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ABSTRACT. In this study, we define third order bronze Fibonacci quaternions. We obtain the generating functions,
the Binet’s formula and some properties of these quaternions. We give d’Ocagne’s-like and Cassini’s-like identity
and we use g-determinants for quaternionic matrices to give the Cassini’s identity for third order bronze Fibonacci
quaternions.
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1. INTRODUCTION

The real quaternions were first defined by Sir William Rowan Hamilton in 1843, [13]. Let Q be a four dimensional
vector space over R with an ordered base 1, i, j, k. A real quaternion is a vector quaternion

Op=a+bi+cj+dkeQ,
where a, b, ¢, d € R. The product of two quaternions in this space is defined by
P=p=i?=1,

ij=—ji=k jk=—kj=iki=—ik =]

Horodam in [15] defined Fibonacci and Lucas quaternions as follows:
On = Fp+ Fpi1 + Fuai + Frask

and
K, = L, + Lyy1 + Lyyoi + L3k,

where F,, and L, are the nth Fibonacci and Lucas numbers [14]. Fibonacci quaternions and the properties of these
sequences are also studied by Halici in [8,9]. They also studied Gaussian Fibonacci, complex Fibonacci and dual Fi-
bonacci quaternions, see [10—12]. Generalized Fibonacci quaternions are studied by Swammy in [17]. The properties
of bicomplex Fibonacci and generalized dual Fibonacci quaternions are studied in [2] and [18], respectively. k-Pell
and k-Pell Lucas quaternions are studied in [7] and k-Fibonacci and k-Lucas quaternions over Z, in [19]

In [4] Cerda-Morales introduced third order Jacobsthal quaternions and Jacobsthal-Lucas quaternions. The author also
studied bicomplex third order Jacobsthal quaternions in [3] and dual third-order Jacobsthal quaternions in [5,6]. They
obtained the generating function, Binet Formula, d’Ocagne-like identity and Cassini-like identity for these quaternions.
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However, the Cassini Identity for generalized third order Pell numbers and third order bronze Fibonacci numbers is
obtained in [16] and [1], respectively.

2. PRELIMINARIES

In this study, we will define and study third order bronze Fibonacci quaternions by using third order bronze Fibonacci
numbers which are studied in [1]. The authors investigated the generalized third order bronze Fibonacci sequence and
three specific sequences which are derived from its De-Moivre Type Identities. The sequence {8Y} with the recurrence
relation BY = 3BC | +BY, +BY | forn > 3, where B, BS, B are any arbitrary numbers not all being zero, is called
a generalized third order bronze Fibonacci sequence [1]. The sequences derived from the De-Moivre Type Identities
of this sequence are: third order bronze Lucas sequence {EB,E}, modified third order bronze Fibonacci sequence {iBnM }
and third order bronze Fibonacci sequence {235 }[1].

The first ten terms of above sequences are presented in the following table.

TaBLE 1. The Third Order Bronze Fibonacci Numbers

H n 0 1 2 3 4 5 6 7 8 9 10 H

[By 3 3 11 39 131 443 1499 5071 17155 58035 196331

BN 1 2 7 24 81 274 927 3136 10609 35890 121415

BY 1 3 10 34 115 389 1316 4452 15061 50951 172366

Some of identities of third order bronze Fibonacci sequences that will be used in this study are:

— The generating function for generalized third order bronze Fibonacci numbers

BE + (BG - 3BO)x + (B — 3B — B2

BY(x) = , 2.1
) 1-3x—x2-x3 20
where 8Y(x) = Do BOx [1].
— The Binet’s Formula for third order bronze Fibonacci numbers
BY = dia} + dras + d30s, (2.2)

where

di = %OGCYQ(I3 - %?(0’2 +a3) + %g
: (@2 —ay)az — ay) |

e ~BCaas + 8% (e +a3) - %ZG, 2.3)
(a3 — ax)(ar — ay)

