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ABSTRACT. A dominating set of a graph G which intersects every independent set of a maximum cardinality
in G is called an independent transversal dominating set. The minimum cardinality of an independent transversal
dominating set is called the independent transversal domination number of G and is denoted by y;,(G). In this paper
we investigate the independent transversal domination number for the transformation graph of the path graph P; ™",
the cycle graph C,; ™", the star graph S| *, the wheel graph W[ and the complete graph K, ™.
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1. INTRODUCTION

In a communication network, the vulnerability measures the resistance of network to disruption of operation after
the failure of certain stations or communication links. The stability of communication networks is of prime impor-
tance to network designers. If we think of the graph as modeling a communication network, many graph theoretical
parameters have been used to describe the stability of communication networks including connectivity, toughness, in-
tegrity, binding number, domination, exponential domination, independent transversal domination. The independent
transversal domination number is one of the measures of the graph vulnerability.

In this paper, we consider simple finite undirected graphs without loops and multiple edges. Let G = (V(G), E(G))
be a graph. For a vertex x of G, N(x) denotes the set of all neighbors of x in G. The distance d(u,v) between two
vertices # and v in G is the length of a shortest path between them. The diameter of G, denoted by diam(G) is the
largest distance between two vertices in V(G) [16]. The number of the neighbor vertices of the vertex v is called degree
of v and denoted by degs(v). The minimum and maximum degrees of a vertex of G are denoted by §(G) and A(G). A
vertex v is said to be pendant vertex if degg(v) = 1. A vertex u is called support if u is adjacent to a pendant vertex [11].
The eccentricity e(u) of a vertex u in G is the distance from u to a vertex farthest from u. The minimum eccentricity of
the vertices of the graph G is the radius of G denoted by rad(G), while the diameter of G is the greatest eccentricity [7].
The line graph L(G) of a graph G is that graph whose vertices can be put in one-to-one correspondence with the edges
of G in such a way that two vertices of L(G) are adjacent if and only if the corresponding edges of G are adjacent [7].
The total graph T(G) has vertex set V(G) U E(G), and two vertices of T(G) are adjacent whenever they are neighbors
in G [11]. Tt is easy to see that T(G) always contains both G and L(G) as induced subgraphs. The complement G

Email address: batay @agri.edu.tr (B. Atay Atakul)


https://orcid.org/0000-0003-1964-3287

Independent Transversal Domination Number for Some Transformation Graphs G*° when xyz = + — + 2

of a graph G is that graph with vertex set V(G) such that two vertices are adjacent in G if and only if these vertices
are not adjacent in G [7]. Let G be a graph and § € V(G). We denote by < § > the subgraph of G induced by S.
For each vertex u € S and for each v € V(G) — S, we define d(u,v) = d(v,u) to be the length of a shortest path in
< V(G) — (S — u) > if such a path exists, and co otherwise. Let v € V(G). The definition is

1 23(u,v)—l , S

We refer to w,(v) as the weight of § at v. If Vv € V(G), we have w,(v) > 1, then S is an exponential dominating set.
The smallest cardinality of an exponential dominating set is the exponential domination number, y.(G), and such a set
is a minimum exponential dominating set, or y, — set for short [2,9].

A set S is said to be an independent set of G, if no pair of vertices of § are adjacent in G. The independence
number of G, denoted by B(G), is the cardinality of a maximum independent set of G. We denote by Q(G) the set of all
maximum independent sets of G. A vertex and an edge are said to cover each other if they are incident. A set of vertices
which cover all the edges of a graph G is called a vertex cover for G, while a set of edges which covers all the vertices
is an edge cover. The smallest number of vertices in any vertex cover for G is called its vertex covering number and is
denoted by a(G) [11].

A dominating set S in a graph G is a set of vertices of G such that every vertex in V(G) — § is adjacent to at least
one vertex in S. The domination number of G, denoted by y(G), is the minimum cardinality of a dominating set of
G[12,13].

