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ABSTRACT. The 4 dimensional (4d) Jordan totient matrix which is described by the aid of the famous Jordan’s
function and some new Jordan totient double sequence spaces described as the domain of this aforementioned
matrix have been examined by Erdem and Demiriz [10]. In the present paper, first of all we define two new double
sequence spaces by using the 4d Jordan totient matrix and we show that this newly described double sequence
spaces are Banach spaces with their norm. Then, we give some inclusion relations including this spaces. Moreover,
we compute the a-, B(bp)- and y-duals and finally, we characterize some new 4d matrix transformation classes and
complete this work with some significant results.
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1. INTRODUCTION

For the beginning let us give some information about two arithmetic functions that we will use frequently in our
study. The Jordans’s function J; : N — N, k — J;(k) is defined as the number of 7—tuples of positive integers all less
then or equal to k that form a coprime with (¢+ 1)-tuples together with k, where k,¢ € Nand N = {1, 2, ...}. The equation
Ji(kiky) = Ji(ky)J:(k2) holds for the coprime numbers ki, k, € N, that is J, is multiplicative. If oM a2 a3 ;b is the
prime factorization of k € N for k > 1, then,

Ik = k’(l - i,)(l - i,)(l - i,)...(l - l,).
a ab a; a

It should be noted that for + = 1, the Jordan’s function is reduced to the famous Euler-totient function ¢. It is known

from [8],
ky J
Z Lk =m plo _ Jim) g Zy (T)k' = J,(m),
k' m! k
klm klm klm
and the Mobius function y is defined as follows:
1 , k=1
k) = -0, k = ayay...a;, where ay, as, ...,a; are
KUY == different prime numbers
0 ,  a*| k for at least one prime number a
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for k € N. If a;” ay”as%...a;% is the prime factorization of k € N such that k > 1, then, Do kp(k) = (1 —ar)(1 -
a)(1 — a3)...(1 — a;). For m # 1, the equation }y,, u(k) = 0 satisfies and p(ki1k2) = u(ki)u(ks), where ki, ky € N are
coprime.

Moreover, if r1, r, € N are relatively prime, w(r;r2) = u(r;)u(r2). Therefore, the Mobius function is a multiplicative
function, too. Also, the equality ', u(f) = 0 satisfies for r # 1.

A double sequence is the function defined as f : N XN — @, (k,) — f(k,]) = x; is called as double sequence,
where p # @. Q = {x = (xg) : 2y € C, Vk,I € N} represents the space of all double sequences and any linear
subspace of Q is entitled as double sequence space. Here, C represents the set of all complex numbers. M,, Cp,
Cr, L; (0 < g < o) and L, are the spaces of all bounded, convergent in the Pringsheim’s sense (or shortly p-
convergent), regularly convergent, g-absolutely summable and absolutely summable double sequences, respectively. It
is worth mentioning that any p-convergent double sequence can be unbounded. For instance, considering the sequence
x = (xy) defined as

12 22 32 ... P
220 0 0
320 0 0

e A
K 0 0 0

it can be easily seen that x € C, \ M,. The space Cp,, is represented as Cp, = C, N M,, and Méricz [16] showed that the
spaces My, Cp, and C, are Banach spaces with the norm ||x||lc = sup; ; |xul. We denote by BS and CSy the spaces
of all bounded and ¥—-convergent series, respectively.

Assume that x € Q and R = (r,,,) described as 7,,, 1= Y}, 21y %k, (m,n € N). Then, the pair ((x,), (Fm)) and
R = (1) are called as double series and the sequence of partial sums of the double series, respectively.

The sum of a double series }’; ; x; relating to ©¥-convergence rule is described by &~ 3 ; xiy = & —limy, 0 Z:f}” Xyl
In the remainder part of the study, we assume that }; ; = 2,2, X2, 9 € {p,bp,r}and ¢’ = q/(q—1) for 1 < g < co. The
sequence ™" = (e]]") described as ¢}" = 1 if (m,n) = (k,[) and er;" = 0 otherwise, and e = },,, , ™" (coordinatewise
sum). Let us remember the definition of 4d triangle matrix. If b,,;; = 0 for kK > m or [ > n or both for every
m,n,k,l € N, itis said that B = (b,) 1s a triangular matrix and also if by, # 0 for every m,n € N, then B is called
triangle. It should be noted by [3] that, if B is a triangle, then its unique inverse B~! is a triangle, too.