%8&1(12 — %lc(m + (Yz) + %g

(a3 — a2)(az — a1)

dy =

and @1, @y, a3 are roots of the equation x> —3x> —x — 1 = 0, i.e,
ar=1+U+YV,

1 V3
@ =1=U+V)+i—U-V), (2.4)

1 3
a/3:l—§(U+V)—i§(U—V),

where U = 42+ \J4= S, V=1/2- J4- 2 UV="4 and U + V? = 41].
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— The linear sum for generalized third order bronze Fibonacci numbers [1]

n+2

- 1
R 7B =28, =38, — BT + 297 + 3%7). (2.5)
k=0

Now, we define quaternionic matrices which will be used to obtain Cassini’s Identity. Let M,,,(Q) be the set of all
m X n matrices with quaternion entries and M,,(Q) the set of all square matrices with quaternion entries. The properties
of these matrices are studied in [20]. For A = A| + A, j € M,(Q), the 2n X 2n complex matrix

A Ay
& A
is called the complex adjoint of the quaternion matrix A and is denoted by y 4. This matrix is uniquely determined by
A and some of the properties of this matrix given in [20] are
a) XI, = IZn’
b) xaB = XaXxB:
©) XA+B = XA + XB>
d) x4 is unitary, Hermitian or normal& A is unitary, Hermitian or normal, respectively.
The author in [20] also defined the g-determinant of A to be det(y,), i.e. |Al, = |yl and obtained the following
results which will be used in this study
a) A is invertible & |A|, # 0,
b) |AB|, = |Al4|Bl,, consequently |A‘1|q = A7,
¢) [PAQ|, = |Al4, for any elementary matrices P and Q.

3. THirRD OrRDER BRONZE F1BONACCI QUATERNIONS AND SOME PROPERTIES

We define third order generalized bronze Fibonacci quaternions by

BOY = BC + BC i+ BC

n+l n+2

j+ 8BS .k,

n+3
where %f is the nth generalized third order bronze Fibonacci number. Then, it can be shown that for n > 3
BOY =380Y | +BOY, + BOY ..
By using recurrence relation and initial terms for bronze Fibonacci numbers, we also define
8L = -1,85 = -5,
8" =0,8Y% = -1, (3.1
B =0,85 =0.

The sum of the first n terms of the generalized third order bronze Fibonacci quaternions sequence can be given by the
following theorem.

Theorem 3.1. The linear sum of the first n terms of the generalized third order bronze Fibonacci quaternion sequence

is

- 1
Z BOY = Z{%Q§+3 —-2B0%, -3B0%  + BB —i—j-k) +BYQ2+2i-2j-2k)-BS(1 +i+j+5k). (32
k=0
Proof.
Z 23QkG = Z 2BkG + Z Q3kG+1i+ Z 23IE;+2j+ Z EBkGJr3
k=0 k=0 k=0 k=0 k=0
n+l n+2 n+3

n
=) B+ (> B B+ (Y BY - B - BD)j+ () B - BF - 87 - )k,
k=0 k=0 k=0 k=0
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By using (2.5), we find

: L
> 80 = 7(80s =28, - 38, — BT + 287 + 35} + (%M 2987 5 - 387, - BY + 287 - B)i

LB, - 280, - 3G, - BF 207~ B§)j + (B, - 250, - 3HC., - 5B - 280 — KOk

which implies (3.2). |

Corollary 3.2. Linear sums for the sequences {BQL}, {BOM), and {BQL'} can be calculated as:

d 1 N
Zggg = Z{%Qﬁ+g 2BQL, —3BOL, | +4 - 8i — 20 — 64k},
k=0
¢ 1 s
Z BOY = Z{SBQn+3 2B0M, —3BOM | — 4i— 12 - 40k},

u 1 .
> 8o = ;1807 — 2807, - 3BQ;, — 1 - 51— 17j - 57k,

4. GENERATING FUNCTIONS AND BINET’S ForRMULA

In this section, we obtain the generating function and Binet’s formula for generalized third order bronze Fibonacci
quaternion sequence and its three specific sequences.

Theorem 4.1. The generating function for generalized third order bronze Fibonacci quaternion sequence {BQ%} is
given by

BO(x) = {BO§ +(BQY, + BO))x + BOY ), .1
where BQY(x) = 322, BOS x"
Proof. Let BQ%(x) = im0 BOYx". Then,

BO%(x) = Z BIX" + Z BE ¥ + Z BE X+ i B X'k
n=0

n=0 n=0

1-3x—x2-x3

1 1
B (x) + ;(%G(x) - BE)i + F(%G(x) - B - Bx) + E(QsG(x) - B — B x - BTk
By using equation (2.1) and the fact that B, — 38, = 8,_; + B, and B,,.» —3B,.; — B, = B,_; we find

BOY(x) = {BF + (B9, + B9 )x + B 1% + (BY + (B, + BG)x + B§ x?)i

1-3x—x2-x3
+(BF + (BF + B x + B2 j + (B + (B + BY)x + B ¥k,
which implies equation (4.1). O

By using (3.1) we can give the following corollary.