Given a graph G and a collection of subsets of its vertices, a subset of V(G) is called a transversal of G if it
intersects each subset of the collection. A dominating set of G which intersects every independent set of maximum
cardinality in G is called an independent transversal dominating set. The minimum cardinality of an independent
transversal dominating set is called the independent transversal domination number of G and is denoted by y;(G). An
independent transversal dominating set of cardinality y;(G) is called a y;(G) — set. Thus, if D is an ITD-set of G, then
D is a dominating set of G and 5(G) > S(G — D). The notion of independent transversal domination was first introduced
by Hamid [6, 10]. This parameter is a new concept for graph theory. Independent transversal domination numbers for
path graphs P,, cycle graphs C,, wheel graphs W,,, complete graphs K,, bipartite graphs and tree graphs have been
investigated in [10] and complexity of this parameter has been computed in [1].

In this paper, firstly known results are given. Then, we investigate the independent transversal domination number
for some transformation graphs G*~*. We displayed the relationship between the independent transversal domination
number and the exponential domination number, the independence number S, the vertex covering number @ as a
corollary. Lastly, the conclusion section is presented.

2. KNownN REsuLTs

Theorem 2.1 ( [10]). If G is a complete multipartite graph having r maximum independent sets, then

2 Lifr=1

r ,otherwise.

Yi(G) = {
Theorem 2.2 ( [10]). For complete graph with order n and complete bipartite graph with order m + n, y;(K,) = n and
Yit(Kin.n) = 2, respectively.
Theorem 2.3 ([10]). For any path P, of order n, we have

2 ,if n=2,3
Yi(Pn) =1 3 Jifn==6
51 otherwise.

Theorem 2.4 ( [10]). For any cycle C, of order n, we have
,if n=3,5

, otherwise.

|3
7it(cn) - { r%-l
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Theorem 2.5 ([10]). If W, is a wheel on n vertices, then

29 if n= 5
YilW) =3 3, if n>7and is odd or n==6
4, otherwise.

Theorem 2.6 ( [10]). If G is a disconnected graph with compenents Gy, G», ..., G,, then y;(G) = min|<j<.{yi:(G;) +
Z;:l,j;ti ¥(G)}-

Theorem 2.7 ( [10]). If G has an isolated vertex, then y;(G) = y(G).

Theorem 2.8 ( [10]). For any graph G, we have 1 < y;(G) < n. Further v;;(G) = n if and only if G = K,,.
Theorem 2.9 ( [10]). Let G be a graph on n vertices. Then yi(G) = n — 1 if and only if G = P3.
Theorem 2.10 ( [10]). Let G be a non-complete connected graph with B(G) = 5. Then yy(G) < 5.
Theorem 2.11 ( [10]). If G is bipartite, then y;(G) < 5.

Theorem 2.12 ( [10]). Let a and b be two positive integers with b > 2a — 1. Then there exists a graph G on b vertices
such that v;(G) = a.

Theorem 2.13 ( [10]). If G is a non-complete connected graph on n vertices, then y;;(G) < |'§'I.
Theorem 2.14 ( [10]). For any graph G, we have y(G) < yi(G) < v(G) + 6(G).

Corollary 2.15 ([10]). If T is a tree, then y;(T) is either y(T) or y(T) + 1.

Theorem 2.16 ( [10]). If G is a graph with diam(G) = 2, then v;;(G) < 6(G) + 1.

Theorem 2.17 ( [6]). If G is a connected graph and u is a vertex of minimum degree in G, then

0G)+1 if eccg(u)<?2

. <
Yi(G) < { D 41, if ecco(u) > 3,

and these bounds are tight.

Theorem 2.18 ( [6]). If G is a graph with B(G) > "2, then y4(G) < y(G) + 1, and this bound is tight.

Theorem 2.19 ( [9]). For every graph G, vy.(G) < y(G). Also, v.(G) = 1 if and only if y(G) = 1.

