extended union of the family {(Fi,Ai)|i ∈ I} is a soft topological polygroup over P if Fi(x) ⊆ F j(x) or
F j(x) ⊆ Fi(x) for all i, j ∈ I, x ∈

⋃
i∈I Ai

ii. The restricted union of the family {(Fi,Ai)|i ∈ I} is a soft topological polygroup over P if Fi(x) ⊆ F j(x) or
F j(x) ⊆ Fi(x) for all i, j ∈ I, x ∈ ∩i∈IAi with

⋂
i∈I Ai , ∅.

Proof. i. Assume (F ,A) =
⋃̃

i∈I(Fi,Ai) as the extended union of the family {(Fi,Ai)|i ∈ I} with
⋂

i∈I Ai , ∅.
Let Fi(x) ⊆ F j(x) or F j(x) ⊆ Fi(x) for all i, j ∈ I, x ∈

⋃
i∈I Ai. Choose a ∈ Supp(F ,A). Since each (Fi,Ai) is

non-null soft sets over P, then
⋃

i∈I(Fi,Ai) is also a non-null soft set over P for all i ∈ I. By the hypothesis,
Fi(x) ⊆ F j(x) or F j(x) ⊆ Fi(x) for all i, j ∈ I, x ∈

⋂
i∈I Ai with

⋂
i∈I Ai , ∅ such that Fi(x) and F j(x) are the

topological subpolygroups of P and thus their union must be non-null too. Therefore, F (x) is a topological
subpolygroup of P. Hence, (F ,A) is a soft topological polygroup over Pwith the topology τ.
ii. The proof is similar to that of i.

From the above proposition, the following resultf is easily obtained:

Corollary 3.6. Let {(Fi,Ai)|i ∈ I} be a non-empty family of soft topological polygroups over P with the topology τ.
Then the extended union of the family {(Fi,Ai)|i ∈ I} is a soft topological polygroup over P with the topology τ if
Ai ∩ A j , ∅ for all i, j ∈ I, i , j.

Theorem 3.7. Let {(Fi,Ai)|i ∈ I} be a non-empty family of soft topological polygroups over P with the topology τ.
i. The ∧−intersection

∧̃
i∈I(Fi,Ai) is a soft topological polygroup over P if it is non-null.

ii. The ∨−union
∨̃

i∈I(Fi,Ai) is a soft topological polygroup overP if Fi(xi) ⊆ F j(x j) or F j(x j) ⊆ Fi(xi) for all i, j ∈ I,
xi ∈ Ai.

Proof. i.Write (F ,A) =
∧̃

i∈I(Fi,Ai) for a non-empty family {(Fi,Ai)|i ∈ I} of soft topological polygroups over
Pwith the topology τ. Let a ∈ Supp(F,A). By the assumption,

⋂
i∈I Fi(ai) , ∅ so thatFi(ai) , ∅ for all i ∈ I and

(ai)i∈I ∈ Ai. Hence, Fi(ai) is a topological subpolygroup of P for all i ∈ I so that their intersection must be a
topological subpolygroup of P too. Thus, (F ,A) is a soft topological polygroup over H with the topology
τ.

Definition 3.8. Let {(Fi,Ai)|i ∈ I} be a non-empty family of soft topological polygroups over Pi with the topologies
τi. Then the cartesian product of the family {(Fi,Ai)|i ∈ I} over Πi∈IHi with the product topology

∏
i∈I τi is denoted

by Πi∈I(Fi,Ai), is defined as Πi∈I(Fi,Ai) = (F ,A) where A = Πi∈IAi and F (xi) = Πi∈IFi(xi) for all (xi)i∈I ∈ A.

Theorem 3.9. The cartesian product of the family {(Fi,Ai)|i ∈ I} is a soft topological polygroup over Πi∈IHi with the
product topology Πi∈Iτi.