Corollary 4.2. The generating functions for the sequences {BQL}, (BOM} and {BQF'} can be calculated as follows;

1
BOL(x) = ———————B-6x—22+B+2x+3xD)i+ (11 +6x+3x2)j+ (39 + l4x + 11x)k},
1-3x—-x2-x3
1
BOM(x) = ——————— (1 —x+Q+x+ )i+ (7 +3x+2x%)j + (24 + 9x + 10x>)k},
1-3x—-x2-x3
1
BOF(x) = (1+@+x+x)i+(0+4x+3x%)j + (34 + 13x + 10x)k}.

1-3x—x2-x3
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Theorem 4.3. The Binet’s formula for generalized third order bronze Fibonacci quaternion sequence {BQC} is given
by
%QHG = dlwla’} + dza)zdg + d3w3ag‘,

where dy, dy,ds are coefficients given in (2.3), a1, @y, a3 are roots of the equation X =3x2—x—1=0givenin (2.4)
and
wi=l+ai+alj+aiki=1,23.

Proof. Let BQY = 8BS +BC i+ BC , j+ BY  k be the n-th generalized third order bronze Fibonacci Quaternion, then

by using the Binet Formula for generalized bronze Fibonacci numbers (2.2) we find

BOY = dia] + dyddy + dsay + (dro}T + dyay! + dsafthi
+(d1 & + dods™ + dsali)j + (da} P + dady T + dyad Tk
=di(1 + a1i + ajj+ @ik + da(1 + azi + @5 + k)l + ds(1 + azi + a3 ) + ask)al
which proves the theorem. o

Corollary 4.4. Binet’s Formulas for the sequences {fBQﬁ}, {%Q,’f’ }, and {523Q,11E } can be calculated as:

L _ 3ara3 —3((1’2+(13)+ 11 —3&1(134—3(&1 +a3)—11 3010’2—3((1/1 +ap) + 11

B, = i ay w3a;
(a2 —a)(az —ay) : (a3 — o)z — 1) e (a3 — a2)(az — ay) 3
or
%Q,Ll = w1} + Wy + w3,
EBQM _ a3 —2(ar +a3) + 7 @ —ajasz + 2(a + a3) — 70)2&" ajay —2(ay +an) + 7 !
" (a2 —a)(az —ay) ! (a3 — o)z — 1) 2 (a3 — a)(a3 — ay) 3
and
r  @ma3—3(ax +a3)+ 10 . —aia3 +3(a +a3)— 10 . aiap —3(a; +a2) + 10 n
B, = 1 W@, w3Q3.

(a2 —a)(az — ay) (a3 — )2 — ay) (a3 — )z — ay)

5. MaTrIX REPRESENTATION OF GENERALIZED THIRD ORDER BRONZE FiBONACCI QUATERNIONS

In this section, we will use the matrix representation of quaternions to find the expression of 8QY, .

Define the matrix

31 1
B=|1 0].
010

Then, in [1] it is shown that
B B +8, B
B" = %;_1 23,;_2 + %;_3 EBi ) ;.1
B, B,,+8,, B,
and det B" = 1. We define the matrix
%Qg %QIG + %Qg %Q?
BO = QSQIG QSQOG + %Q?l %Qg 5.2)
BOJ BO +BOY, B

and give the next theorem.

Theorem 5.1. If BQC is the n-th generalized third order bronze Fibonacci quaternion then,

%Qiz %Qr(z;ﬂ + %Ql? %QnGH
BQ-B'=[B0Y, BOT+BOS, VY

BO BOY,+3Q7, BO/,
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Proof. We will use induction by n to prove this theorem. For n = 0 the result is obvious. Suppose it is true for n := n
and let us show that it is true for n := n + 1, too.
1 EBQG %Q’?H +BQC %Qg+1 31 1
8O -B"!' = (BQ-B")-B = %Q,Hl BOT+BOY  BOT|-|1 0 0
BOY QG + QSQG QSQG 010
3Qan+2 + %Qg+l + %Qg §BQn+2 + EBQn+l EBQ11+2 EBQIH—S %Q + SBQrH—l B g+2
= 3Q3QS +BOY + Q%Qfﬁl 23QHJr1 +BQY EBan ?BQG+2 ?BQ,? +BOY  BEY
3BOY + %QnG_l + %Qf_z BOY + %Qf_l BOY %QnH BOY + %Qf_l BOY

Corollary 5.2. Forn > 0 we have
BOC | = BOTB! + (BOS + BO)BE_ | + BOTB!,.

