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ABSTRACT. In this study, we have examined Bertrand mate of a cubic Bezier curve based on the control points with
matrix form in E*. Frenet vector fields and also curvatures of Bertrand mate of the cubic Bezier curve are examined
based on the Frenet apparatus of the first cubic Bezier curve in E3.
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1. INTRODUCTION AND PRELIMINARIES

French engineer Pierre Bézier, who used Bézier curves to design automobile bodies studied with them in 1962.
However, the study of these curves was first developed in 1959 by the mathematician Paul de Casteljau using de
Casteljau’s algorithm which is a numerically stable method to evaluate Bézier curves [11]. A Bézier curve is frequently
used in computer graphics and related fields, in vector graphics and in animations as a tool to control motion. To
guarantee smoothness, the control point at which two curves meet must be on the line between those two control
points on either side. In animation applications, such as Adobe Flash and Synfig, Bézier curves are used to outline, for
example, movement. Users define the desired path in Bézier curves, and the application creates the required frames
for the object to move along that path. For 3D animations, Bézier curves are often used to define 3D paths as well
as 2D curves for key-frame interpolation. We have been motivated by the following studies. First Bezier-curves with
curvature and torsion continuity has been examined in [4]. Also in [12] and [14] Bezier curves and surfaces has been
given. In [3], Bézier curves are designed for Computer-Aided Geometric. Recently, equivalence conditions of control
points and application to planar Bezier curves have been examined in [5]. A new way of designing ruled surfaces by
means of Bezier curves has been given in [13]. In [7], Frenet apparatus of the cubic Bézier curves has been examined
in E>.We have already examined the cubic Bézier curves in [7], whereas the Mannheim and the involutes of Bezier
curves have been contented in [8] and [9], respectively. Before, 5"order Bézier curve and its, first, second, and third
derivatives based on the control points of 5"order Bézier in E3 is examined [10], as well. Moreover, the Bertrand mate
of Nurbs curves has been studied in [2] whereas for open Nurbs curves in [6]. In this paper, the Bertrand mate of a
cubic Bezier curve based on the control points with matrix form has been examined by Frenet apparatus.

The set, whose elements are Frenet vector fields and the curvatures of a curve a () C 1E?, is called Frenet apparatus
of the curves.
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Let a() be the curve, with n = ||’ (¢)]| # 1 and Frenet apparatus are {T (¢), N (¢), B(f),«(t), 7 (¢)}. Frenet vector

fields are given for a non arc-lengthed curve
o (1) a’ (1) Aa” (1)
TMH =7 NO=BOAT(1),B(t) = ——————.
lle” Il lle” (1) Ae” (D)

where curvature functions are defined by

o] @08 0.a @)

lla’ ()] lle’ () Aa” ()|
Also, Frenet formulae are well known as
T 0 nk 0 T
N |=| -n«x 0 77 N
B’ 0 -t O B

Generally, Bézier curves can be defined by n + 1 control points Py, Py, ..., P,, with the parametrization
1 n\ . .
B(t) = fA-0""0I[P].
) ZO(Z) 1 -0"" (O [P]
In this study, we will define and work on cubic Bézier curves which are defined in E>. For more detail see [1].

Definition 1.1. A cubic Bézier curve is a special Bézier curve has only four points Py, P;, P, and P3, with the
parametrization

a@®)=(1=-03Py+3t(1 =0 P, +3F2(1 = 1) P, + £ P5.

The matrix form of the cubic Bezier curve with control points Py, Py, P>, P3, is

P11 -1 3 =3 1] P

R 3 6 3 0l P
()= 3 3 0 0]l P
1 1 0o 0 olle

Also using the derivatives of a cubic Bézier curve Frenet apparatus {T, N, B, k, 7} have already been given as in the
following theorems by using matrix representation. For more detail see in [7].
The first derivative of a cubic Bézier curve by using matrix representation is

2111 =2 1]] Q
1 1 0 0] 0

Qo =3 (P — Pg) = (x0,0,20)
01 =3Py —P))=x1,y1,21),
02 =3(P3 - P2) = (x2,¥2,20)

where

are control points.
The second derivative of a cubic Bézier curve by using matrix representation is

t ' -1 1][ Ro
1 1 0 R, |
where Ry = 6 (P, — 2P + Py), Ry = 6 (P3 — 2P, + P;) are control points.
The third derivative of a cubic Bézier curve is constant by using matrix representation is

a”'(t) = [RoR1]
with the control point [RyR;] = R| — Ry = 2[010:] - 2[00 01]

o’ (l) —
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1.1. Frenet Apparatus of a Cubic Bezier Curve. Frenet apparatus {T (r),N (), B (t),«(¢) ,7 (¢)} of a cubic Bézier
curve have already been given as in the following theorems by using the matrix representation. For more detail see
in [8].