Proof. Assume that (Fi,Ai) is a soft topological polygroup over Pi with the topology τi for all i ∈ I. Then,
Fi(a) , ∅ and Fi(ai) a topological subpolygroup of Pi for all (ai)i∈I ∈ Supp(Fi,Ai). Thus, Πi∈IFi(ai) , ∅ and
Πi∈IFi(ai) a topological subpolygroup of Πi∈IPi with the product topology Πi∈Iτi. Therefore, Πi∈I(Fi,Ai) is a
soft topological polygroup over Πi∈IPi.
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3.1. Soft Topological Polygroup Homomorphisms
Definition 3.10. Let (F ,A) and (K ,B) be soft topological polygroups over P and P′ with the topologies τ and τ′,
respectively. Let ϕ : A −→ B and ψ : P −→ P′ be two mappings. Then, the pair (ψ,ϕ) is said to be a soft topological
homomorphism if the following axioms hold:
i. ψ is a good homomorphism.
ii. ψ(F (a)) = K (ϕ(a)) for all a ∈ Supp(F ,A).
ii. ψa : (F (a), τF (a)) −→ (K (ϕ(a)), τ′

K (ϕ(a))) is continuous and open for all a ∈ Supp(F ,A).

In this perspective,, it follows that a soft topological homomorphism (ψ,ϕ) is a mapping of soft topo-
logical polygroups. Therefore, we define a new category whose objects are soft topological polygroups and
whose arrows are soft topological homomorphisms.

In addition, it can be said that (F ,A) is soft topologically isomorphic to (K ,B) if the mappings ψ and ϕ
are one to one and onto.

Example 3.11. Let (K ,B) be a soft topological subpolygroup of (F ,A) over P. Together with the inclusion map
i : B −→ A and the identity map I : P −→ P, the pair (I, i) is a soft topological homomorphism from (K ,B) to
(F ,A).

Example 3.12. Let (F ,A) and (K ,B) be the two soft good homomorphic polygroups defined over P and P′, respec-
tively. Then (F ,A) is soft topological homomorphic to (K ,B) with discrete or anti-discrete topology. Thus, any
soft good homomorphic polygroups can be regarded as soft topological homomorphic polygroups in the discrete or
anti-discrete topology.

Theorem 3.13. Let the pair (ψ,ϕ) be a soft topological homomorphism from (F ,A) to (K ,B), where (F ,A) and
(K ,B) are two soft topological polygroups overP andP′, respectively. Then, (ψ(F ),B) is a soft topological polygroup
over P′ if ϕ : A −→ B be an injective mapping.

Proof. Let (F ,A) and (K ,B) be two soft topological polygroups over P and P′ with the topologies τ and
τ′, respectively. Then, F (a) is a topological subpolygroup of P for all a ∈ Supp(F,A). Since (ψ,ϕ) :
(F ,A) −→ (K ,B) is a soft topological homomorphism, we have ϕ(Supp(F ,A)) = Supp(ψ(F ),B). Choose
b ∈ Supp(ψ(F ),B). So there exist a ∈ Supp(F ,A) such that ϕ(a) = b, thus we have F (a) , ∅. Further, F (a) is
a topological subpolygroup of P with respect to the topology induced by τ. Since ψ is a good topological
homomorphism, then ψ(F (x)) is a topological subpolygroup of P′ with respect to the topology induced by
τ′. Therefore, (ψ(F ),B) is a soft topological polygroup over P′ with the topology τ′.

Theorem 3.14. Let the pair (ψ,ϕ) be a soft topological homomorphism from (F ,A) to (K ,B), where (F ,A) and
(K ,B) are two soft topological polygroups over P and P′, respectively. Then, (ψ−1(K ),A) is a soft topological
polygroup over P if it is non-null.

Proof. Assume that (F ,A) and (K ,B) are two soft topological polygroups overP andP′ with the topologies
τ and τ′, respectively. So for all b ∈ Supp(K ,B), it is easy to show thatϕ(Supp(ψ−1(K ),A)) = ϕ−1(Supp(K ,B)).
Let a ∈ Supp(ψ−1(K ),A), thus ϕ(a) ∈ Supp(K ,B). Hence, the nonempty setK (ϕ(a)) is a topological subpoly-
group of P′ with respect to the topology induced by τ′. Since ψ is a good topological homomorphism, then
ψ−1(K (ϕ(b))) = ψ−1(K (a)) is a topological subpolygroup of P with respect to the topology induced by τ.
Thus, it has been proven that the pair (ψ−1(K ),A) is a soft topological polygroup over Pwith the topology
τ.