We say that the 4d matrix B = (b)) describes a matrix transformation from ¥ € Q into A € Q and it is shown as
B :¥ — A, if for every x € ¥, the B-transform (Bx),, = @ — Xx; BuniiXws Of x exists and is in A for each m,n € N.
(¥ : A) represents the class of every 4d matrices from W into A. Also, B € (¥ : A) if and only if Bx € A forall x ¢ ¥
and B,,, € Y2, where B, = (bynii)i.senv» m,n € N. The set

‘I’g” ={x=(xy) € Q:Bx:= (ﬂ - Z bmnklxkl] exists and is in ¥
kI

m,neN

represents ¢-summability domain.
Recently, several mathematicians have been studied the domains of some 4d triangle matrices and it is listed some
of them in Table 1;
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TaBLE 1. Domains of some 4d triangle matrices

B ¥ Yp Refer to:
AL-L,L-1)  My.Cop.Cp.Cr. L, M), Cop(A),C,(A),C/(A), Ly (A) 4]
C M“’ C()p: Cps Cr7cbp’ -£~q 5 Ailllvc()p: vathpr-Lq 5 [19]
C My, CZ)pa épv ér,CZp, Lq M, (@), C()p(t)a Cp(’)vcr(l)s Cbp([)vﬁq([) [5]
R L RI(Ly) [30]
E(rs) prMu S'pv Eoo [23]
B(r,s,t,u) Muacb]ucpscra-Cq B(Mu)sB(Cbp) B(Cp) B(Cr)sB(-Cq) [24]
B(r,5,t,u) Cr.Ch B(C/),B(Cjy) [25]
E Muacb]thsCra-Cq B(Mu),B(Cb];),B(Cp),B(Cr), B(-Cq) [27]
o z, O*(L)) 7]
o Muscbpvcp:cr (D*(Mu)’q)*(chp)’q)* (Cp)sq)*(cr) [9]
Jt Mzucbwcpvcrv[s Jctx)’ 2p95;;95£7j; [10]

where A(1,-1,1,-1), C, R?, E(r,s), B(r,s,t,u), B, ®* and g denote the 4d difference, Cesaro, Riesz, Euler, general-
ized difference, sequential band, Euler-totient and Jordan totient matrices, respectively. In addition, readers who want
to reach the subjects arithmetic functions, summability theory, double sequence spaces and related topics can use the
studies [1,2,6,12-15,20-22,31,32].

2. ALMOST CONVERGENT JORDAN TOTIENT DOUBLE SEQUENCE SPACES

It is said that x € Q is almost convergent if

m+o VI+Q

@+ D@ +1) 1)(9 D) PIPIE

k=m l=n

p— lim sup
00’ _)°°mnEN

and stated by f, — lim x = L. We denote by

m+o }‘H—Q

©+ D@ +1) 1)(@ +1) ZZX"’

the space of all almost convergent double sequences. Moreover, the space of all almost null double sequences is
represented by Cy,. It is also significant to say that the inclusion C;, € Cy, € Cy € M, is valid.

In this section, we describe the sets J } and J" /t‘b whose elements are double sequences by using domains of 4d
Jordan totient matrix on Cy and Cy,, respectively, show that these aforementioned sets are Banach spaces with their
norm. Furthermore, we prove that the spaces 7" } and j}o are linearly norm isomorphic to the spaces Cy and Cyp,,
respectively and give inclusion relations related these newly described spaces.

In [10], we have defined the 4d Jordan totient matrix J* = (j! ) (t € N) by

Cr = {xz(xkl)EQ:HLGCB p— lim

0,0/ >

= 0, uniformly in m, n},

m, nEN

KJ.(l
—J’E)J)’f) . klm.ln,
jltnnkl = m (2])
0 , otherwise.