Proof. %QG ., 1s the (2,1) entry of the matrix BQ - B" which is the product of the third row of the matrix BQ given in
(5.2) and the first column of the matrix B” given in (5.1). O

Now, for n > 0 let us define

807, BOY, +BOT VO,
Y, = |80Y BOY + ‘BQG BOY |.
BO  BOT, +BO7, BOY,
It can be easily shown that Y,.; = B - Y, and the bellow theorem holds.
Theorem 5.3. For n,m > 0 we have
(1) Y, =B"Y,,
(2) YoB" = B"Y,,
3 Yum =Y,B"
Proof. (1) We can show this by induction. For n = 0 it is obvious, Let’s suppose that this equality is satisfied for
n := n then,
Y.i=B-Y,=B-B"-Y,=B"".Y,.
(2) We will use induction over n. It can be easily shown by straightforward calculation that
Yy-B=B-Y,.
Suppose that this equality is true for n := n, then
Yo-B"' =Y,-B"-B=B"-Y,-B=B"-B-Y,=B""Y,.
(3) From 1 and 2 it follows that
Youm=B""-Yo=B"-B" - Yo=B"-Yy,-B" =Y, - B".

Theorem 5.4. For n,m > 0 we have
BOY,, = BOIB) + (BOT | +BOT B! | +BOT B

m—

Proof. From the above theorem we have Y,.,,, = Y,,B"” or

%Qn+m+2 QSQrH—m+1 + %Qnﬂﬂ %Qn+m+1
Y’H'm = QSQn+m+l Q”H'm + %Qn+m 1 %Q’H'm

%Qn+m QSQn+m 1 + %Qm—m 2 Qn+m 1
SBQn+2 %Qn+1 + QSQnG %Qnﬂ %51 %F ot %F %F_]

-2 m
%Qngl %ch + %Qfal %ch 582 %i .+ %% 3 %i
%Q %Qn—l + Q3Qn—2 23Qn—l %m 2 %m— + %m— %m 3

Since %Qn . m 18 the (3,1) entry of the matrix Y., it is equal to the product of the third row of the matrix Y, and the
first row of the matrix B™. |
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6. SoME IDENTITIES FOR THIRD ORDER BRONZE FIBONACCI QUATERNIONS

In this section, we first give the d’Ocagne’s-like identity and Cassini’s-like identity and then we obtain Cassini’s
identity for third order bronze Fibonacci quaternions by using q-determinants for matrices with quaternionic entries.

Theorem 6.1. (d’Ocagne’s-like identity). Let BQY be the nth bronze Fibonacci quaternion and n > m > 0, then the
d’Ocagne’s-like identity for third order bronze Fibonacci quaternions is given by

%Qﬁ . QSQG - %QG . QSQnG = Z didj(aj — ai)a;”a;”(w;wja;?_m - wjwiei™),

n+l m+1
i<j

where dy,d,, ds are given in (2.3), a1, az, a3 in (2.4) and wy, w7, w3 in (4.3).

Proof. The proof can be shown by using the Binet’s formula (4.3)

(dlwlar’]“ + dzwza;n + d3w3ag”) . (dla)la'l’” + dzwga/g_"] + d3w3a/’3”1)

- (dlwlo/f”l + dnga;"“ + d3w3w’3"+1) (diw ] + dywrdy + dzw3 )
= Z didj(u)iwja?a;f(aj —ap) + a)ja)ia;-"a/f'(oz,- - CY]'))
i<j

= Z didj(@j — @)oo} (wiw;d;™ - wjwia™).
i<j

]
For m := n+ 1 in d’Ocagne’s we get the Cassini’s-like identity for third order bronze Fibonacci quaternions in the
next result.