Theorem 3.15. Let (F ,A), (K ,B) and (N ,C) be soft topological polygroups over P, P′ and P′′ with the topologies
τ, τ′ and τ′′, respectively. Then, (ψ′ ◦ ψ,ϕ′ ◦ ϕ) : (F ,A) −→ (N ,C) is a soft topological homomorphism if
(ψ,ϕ) : (F ,A) −→ (K ,B) and (ψ′, ϕ′) : (K ,B) −→ (N ,C) are two soft topological homomorphisms.

Proof. Suppose that (ψ,ϕ) : (F ,A) −→ (K ,B) and (ψ′, ϕ′) : (K ,B) −→ (N ,C) are two soft topological
homomorphisms. Then, ψ : P −→ P′ and ψ′ : P′ −→ P′′ are two good topological homomorphisms,
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and ϕ : A −→ B and ϕ′ : B −→ C are two mappings such that the equalities ψ(F (a)) = K (ϕ(a)) and
ψ′(K (b)) = N(ϕ′(b)) hold for all a ∈ Supp(F ,A), b ∈ Supp(K ,B). Obviously, ψ′ ◦ ψ : P −→ P′′ is also good
topological homomorphism and ϕ′ ◦ ϕ : A −→ C is a mapping so that the equality

(ψ′ ◦ ψ)(F (a)) = ψ′(ψ(F (a))) = ψ′(K (ϕ(a))) = N(ϕ′(ϕ(a))) = N((ϕ′ ◦ ϕ)(a))

holds for all a ∈ Supp(F ,A). Thus, the pair (ψ′ ◦ ψ,ϕ′ ◦ ϕ) is a soft topological homomorphism from (F ,A)
to (N ,C).

3.2. Soft Topological Subpolygroups
Definition 3.16. Let (F ,A) and (K ,B) be soft topological polygroups over P with the topology τ. Then the pair
(K ,B) is said to be a soft topological subpolygroup of (F ,A) if the following axioms hold :
i. B ⊆ A .
ii. K (b) is a subpolygroup of F (b) for all b ∈ Supp(K,B).
iii. The mappings · : K (b) ×K (b) −→ P∗(K (b)) and

−1 : K (b) −→ K (b)

are continuous for all b ∈ Supp(K ,B).

Example 3.17. Take a soft topological polygroup (F ,A) overPwith the topology τ. Then, (F |B,B) is a soft topological
subpolygroup of (F ,A) if B ⊆ A.

Theorem 3.18. If (K ,B) is a soft topological subpolygroup of (F ,A) and (N ,C) is a soft topological subpolygroup
of (K ,B), then (N ,C) is the soft topological subpolygroup of (F ,A).

Proof. The proof follows from Definition 3.16.

Theorem 3.19. Let (F ,A) and (K ,B) be two soft topological polygroups over P with the topology τ. Then, (K ,B)
is a soft topological subpolygroup of (F ,A) if (K ,B) is a soft subset of (F ,A).

Proof. Suppose that (F ,A) and (K ,B) are two soft topological polygroups over P with the topology τ.
Then, the nonempty sets F (x) andK (x) are the topological subpolygroup ofP. By the assumption, if (K ,B)
is a soft subset of (F ,A), then B ⊆ A and K (b) ⊆ F (b) for all b ∈ Supp(K ,B). So, K (b) is a topological
subpolygroup of F (b) with respect to the topology induced by τ. From this fact, we conclude that (K ,B) is
a soft topological subpolygroup of (F ,A) with the topology τ.