3. INDEPENDENT TRANSVERSAL DOMINATION OF A GRAPH

Definition 3.1 ( [10]). A dominating set S C V of a graph G is said to be an independent transversal dominating set if
S intersects every maximum independent set of G. The minimum cardinality of an independent transversal dominating
set of G is called the independent transversal domination number of G and is denoted by y;,(G). An independent
transversal dominating set S of G with |S| = v;(G) is called a y;; — set.

The following figure shows the independent transversal domination number of a graph G.
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Figure 1. The graph G

In Fig. 1, B(G) = 4,y¥(G) = 4. The maximum independent set of the graph consists of four pendant vertices or two
pendant vertices and two support vertices on cycle having deg(v) = 2. The dominating set of the graph consists of four
pendant vertices or four support vertices on cycle having deg(v) = 2. Let S be an independent transversal dominating
set. If we pick the support vertices on cycle for S, then all vertices of the graph G are dominated. But the independence
number of the graph doesn’t decrease. V — S contains any 8 — set. So, we must add also any pendant vertex to S.
Hence, B(G) > B(G — §') and we have y;;(G) = 5 since |S| = 5.

Definition 3.2 ( [15]). Let G = (V(G), E(G)) be a graph, and «, 8 be two elements of V(G) U E(G). We define the
associativity of @ and S is + if they are adjacent or incident, and — otherwise. Let xyz be a 3-permutation of the set
{+, —}. We say that @ and S correspond to the first term x (resp. the second term y or the third term z) if both @ and 8
are in V(G) (resp. both @ and B are in E(G), or one of @ and § is V(G) and the other is in E(G)). The transformation
graph G** of G is defined on the vertex set V(G) U E(G). Two vertices « and § of G** are joined by an edge if and
only if their associativity in G is consistent with the corresponding term of xyz.

Let x,y, z be three variables taking value + or —. The transformation graph of G, G~ is a simple graph having as
the vertex set V(G) U E(G) and for u,v € V(G) U E(G), u and v are adjacent or incident in G** if and only if one of
the following holds [3-5, 14, 15]:

(i) Let u,v € V(G). u and v are adjacent in G if x = +; u and v are not adjacent in G if x = —.
(ii) Let u,v € E(G). u and v are adjacent in G if y = +; u and v are not adjacent in G if y = —.
(iii) Let u € V(G) and v € E(G). u and v are incident in G if z = +; u and v are not incident in G if z = —.

Since there are eight distinct 3-permutations of {+, —}, we may obtain eight kinds of transformation graphs, in which
G*** is the total graph of G and G~ is its complement. Also, G™™*, G™"~ and G™** are the complements of G**~,
G** and G*™7, respectively.

In this paper, the independent transversal domination number of the transformation graphs for graphs paths, cycles,
stars, completes and wheels have been computed when xyz = + — +.

The transformation graph P;~" can be depicted as in the following figure:

Ficure 2. The graph P{™"

Theorem 3.3 ( [8]). For any path P, of order n, we have y(P,) = (%].
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Corollary 3.4. For any connected graph G, B(G*") =[5]+ L.

Theorem 3.5. Let G = P, be any path graph of order n > 10. Then,

ey ["%2] +2, if n=2(mod?3)
(G )_{ [%] +1, otherwise.

Proof. The vertex set V(G*™+) = V(G) U V(L(G)) of the graph G*~*, where V(G) = {vi,vs,...,v,} and V(L(G)) =
{e12, €23, €34, ..., eu—1yn}. Let D be ay — set of the graph G*~*. Any of the vertices e}, and e(,_1), must be in D, due to
the maximum degree A(G*™) = deg(e12) = deg(em-1),) = n— 1 of G*™*. Suppose {e;2} € D. So, every vertices in
(V(L(G)) — {e23}) and the vertices v, v, in V(G) are dominated. Hence, we have the remaining graph G = P,_,. There
are three cases depending on n from Theorem 3.3.