Corollary 6.2. (Cassini’s-like identity). For a natural number n we have

%QG : - %QG . %QnG = Z d,-dj(a/j - a/i)af’a/;f(a)iwjafi - ij,-aj).

n+1 n+2
i<j

Now, we give Cassini’s identity for generalized third order bronze Fibonacci quaternions by using q-determinants.
Theorem 6.3. Cassini’s Identity for generalized third order bronze Fibonacci quaternions is given by

BOr, VO, BOY| 807 BOY By

BOy, BOY BOY| = B0V BO§ B0,
BOY  BOL, BOY,| |BO§ B0% BOS

Proof. The proof is given by mathematical induction, using recurrence relations and the properties of g-determinant of
matrices with quaternionic entries. For n = 0 the result is obvious. Let us assume that identity is satisfied for n := n
then by using recurrence relation it can be easily proved that it is satisfied forn :=n + 1

BOC . BES, BQOC 3BQC, + VS +BOS BOC, BQC

n+3 n+2 n+1 n+2 n+l n+2 n+l
B8O, B0, BOJ| =p3BO), +BOI+B07, B, BO,
BT, BOT BOY,|  [3BOJ+BOT, +B0Y, V0T BOY |
%Q'IG %Qgﬂ %QnGH QSQnG+2 %Qi—l %QWG
_ G G G G G G
= %Q,é_, %Q"a‘ %an = QSQ,%, %an %Q6+1
SBQ,,_Z %Qn %Qn—l q %Qn SBQn—l n-2lg
O
Corollary 6.4. Cassini’s Identity for {BQL}, {BOL), (BOM} sequences is given by
%Q5+2 SBQII’;-I %Qrf
BOF  BOF  BOF || =1088, 6.1)

B0l BoL, WOl
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%Q§+2 %Qﬁﬂ %Qﬁ
%Qﬁzl %QLﬁ %QE—I = 31234981888 + 314265600004, (6.2)
SBQ” %Qn—l %Qn—Z q
BOY, BOY, BO)
%Q%l BOM %QQ’{I = 349660 — 501220i. (6.3)
M M M
%Qn QSQn—l Q3Qn—2 q
Proof. Since BQ, = B + B i+ VL j+ BE k we can write
BOF = (B + 8 i)+ (B, + 8L L))
Now, let
%Q‘z; QSQ{; %Q§
A= QSQ}lp %QB %Qi‘l
BOy 80!, BOF,
be a matrix with quaternion entries, and
(B + 8 8+ 8l Bl + Bl
Ay =B +8B)i B +Bi B+ B
By + B B+ B[ B+ B
[10 +34i 3+10i 1+3i
=|3+100 1+3i O0+1i
| 1+3i O0+1i O0+0i
and
(B +BLi B+ B B+ B
Ay =B+ B B +B) B+ BT
B+ B BY+ B B+ B
(115 +89i 34 +115i 10+ 34i
=134+ 115 10+34i 3+ 10i
| 10 + 34§ 3+ 108 1+3i

matrices with complex entries, then A = A; + A, j. We define the complex adjoint of the quaternion matrix A by

and define the g-determinant of A as |A|, =

we have

A7

AAT' A

Al +AAT'A,

and
d

A A
~Ay A

|

lval, [20]. Then by using the properties of the determinant of block matrices

=]

Al Ay — -
Ay 7| detAider(A, +ArAT'Ay),
1 -1+i 2-4i S+i
= —|2-4 -2+14i -1-2i,
5+i —-1-2 -3-5i
1316 — 4452i 389 - 1316i 115 -389i
= [389-1316i 115-389i 34-115i/,
| 115-389i 341150  10-34i
1326 — 4486i 392 — 1326 116 — 392
= [392-1326i 116-392i —116i+34
| 116-392i  —116i+34 10 -34i

et(A) + ArAT'Ay) = —272 + 272i,
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detA) = =2 - 2i.
Then,
|Aly = lyal = (=2 = 2i)(=272 + 272) = 1088.
By the above theorem, we get equation (6.1).

Equations (6.2) and (6.3) are obtained similarly. O

7. CONCLUSION

There have been many studies about Fibonacci and other second order quaternions. As for third order quaternions,
there are studies about Jacobsthal, dual Jacobsthal and bicomplex Jacobsthal third order quaternions. We introduce
generalized third order bronze Fibonacci quaternions and its three specific sequences. We present Binet’s formula,
generating functions, matrix representation for these sequences, d’Ocagne’s-like and Cassini’s-like formulas. Further-
more, we give a new method to calculate the Cassini’s Identity for generalized third order bronze Fibonacci quaternions
and its three specific sequences.
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