Tangent vector field of a cubic Bezier curve a with, ||a’|| = 1 has the following the matrix representation

T

1 12 1 -2 1 X0 Yo 20
T@H=~|t 2 2 0flx » a
Tl 1 0 Ol x » 2

Binormal vector field of a cubic Bezier curve by using the matrix representation is

"I'by b bis

6
B() = - t by by by |,
1 b31 bz b33

where ||/ Ad”’|| = m,

b1 = (yoz1 — Y120 — Yoz2 + Y220 + Y122 — ¥221) s
b1 = (x120 — X021 + X022 — X220 — X122 + X221),
b1z = (xoy1 — X1¥0 — X0y2 + X2Y0 + X1¥2 — X2)1)
by = (2y120 + yoz2 — 2y021 — y220) »

by = (2x921 — 2x120 — X022 + X220)

by = (2x1y0 — 2x0y1 + Xoy2 — X2Y0) s

b31 = yoz1 — y120s

b3 = x120 — X021,

b33 = xoy1 — X1Yo.

Normal vector field of a cubic Bezier curve is 4 th degree and has the matrix representation as in

A nn ns #1'1 No
A ny N2 N3 6 & Ny
N@O=—| ¢ ny np onyp = —| 7 Ny |,
U N4 Ny N43 "y N3
ns; ns; Ns3 1 Ny

where

ni = bppdiz — biadn,

ny1 = biadys — bi3doy + byodiz — bazdin,

n31 = biadsz — bi13dsy + badyz — bazdy + b3adisz — byzdha,
n41 = bydsz — bysdz + bardys — byzdy,

nsy = bardsz — bizds,
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niy = bydiz — bizdyy,

nyp = —=biidy — badiz + bizday + bysdhy,

n3y = byzdyy + byzdyy — biidsz — badys + biadsy — byids,
Ny = —bydsz — by1dys + baadsy + byzday,

nsy = —ba1dsz + bxzdsy,

m3 = bydip — biodyy,

ny3 = biidy — biadyy + byydin — bydiy,

n33 = bi1dss — biadz) + bardy — bandyy + b31din — bypdiy,
ng3 = ba1dzy — byndsy + b31dy — bydsy,

ns3 = baidz — bypds;.

First and second curvatures of a cubic Bezier curve by using the matrix representation are

4 P2+ D2, 4 D
6 l3 2[?11[?21 + 2b12b22 + 2b13b23
k() = = 2 2b11b31 + 2b12b3o + 2b13b33 + b%l + b%Z + b%3
n 2by1b31 + 2byo b3y + 2by3bss
2 2 2
b3, + b3, + b3y
and
() = X0Yy122 — X0Y221 — X1Y022 + X1Y220 + X2Y0Z1 — X2Y120

m2

2. BERTRAND MATE OF A CuBic BEzIER CURVE
Definition 2.1. Five points Py, Py, P, P3, and P, in the plane or in higher-dimensional space define a 4th order Bézier
curve with the following equation

4

o = Z(j)t"(l -0 0[P, 1€]0,1].
i=0

The matrix form of the 4th order Bézier curve based on the control points is

A7 1 -4 6 -4 17[ P
A -4 12 -12 4 0| P
a(f) = | 1 6 -12 6 0 0] P,
t -4 4 0 0 0] P
1 1 o o 0 ol]llpr

Definition 2.2. Let a curve o* is Bertrand mate of o with Frenet-Serret apparatus {T*, N*, B*, k", 7%}, then they have
common principal normal lines, i.e. N = N* where ||@’|| = n # 1. Hence the equation of Bertrand mate o* of the curve
a has the following parametrization; * () = a (f) + uN* (¢) . Also it can be written as in the following parametrization,
since y is constant

a*@)=a@+uN@).