Case 1. n = O(mod 3)

In this case, D = {e;p} U {vs; : 1 <i < I'"g—z'l}, where D is a y — set of the graph G*~*. Therefore, < V(G*™*) - D >=
(5)KrU (L(G) - {e1n)). Every independent set in V(G*~") — D contains at most 5 +2 vertices due to ﬁ(m) = 2. Also,
5+2<T[51+1=p(G""). This means that (V(G*")) — D doesn’t contain any 8 — set of G*~*. This requires that
B — set of G*~" contains at least one vertex of D. Hence, domination set D of the graph G*~* is also an independent
transversal domination set of the graph G*~*. So, we have y;,(G*™) = y(G*™*) = |D| = [%2] + 1.

Case 2. n = 1(mod 3)

v — set D of G is the same as in the Case 1. D = {e;p}U{vy; : 1 < i < [”3;2]}. We have < V(G*™") — D >=
(”;—')Kz U(L(G) — {e12}) U {vn). Every independent set in (V(G**) — D) contains at most [%] +2+1= (’%8] vertices.
Obviously, [’{%8] < [31+ 1 = B(G*). This means that (V(G"~*) — D) doesn’t contain any 8 — set of G*~*. This
requires that 8 — set of G*~* contains at least one vertex of D. Hence, domination set D of the graph G*~* is also an
independent transversal domination set of the graph G*~*. So, we have v;,(G*™*) = y(G*™*) = |D| = I'%'l + 1.

Case 3. n = 2(mod 3)

v — set D of G** is the same as in Case 1 and Case 2. So, D = {ejp} U{vs; : 1 <i < [%2]} U {v,}. Therefore,

<V(GT")=D>= (KU (L(G) —{e12}). Also, every independent set in (V(G*~*) — D) contains at most %1 +2 = ”%7
vertices due to [2] = %L for n = 2(mod 3). It is easy to see that 22 < [4]+ 1 = B(G*™*). This means that
(V(G*")) — D doesn’t contain any 8 — set of G*~*. This requires that 8 — set of G*~* contains at least one vertex of D.
Hence, domination set D of the graph G*~* is also an independent transversal domination set of the graph G*~*. So,
we have 7;(G™) = ¥(G™) = D| = [%52] + 2.

The proof is completed. O

Theorem 3.6. Let G = C,, be any cycle graph of order n > 11. Then,
_ n
yu(GTF) = fg] +1.

Proof. The vertex set V(G*™*) = V(G) U V(L(G)) of the graph G*~*, where V(G) = {v},vs,...,v,} and V(L(G)) =
{e12, €23, €34, ..., €—1yn» €1n}. Let D be ay — set of the graph G*~*. If the vertices e;3 and v, are added to D, then all
vertices in L(G) and the vertices v,, v3, v, in G are dominated. Hence, we have the remaining graph G = P,_3. We
know y(P,) = [5] from the Theorem 3.3. So, ¥(G"™) = {”3;3] +2 =31+ 1. (V(G'™") = D) doesn’t contain any
B — set of G*~". Hence, domination set D of the graph G*~* is also an independent transversal domination set of the
graph G*™*. So, we have

Y€ =151+ 1.
The proof is completed. O

Theorem 3.7. Let G = S, be any star graph of order n + 1. Then, y;(G*™) = 3.

Proof. The vertex set V(G*™*) = V(G) U V(L(G)) of the graph G*~*, where V(G) = {c,vi, Vs, ..., vn}, Where ¢ is
the center vertex and V(m) = {e1, ez, €3,...,e4-1),€,}. Let D be a y — set of the graph G*~*. We know that the
minimum vertex degree §(S T’;“’) = 2, the diameter diam(S T’;“’ = 2 and the domination number y(S E*) = 1. We know
Yir(S t;*) <88 T;*) + 1 from the Theorem 2.16. So, we have y;,(ST~*) < 3.

1,n
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Assume that D = {c,v;} or D = {c, ¢;},where 1 < i < n. In this case, V — D contains a 8 — set such that {v{,v,, ..., v,} or
{er,ea,...,ex}or {vy,eglx #y,1 < x,y < n} due to B(S T’:’) = n. Therefore, y;,(S T;l*) > 3. So, we have v;(S T;l*) =3
The proof is completed. O

Theorem 3.8. Let Wy, be any wheel graph of order n + 1. Then, yi(W{ ") = 3.