For ¢ = 1, the 4d Jordan totient matrix is reduced to the 4d Euler-totient matrix ®*. The J'-transform of a double
sequence x = (xy) is given by

1
=(J =— Ji(k)J (D x. 2.2
(T = Gy H;ln (0T (Dx 2.2)
The inverse (7)™ = (j,1,;) of the triangle matrix J" is calculated as
M(H)’ , k|m,[]|n,
],milk = Jt(m)‘]t(n)

0 s otherwise.
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It is obtained by applying (J7)"" to (2.2) that

o )
X = k%n T DY (2.3)

A 4d matrix B is called as RH-regular, if Bx € C, and bp — limx = p — lim Bx for every x € Cpp, [11]. We would
like to point out that the 4d Jordan totient matrix defined by (2.1) is RH-regular from Theorem 3 in [10]. Now, we may
define the double sequence spaces J° } and g }0 as

m+o n+o’
o= =(Xmm) €Q:IALeC>3p— lim sup ! L| =0, uni lyinm,ny,
Iy {x (Xmn) p QQIHWmEeN (Q+1)(Q +1)ZZ j uniformly in m n}
m+o n+o’
gt = {x—(xmn)eQ p— lim s jtx =0, uniformly inm,n}.
o 0855 pontts (g+1>(@ +1),;n; )

The sets J ’f and J" /t‘b may be rewritten as ; = (Cy)g+ and J° ’0 = (Cy,) g, respectively.

Theorem 2.1. The sets J ; and J ;b are Banach spaces with the norm defined by

m+o n+o’

(Q+1)(Q +1)ZZ jt

k=m l=n

2.4)

lallg; =
’ 0,0"m, nEN

Proof. Since it can be similarly proved for the set j ! . » We prove the theorem only for the set j ’. It is easy to see that
the set J ! is a normed linear space. So, we avoid to glve the details.

Assume that a Cauchy sequence x = {x,({’,)} € J}. In that case, Ve > 0, 3N € N 5

m+o n+o’

(g+1>(g +1)ZZ [(7740), = (T5),

for all i, j > N. It can be known from the inequality (2.5) that, {(j ’x("))kl}VEN is Cauchy sequence in the space Cy.

”x(i) _ x(.i)”j; = sup <eg 2.5)

0,0" ,m,neN

Since, C; is a Banach space (see Remark 2.1 in [28]), we can write {(jtx(i))kl} — {(J"x)y} as i — co. By using this

infinitely many limit points, we can describe the double sequence {(J"x),,}. Now, by taking the limit as j — oo on
(2.5), we have

m+o n+o’ m+o n+o’
t (l) _ t
Q+1)(Q +1)ZZJ K Q+1)(Q +1);ngj
for all k, [ € N. Furthermore, since {(J ’x(’))kl} € Crand Cy C M, then fora M € R*
m+o n+o’
jt (l) <
mneN (Q+ 1)(Q + 1) ;ﬂ;
Thus, we get
m+o n+o’ m+o n+o’
jt < jl (l)
(Q+1)(Q +1)ZZ (Q+1)(Q +1),;“1;:‘
m+o n+o’ m+o n+o’
jl (l) _ jt
(Q+1)(Q +1)kZmlz,; "I (Q+1)(Q +1)ZZ
< &+ M.

By taking supremum over m,n € N and p-limit as o, 9" — oo from the inequality above that J'x € Cy, thatis x € J° ;
We see from this approach that the space J° } is a Banach space with the norm ||.|| 7! described by (2.4). O
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Theorem 2.2. The double sequence spaces } and j}n are linearly norm isomorphic to the spaces Cy and Cy,,
respectively.

Proof. Tt is seen that the transformation T selected as Tx = J'x forall x € J } (orx e J }0 ) described from the space
j /t‘ (or j /t‘b) into the space Cy (or Cy,) is bijective and norm preserving. O

Theorem 2.3. The inclusion M, C J }U holds.

Proof. Letus select any x = (xi) € M,. In that case, from the following inequality

m+g n+o’
||.X'|| 1 = su jt
i 9,9',mBeN o+ D@ +1) ];n ; ( )kl
m+g n+o’
B 1(@)Ji(b)xa
0¢ mm—:N (Q+ 1)(Q +1) ZZ (ki) %:%: (a)J(D)xap
m+g f’l+g
< sup |xg| sup I@IB)
a,beN @ 0.0/ mneN 0+ D@ +1) 1)(9 +1) Z Z (ki) QZV; ; \a)Js
= [l s
it is seen that x is in " ’0, as desired. i

Theorem 2.4. The inclusion J }0 cqg Jﬁ holds.