Theorem 2.3. The Bertrand mate of a cubic Bezier curve has the matrix form

[4 T %N{)
l3 +W%N1+P3—3P2—P0+3P1
a (1) = 2 +%N2+3P2+3P0—6P1
+LN3 + 3P1 - 3P()

mn P
+%N4 + Py
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Proof. Leta® = a(t) + uN, hence

4 T
A -1 3 -3 1][ P ; ;V]?
con 12113 -6 3 0P 6u |
=1, 3 3 0 ollp|Toml? N2
n t N3
1 1 0 0 0] P | I
4
,t4 ,T’ s_rl:lNO
A +2 Ny + Py =3P, — Py + 3P,
=| 2 +%N2+3P2+3P0—6P1
t +%N3+3P1—3P0
L1 +2—;N4+P0

O

Theorem 2.4. Bertrand mate of a cubic Bezier curve can be written as the 4th order Bezier curve with the the control
points Py, Py, P, and P53 of any cubic Bezier curve with constant speed , as in the following waywhere n, m are constants

6u
Py Py 3 M N46#
1 L =

PT ZPO+%P1 2mn]v33+17m1v64

S I I S 1 M B e
P2 = §P1 + %Pg + X mnN§ + mnN39+ nmN46
P; =P> + 3P K B3 K 1
Pg 4 2P 413 . 2m77Nl + mnNz + 2m’]N3 + ﬂmN4

4 3 S

Ny + s—anl + 6—#N2 + s—fnl\@ + 6—#N4

nm nm nm

Proof. Let P, Py, P;, P; and P be control points of Bertrand mate of a cubic Bezier curve a*, so we can write

* 6_#]\,0
1 -4 6 -4 1 Py P mi
-4 12 -12 4 0| P +m—*,']N1+P3—3P2—P0+3P1
6 -12 6 0 0 P | = +%N2 + 3P, + 3Py — 6P,
-4 4 0 0 0 P: +6—HN3+3P1—3PQ
1 0o o0 o oll~P "
4 +:l—l:7N4 + Py
Using invers matrix we get the proof as in the following way,
PS PO + %]N4
P’lk 41_1P0 + %Pl + %Ni{ + ST;:]N4
P | = 1P 4+ 1P+ LNy + 2Ny + SN,
2 2 2 ; mn 3 mn 0 mn 6
x 3 1 u u H H
iz ZP2+1P3+MINI+%N2+%N3+m_nN4
4 P3+:1—#N0+6—HN1 +6—#N2+6—HN3+6—#N4
n mn mn mn min

2.1. Frenet Apparatus of Bertrand Mate of Any Cubic Bezier Curve in E.

Theorem 2.5. Let a curve o is Bertrand mate of a with Frenet-Serret apparatus {T*, N*, B*,k*, 7"}, then

T+ B -T +vB
=Y T2 NN, p= T
Vyr+1 v2+1
. VK—T
K= ——o— ur>0
Uty +1
T = T K ur >0

Uty +1
Proof. 1Tt is trivial for a Bertrand curve «, that there are constants y and y such that ;lz = k + y7, with Bertrand mate
a* (t) = a + uN. |
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Theorem 2.6. Tangent vector field of Bertrand mate of any cubic Bezier curve is

T 6 Y Y Y 6 Y Y Y 6 Y Y Y
£ ;bél + X0 = 20X+ L% ;béz +oYo =2y 4 o ;bé3 + 720 =250+ T2
5 _27 Y 5 _n7 Y 5 _927 Y
i‘ mbz]ﬁ 2”X07+ Zn)ﬂ mbzzé Zny07+ Zflyl mb236 27720y+ 27721
— mbar + 5 X0 mb32 + 130 mb3z + 520

Vry2+1

Proof. We have already known that 7 = 2B

R

T T
2 1 =2 1 X0 Yo 20 12 byt by b3
N -2 2 0||lx y oz |[+2 ¢ byt by b
o 1 1 0 0|l x » 2 1 b3i by b33
V2 +1
21T & Yyn —=2Y Y 6 Yy, =22 Y 6 Y, _92Y Y
f mbél + ,7160y 2”x17+ X2 mbéZ + ny07 2,7)71;‘ )2 mb613 + ”Zoy 2,,Z1;|- 732
t wbar = 20x0 + 25 X1 wba2 = 25y0 + 2031 wbs—2720+2,2
1 5 Y 5 Y 6 Y
T = mb31 + Yo mb32 + Yo mb33 + 520