Proof. We can split the vertex set of W* * into three sets V(W+ =V (W U Vz(W+‘+) U V3(W1f . 1) such as:
Vl(W1 N Y = {c, uj|c is the center vertex of Wy, and u; € V(W1 a1l < < n} V2(W *) = {¢;] the vertices that are
corresponding to the edges cu;, c is the center vertex of Wy, and u; € WL,Z, 1<i<n}

V3(WI;+) ={vyyly=x+1orx=nandy = 1 the vertices that are corresponding to the edges on the cycle of the
wheel graph }

The maximum independent set of the graph W+ * is the set Vg(W+ *YUcand ﬁ(W+ =n+1.LetD = {cUc;Uvy,l,
where i # x,y be a dominating set. Since B(W+ T =D) <pW, *), D is also an 1ndependent transversal dominating
set of Win+ and )/,,(W+ )y =3. O

Theorem 3.9. Let K, be a complete graph of order n. Then, y;(K;™*) = 3.

Proof. We can split the vertex set of K~* into n sets such that:
VK, ) =V(Ky) = {u1,uz, et} U Vi = {u1g, 13, s 1} U Vo = {u23, g, .., gp} U V3
= {uzg,u3s,...,u3,} U ..UV, | = {un—l,n}-

The maximum independent set of the graph K™+ is either V| or {V, U u;}. Hence, B(K™*) = n — 1. Let S be an
independent transversal dominating set of K;\~*. If we add u; and u;, to S, then the maximum independence number
of K+ decreases and (V(K;/~*)—S) contains no S—set. But, we need to add the vertex u, to S to dominate all vertices
of K~*. Hence, we have y;(K;™*) = y(K;™*) =3

The proof is completed. o

Theorem 3.10. If G is a non-complete connected graph of order n and p(G) = 2, then f(G) < yiy(G) < [5]

Proof. If B(G) = 2 then y(G) < 2. Suppose {u, v} be an independence set. If y(G) = 1 then, there is a vertex w such
that d(u,w) = d(v,w) = 1. Let |D| = 1 is a dominating set and S be an independent transversal dominating set of G.
In this case, S(G) = B(G — D). So, D is not an independent transversal dominating set and S > 2. If ¥(G) = 2 then,
D = {u,v} is also a dominating set of G. Otherwise, there is a vertex z such that d(z, u) > 1 or d(z,v) > 1. So, we have
an independence set {u, v, z} and S(G) = 3, which is a contradiction. Since S(G) > B(G — D), we have |S| > 2.

For the right side of inequality, if 8(G) = 2 then, 6(G) > % We know y;:(G) < ¥(G) + 6(G) from the Theorem 2.14.
So, if B(G) = 2 then, we have y;(G) < 1 + % = 3.

The proof is completed. O

Theorem 3.11 ( [11]). For any nontrivial connected graph G of order n, a(G) + B(G) = n.
Corollary 3.12. Forn > 4 and B(G) = 2, we have B(G) < vi(G) < a(G).

Proof. We know B(G) + a(G) = n. If B(G) = 2 then, B(G) < v;(G) from the Theorem 3.10. and a(G) = n — 2 . Since
(n=2) 251 for n > 4, we have y;(G) < a(G). O

Corollary 3.13. Let G be any graph, then y.(G) < y;(G).

Proof. We know v,(G) < y(G) from the Theorem 2.19 and y(G) < v;(G) from the Theorem 2.14. Hence, y.(G) <
Yir(G). m

4. CONCLUSION

In this paper, we have investigated the independent transversal domination number for the transformation graphs
Py G ST W KT Caleulation of the independent transversal domination number for simple graph types
is important because if one can break a more complex network into smaller networks, then under some conditions
the solution for the optimization problem on the smaller networks can be combined to a solution for the optimization

problem on the larger network.
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