Proof. If we take x € J then, J"x € Cy,. Since, Cy, C Cy, we see that x € J} and thus the inclusion J7, € J7 holds,
as claimed. |

As a consequence of Theorem 2.3 and Theorem 2.4 we reach the following:
Corollary 2.5. The inclusion M,, C }0 cT } holds.

3. DuAaL SpACES

In this part, we calculate a-, B(bp)- and y-duals of the space j}. If ¥ and A are two double sequence spaces, then
the set D(W : A) is described as follows:

DY :A)= {c =(cp) € Q:cx = (cyxw) € A forall (xy) € ‘I’}

In that case, a-, B(1#)- and y-duals of the space ¥ are described as

Y=DWY: L), VP =DW:CSy) and ¥ =D :BS).
Theorem 3.1. ( })Q =L,

Proof. To prove the theorem, we must show the validity of inclusions (;T ;)a c L,and L, C ( })a To show the

inclusion (j })a c L,, assume the sequence ¢ = (c;n) € (j })a but ¢ ¢ L,. Then, 3, , [CunXmn| < oo for all x =
(Xun) € j}. If we consider e = 3}, , €™, we see that e € jjﬂ. Since ce = ¢ ¢ L,, i.e, X, |cun] = 00, we obtain
from 3, [cmnel = XnlCmnl = oo that ¢ ¢ (j })a which is a contradiction. Thus, it must be ¢ € £, and the inclusion
(7%)" £, is valid.

For the reverse inclusion, let us take the sequences ¢ € £, and x € j *. Consider the sequence y € Cy given by
relation (2.2). Since Cy C M,, theny € M, and sup,, , [ymal < &, where £ € R* Therefore,

u(HOu(7)
Z |Cmnxmn| Z |Cmn|
m,n klm,l|n

T(m)J,(n >( Dy
< §Z|cm,,|<oo.
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" a " @ " @ _
Thus, we have that ¢ € ( f) and £, C (jf) . Hence, (jf) =L, O
Now, we may give the following conditions that characterize the 4d matrix classes:
Sup " bl < o0, 3.1)
m,neN &l
dby € C> bp— lim by =by forevery k,leN, (3.2)
dLeC> bp- lim Z Bt = L, (3.3)
o €N bp- lim Z |Burnios = bros| =0, VIEN, (3.4)
ApyeN> bp- lim Z Bty = bri| = 0, VkeEN, 3.5)
m,n—oo %
bp = lim > " dotbul = 0, (3.6)
TR
bp= lim > > 1810bud =0, (3.7)
TR

where 2100mnki = bmnki — Bmnk+1,1 a0d 201 Dynks = binnks — Dk g1 for all myn, k, 1 € N.
Lemma 3.2. [17,25]
(D): B = (byni) € (Cy : Cpp) if and only if the conditions (3.1)-(3.7) hold.
(ii): B = (bpnr) € (Cy : M,) if and only if B, € (C f)ﬂ(ﬂ) and the condition (3.1) holds.
Now, consider the sets @ which are defined by

@r = {c = (cyun) € Q: Condition (3.f) holds with 0,,,; instead of by},

a b
where the 4d matrix 0 = (Omuks) = Xy 1o Yoy ") (kiY ey and 1 < f < 7.

b
Theorem 3.3. (j }f( ”_ ﬂZ:1 @y

Proof. Suppose that ¢ = (¢,;) € Q and x = (x,) € j}. Thus, there exists y = (yumn) € Cy with J'x = y. We obtain by
the relation (2.3) that

m,n

imn = Z CrlXkl

k=1

= iﬁ:ckl Z M( b)'Yab

ki=1  alkbll S (D)

m,n m n a b
= >0 %(H)’% Y

ki=1 la=kkla b=L1b
= OV (3.3)
for all m,n € N, where O = (0,4;) defined by

m n a b
Z Z“(k)”( )(kl)’ab ., 1<k<m,1<l<n,

Okl ‘= < a=k,kla b=L1lp Ji(@)Ji(b)

0 , otherwise
for every m,n, k,I € N. Then, by considering the equality (3.8), we deduce that cx € CS;, whenever x € J } if and

b
only if z = (zu,) € Cpp Whenever y € Cy. This implies that ¢ € (j ;.)ﬁ( ” if and only if O € (Cf : Cbp). Hence, we see
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)ﬁ(bp)

that (j' } = mZ=1 @y, in view of part (i) of Lemma 3.2.