Vyr+ 1

Corollary 2.7. The control points S;,S7,S5 which are belong to tangent vector field of Bertrand mate which is a
quadratic Bezier curve are

6 Y 6 Y 6 Y
S5 1 wbal + 5 X0 mb32 + 330 mb3z + 320
3 6 4 3 6 Y 3 6 4
ST |=——=——=| wnba+tbu+;x abn + by + oy wbas + b+ 1z
S% Y2+ 1| 6bu y Gbu y by |y b | 6bn | 6bp  wn 6bix y Gbn  Gbn 4 Yo
m m m n m m m n m m m n
Proof. Since 1, m are constants and using inverse matrix we have the result. O

Theorem 2.8. Normal vector field of Bertrand mate o« of any cubic Bezier curve is

l4 r Ny

6 I Ny
N'=N=—| ¢ N>
m t N3

1 Ny

with the same degree and control points of Bertrand curve.

Theorem 2.9. Binormal vector field of Bertrand mate o*of any cubic Bezier curve has the matrix representation as

2 1 1 oy 2 1 1 6y 2 1 1 oy
2| - yXo— g+ b syi— Yo -2+ b fzi— 20— 2+ b
2 2 6y 2 2 6y 2 2 oy
t ;x06— 2%+ Srboy aYo = py1+ Srby ;ZOG— 521+ b3
24 1 oy 1 4 1
5 - 1 b3t = 5% b3 = 3yo b3 =520

N
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-T +vyB
Proof. Since B* = —7,
Vyr+1
2111 =2 1] X0 Yo 20 | (2" by b1 bis
_7] t -2 2 0 X1 Y1 2 +% t by1 by by
B - L[ 1T 0 O0flx y» z| ! b1 by bss
v:+1 ’
I =2 1 ][ x% Y 2] ] [ bi b1 b3
2 -2 2 0l x yoz [+5F] bu bn b
N | 1 0 0l x2 » 2| | b31 bxn b33
B =\t >
1 v:+1
which completes the proof. O

Corollary 2.10. The control points K}, K|, K; which are belong to Binormal vector field of Bertrand mate a* which is
a quadratic Bezier curve are

6ybsi _ xo 6ybs, _ Yo 6ybss 20
3yb " 776b 3yb " nﬁb 3yb " ']617
»721_lx1+731 »722_11_'_732 Yo _ oy 990
6hm 6yb me Gbm 6yb m6b 6yb " 7]6b me
K b _ x 222 DAE) vbia v yb2 yb3y vbis _ 2 yb23 b33
KS{ m 7]+ m + m m r]+ m + m m 7]+ m + m

o | VP 1

Proof. Since n, m are constants

1 71 K* 2o % _ %oy Sbu 2y g0 gey O 2 _n 2y s
- 0 nom g ,m U oM
— Y021 Y022 Y023
-2 2 0 KT = ;I)CO - ,—le + i T—Iy() - ﬁyl + e I_]ZO - ;]Z] + e
1 0 0 K 6ybsi _ 1 6ybs, _ 1 6ybss _ 1
By using inverse matrix, we have the result. O

Theorem 2.11. The first and second curvature of Bertrand mate o* of any cubic Bezier curve in E’are

' D, + b2, + b2,
& 2b11ba1 + 2b12b2n + 2b13by3
2 ‘ I 2b11b31 + 2b12b3y + 2b13b33 +b%1 +b§2 +b%3 -7
2b31b31 + 2b2yb3y + 2b33b33

b3, + b3, + b3,

12
~

K = s
utAly?:+1
#1 D, + b2, + b,
l3 2b11b21 + 2b12b22 + 2b13b23
6 1‘2 2b11b31 + 2b12b3p + 2b13b33 + b%l + b%z + b§3
2by1b31 + 2bysb3y + 2by3b33
2 2 2
e A 1 b3, + b3, + b3
uty:+1 Ay +1
Proof. Since Bertrand mate has * = L, curvatures 77 = . put > 01t is trivial. O

e Py
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