Theorem 3.20. Let (F ,A) be a soft topological polygroup over P with the topology τ and {(Fi,Ai)|i ∈ I} be a non-
empty family of soft topological subpolygroups of (F ,A).
i. The restricted intersection of the family {(Fi,Ai)|i ∈ I} with

⋂
i∈I Ai , ∅ is a soft topological subpolygroup of (F ,A)

if
⋂̃

i∈I(Fi,Ai) , ∅
ii. The extended intersection of the family {(Fi,Ai)|i ∈ I} is a soft topological subpolygroup of (F ,A) if (

⋂
E)i∈I , ∅

Proof. i. The restricted intersection of the family {(Fi,Ai)|i ∈ I} with
⋂

i∈I Ai , ∅ defined as the soft set⋂̃
i∈I(Fi,Ai) = (F ,A) such that F (a) =

⋂
i∈I Fi(a) for all a ∈ A. Let a ∈ Supp(F ,A). Suppose

⋂
i∈I Fi(a) , ∅,

which implies Fi(a) , ∅ for all i ∈ I. Since {(Fi,Ai)|i ∈ I} is a non-empty family of soft topological
subpolygroups of (F ,A), we get Ai ⊆ A and Fi(a) is a topological subpolygroup of F (a) with respect to the
topology induced by τ for all i ∈ I. Hence,

⋂
i∈I Ai ⊆ A and

⋂
i∈I Fi(a) is a topological subpolygroup of F (a).

Consequently, the family {(Fi,Ai)|i ∈ I} is a soft topological subpolygroup of (F ,A)
ii. The proof is similar to i.

Theorem 3.21. Let {(Fi,Ai)|i ∈ I} be a non-empty family of soft topological subpolygroups of a soft topological
polygroup (F ,A) over P with the topology τ.
i. The extended union of the family {(Fi,Ai)|i ∈ I} is a soft topological subpolygroup of (F ,A) if fi(x) ⊆ f j(x) or
f j(x) ⊆ fi(x) for all i, j ∈ I, x ∈

⋃
i∈I Ai

ii. The restricted union of the family {(Fi,Ai)|i ∈ I} is a soft topological subpolygroup of (F ,A) if fi(x) ⊆ f j(x) or
f j(x) ⊆ fi(x) for all i, j ∈ I, x ∈

⋂
i∈I Ai with

⋂
i∈I Ai , ∅.
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Proof. i. Suppose that {(Fi,Ai)|i ∈ I} is a non-empty family of soft topological subpolygroups of a soft
topological polygroup (F ,A) with

⋂
i∈I Ai , ∅. Let Fi(x) ⊆ F j(x) or F j(x) ⊆ Fi(x) for all i, j ∈ I, x ∈

⋃
i∈I Ai.

Take a ∈ Supp(F,A). Since each (Fi,Ai) is non-null soft sets over P, then
⋃̃

i∈I(Fi,Ai) is also a non-null soft
set over P for all i ∈ I. By assumption, Fi(a) ⊆ F j(a) or F j(a) ⊆ Fi(a) for all i, j ∈ I, a ∈

⋂
i∈I Ai with

⋂
i∈I Ai , ∅

such that Fi(a) and F j(a) are the topological subpolygroups of F (a) with respect to the topology induced by
τ and so their union must be non-null too. This show that the extended union of the family {(Fi,Ai)|i ∈ I} is
a soft topological subpolygroup of (F ,A) with the topology τ.
ii. The proof is similar to i.

Corollary 3.22. Let {(Fi,Ai)|i ∈ I} be a non-empty family of soft topological subpolygroups of a soft topological
polygroup (F ,A) overPwith the topology τ. Then the extended union of the family {(Fi,Ai)|i ∈ I} is a soft topological
subpolygroup of (F ,A) with the topology τ if Ai ∩ Ai , ∅ for all i, j ∈ I, i , j.

Theorem 3.23. Let {(Fi,Ai)|i ∈ I} be a non-empty family of soft topological polygroups over P with the topology τ
and let (Ki,Bi) be a soft topological subpolygroup of (Fi,Ai) for all i ∈ I.
i. The ∧−intersection

∧̃
i∈I(Ki,Bi) is a soft topological subpolygroup of

∧̃
i∈I(Fi,Ai) if it is non-null.

ii. The ∨−union
∨̃

i∈I(Ki,Bi) is a soft topological subpolygroup of
∨̃

i∈I(Fi,Ai) if Ki(bi) ⊆ K j(b j) or K j(b j) ⊆ Ki(bi)
for all i, j ∈ I, bi ∈ Bi.

Proof. i. Consider {(Fi,Ai)|i ∈ I} as a non-empty family of soft topological polygroups over P with the
topology τ. By 3.5 Theorem (ii),

∨̃
i∈I(Fi,Ai) is also a soft topological polygroup over Pwith the topology τ.