Theorem 3.4. (j’ })y = w; NCSy.

Proof. Let us choose ¢ = (¢,) € Q and x = (x,,) € j;. Then, y = J"x € Cy. Therefore, cx € BS whenever x € j} if
and only if z € M, whenever y € Cy. This means that ¢ € (j })y if and only if O € (Cf : M”), where O and z defined

)
as in Theorem 3.3. In that case, it is achieved from the conditions of the part (ii) of Lemma 3.2 that O,,, € (C f)ﬁ( : for
each fixed m,n € N and
a b
o a(g)e(d)

sup Z Z ———— (kD) cap| < 0.

m,neN &l |a=kkla b=Llb Jt(a)Jr(b)
Therefore, it is obvious that (j })y = @ N CSy, as claimed. |

4. SoME MATRIX TRANSFORMATIONS

Now, we will give the classes (jj’, :A)and (¥ : j}), where A € {M,,Cpp,Cy} and ¥ € {M,,Csp,Cp,C-,Cr, L,}.
Before these, it is needed to give the following conditions which will be utilized in Lemma 4.1.

Aby € Cobp— lim «(k,1,0,0',m,n) = by uniformly in m,n € N for each k, [ € N, “.1)
0,0/ =00
AL eC>bp - lim Z k(k, 1, 0,0 ,m,n) = Luniformly in m,n € N, “4.2)
0,0/ >0
&l
Aby; € C>bp — lim Z |K(k, Lo,o,mn)— bkl| = 0 uniformly in m,n € N foreach / € N, “4.3)
0,0/ >
k
Ay € C3bp— lim Z |k(k, 1, 0,0",m,n) — byy| = 0 uniformly in m,n € N for each k € N, (4.4)
0,0/ >0
]
lim Arok(k, 1, 0,0 ,m,n)| = 0 uniformly in m,n € N, 4.5
9’9’*‘”;2' 1k(k, 1,0, ¢',m, ) y inm,n 4.5)
lim Aoik(k, 1, 0,0, m,n)| = 0 uniformly in m,n € N, 4.6
M,wzlzzkll o1k(k, 1,0, 0", m, n)| y inm,n (4.6)
Ay eN>bp— lim Z «(k, lo, 0,0’ ,m,n) = A;, uniformly in m, n € N, 4.7
0,0/ =0 T
Jko eN3bp— lim Z «(ko, 1,0,0',m,n) = 1, uniformly in m,n € N, 4.8)
0,0’ — 7
VkeN,dlpeN> b =0, Vi>Ilyandm,n €N, (49)
VieN,Jkge N> b, =0, Vk>koandm,neN, (4.10)
Ay € C>  for— Hm by = Ay forall k,[ € N, 4.11)
VYm,n,l € N, e N> «(k,l,0,0",m,n) =0, Vo,0,k>n, (4.12)
¥Ym,n, ke N,dnp, e N> «(k,L,o,0',m,n) =0, VYo,0',l>n, (4.13)
sup |bmnkl| < 00, (414)
m,n,k,lEN
sup " Ibmuial? < o0, (4.15)
m,neN *l

where «(k, [, 0,0",m,n) = Y¢ Z?:fl W&%’ Mok(k, 0,0 ,m,n) = kk,1,0,0",m,n) —kk+1,1,0,0 ,m,n) and

Aoik(k, 10,0, m,n) = k(k,1,0,0",m,n) — k(k,l + 1,0,0’,m, n).
Lemma 4.1. [I8, 26,29, 33] The following statements hold.:
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(D): B = (bynut) is almost Cpp-conservative, that is, B € (Cyp, : Cy) if and only if the conditions (3.1), (4.1)—(4.4)
holds.

(ii): B = (bumui) is almost strongly regular, that is, B € (Cy : Cy)reg if and only if the conditions (3.1) and
(4.1)—(4.6) hold whenever by, = 0, Vk,1 =1,2,...and L = 1.

(iii): B = (bynit) is almost C,-conservative, that is, B € (C, : Cy) if and only if the conditions (3.1), (4.1), (4.2),
(4.7) and (4.8) hold.

(iv): B = (byuut) is almost Cp-conservative, that is, B € (Cp, : Cy) if and only if the conditions (3.1), (4.1), (4.2),
(4.9) and (4.10) hold.

V): B = (b)) € (M, : Cy) if and only if the conditions (3.1) and (4.11)—(4.13) hold.