Choose bi ∈ Supp(Ki,Bi). By the assumption,
⋂

i∈IKi(bi) , ∅ such that Ki(bi) , ∅ for all i ∈ I and (bi)i∈I ∈ Bi.
Also, Bi ⊆ Ai and Ki(bi) is a topological subpolygroup of Fi(bi) with respect to the topology induced by τ
for all i ∈ I so that

⋂
i∈I Bi ⊆

⋂
i∈I Ai and

∨
i∈I(Ki(bi)) must be a topological subpolygroup of

∨
i∈I(Fi(bi)) too.

So,
∧̃

i∈I(Ki,Bi) is a soft topological subpolygroup of
∧̃

i∈I(Fi,Ai) with the topology τ
ii. The proof is similar to i.

Theorem 3.24. Let (F ,A) be a soft topological polygroup over P with the topology τ and (K ,B) be a soft topological
subpolygroup of (F ,A).
i. The restricted intersection of (F ,A) and (K ,B) is a soft topological subpolygroup of (F ,A) if it is non-null.
ii. The restricted union of (F ,A) and (K ,B) is a soft topological subpolygroup of (F ,A) if it is non-null.

Proof. i. Assume that (K ,B) is a soft topological subpolygroup of (F ,A) over Pwith the topology τ. If it is
non-null, it follows that B ⊆ A andK (b) is a topological subpolygroup of F (b) with respect to the topology
induced by τ for all b ∈ Supp(K ,B). Thus, it is easy to see that A∩B ⊆ A andK (b)∩F (b) is also a topological
subhypergroupoid of F (b) with respect to the topology induced by τ for all b ∈ Supp(K ,B). Therefore, the
restricted intersection (F ,A)∩̃(K ,B) is a soft topological subpolygroup of (F ,A) with the topology τ.
ii. The proof is similar to i.

Theorem 3.25. Let f : P −→ P′ be a good homomorphism of topological polygroups with the topologies τ and
τ′, respectively, and let (F ,A) and (K ,B) be two soft topological polygroups over P′. Then, ( f−1(K ),B) is a soft
topological subpolygroup of ( f−1(F ),A) if (K ,B) is a soft topological subpolygroup of (F ,A) with the topology τ.

Proof. Assume (K ,B) be a soft topological subpolygroup of (F ,A) over P with the topology τ′. Take
b ∈ Supp( f−1(K ),B). Since (K ,B) is a soft topological subpolygroup of (F ,A), it follows that B ⊆ A and (K (b))
is a topological subpolygroup of (F (b) with respect to the topology induced by τ′ for all b ∈ Supp( f−1(K ),B).
Morever, since f : P −→ P

′ be a good topological homomorphism, then f−1(F )(b) = f−1(F (b)) is a
topological subpolygroup of f−1(K )(b) = f−1(K (b)) with respect to the topology induced by τ for all
b ∈ Supp( f (K ),B). This proves that ( f−1(K ),B) is a soft topological subpolygroup of ( f−1(F ),A) with the
topology τ.
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Theorem 3.26. Let f : P −→ P′ be a good homomorphism of topological polygroups with the topologies τ and τ′,
respectively, and let (F ,A) and (K ,B) be two soft topological polygroups overP. Then, ( f (K ),B) is a soft topological
subpolygroup of ( f (F ),A) over P′ with the topology τ′ if (K ,B) is a soft topological subpolygroup of (F ,A) with the
topology τ.

Proof. Suppose that (K ,B) is a soft topological subpolygroup of (F ,A) over Pwith the topology τ. If (K ,B)
is a soft topological subpolygroup of (F ,A), it follows that B ⊆ A and (K (b)) is a topological subpolygroup
of (F (b) with respect to the topology induced by τ for all b ∈ Supp(K ,B). Furthermore, since f : P −→ P′ be a
good topological homomorphism, so f (F )(b) = f (F (b)) is a topological subpolygroup of f (K )(b) = f (K (b))
with respect to the topology induced by τ′ for all b ∈ Supp( f (K ),B). Therefore, ( f (K ),B) is a soft topological
subpolygroup of ( f (F ),A).
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