(vi): Let 0 < g < 1. Then, B = (byu) € (Ly : Cy) if and only if the conditions (4.11) and (4.14) hold.

(vii): Let 1 < g < oo. Then, B = (bynut) € (Ly : Cy) if and only if the conditions (4.11) and (4.15) hold.

Theorem 4.2. Assume that the elements of 4d matrices B = (b)) and H = (W) are connected with the relation

o)

- u($Hu%)
Mot = T N7 (kl)tbmnab-
a:k;‘a b;,llb Ji(@)J(b)

Then, B € (jj’, s M) ifand only if H € (Cy : M,) and
B €[5 foratim,n e . (4.16)

Proof. Assume that B € (J ;t‘ : M,). In that case, Bx exists and Bx € M, for every x € J ; and it also implies that

8() . . . .
B, € [j' }] “ for every m,n € N. From partial sums of the series 3 ; buauxi with relation (2.3), we have

ij ij k l
H(GH()
§ bpnaxy = E binia § 2 2 (ab)tyab

k=1 ki=1 alkpll Jt(k)Jt(l)
ij i j ay, b
) Z % (kl)tbmnah:| Ykl
k=1 La=k.k|la b=LI|b ;((l) t( )

for every i, j € N. Then, when passing to ©J-limit on the equality above as i, j — oo, we get Bx = Hy. Therefore, we
obtain that Hy € M, whenever y € Cy, thatis H € (Cy : M,).

)
Conversely, suppose that B,,,, € [j }]ﬁ( ) for every m,n e N, H € (Cy : M) and x € J' } such that y = J"x. In that
case, Bx exists and therefore, the (g, 7)th rectangular partial sums of 3 ; b, Xy obtained as

ST
Z Dunki Xk

k=1
. p(Epuck) }
= binia —4— 2 (ab)tyah
kZ‘l a%;l, J(k)J (D)

S S &
= > [ 20 25 Ty 0 banan i

ru=1 La=k.kla b=,1|p

(Bx)f!

4.17)

for every m, n, ¢, 7 € N. By taking ¢-limit on (4.17) while ¢, 7 — oo, it can be easily obtain from the following equality

Z biniixi = Z [ -
Tl ]

for every m,n € N that Bx = Hy. Thus, B € (J} M. O

Corollary 4.3. Suppose that B = (b)) be a 4d matrix. In that case the following statements hold:
@i): Be (j; : Cbp) if and only if the conditions (3.1)-(3.7) and (4.16) hold with hy1; in place of by,
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(ii): B € (j} : Cf) . if and only if the conditions (3.1), (4.1)—(4.6) and (4.16) hold whenever by, = 0, Yk,I =

re,

1,2, ...and L = 1 with hy, in place of byyy.

Lemma 4.4. [30] Let ¥, A € Q, B = (byuu) be any 4d matrix and F = (fiuu) also be a 4d triangle matrix. In that
case, Be (Y : Ar) ifand only if FB € (¥ : A).

Now, let us define the 4d matrix G = (guux) by
8mnkl = Z Trmiabidri

ilm,d|n

for every m,n, k,l € N and give following corollary.

Corollary 4.5. Suppose that B = (b)) be a 4d matrix. In that case the following statements hold:
(i): Be (Cbp : j’;) if and only if the conditions (3.1), (4.1)—(4.4) hold with g1 in place of by,
(ii): Be (C, : j;) if and only if the conditions (3.1), (4.1), (4.2), (4.7) and (4.8) hold with g1 in place of by,
(iii): B € (Cp : j’f) if and only if the conditions (3.1), (4.1), (4.2), (4.9) and (4.10) hold with g,.. in place of

bmnkl;
(iv): B (M, : J) if and only if the conditions (3.1) and (4.11)~(4.13) hold with gy in place of by,

(v): Be (.ﬁq : jjﬁ) if and only if the conditions (4.11) and (4.14) hold for O < g < 1 with g in place of by,

(vi): B e (L, : ") if and only if the conditions (4.11) and (4.15) hold for 1 < g < o0 ith g in place of by,

(vii): B € (Cf : j})mg if and only if the conditions (3.1) and (4.1)—(4.6) hold whenever by = 0, Yk, = 1,2, ...
and L = 1 hold with g1 in place of byi.
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