Turk. J. Math. Comput. Sci.
13(2)(2021) 310-317

© MatDer

DOI : 10.47000/tjmcs.893395

Oscillation Test for Linear Delay Differential Equation with Nonmonotone
Argument

NurTeN Kivi¢

Department of Mathematics, Faculty of Art and Science, Kutahya Dumlupinar University, 43100, Kutahya, Turkey.

Received: 08-03-2021 e  Accepted: 18-08-2021

ABSTRACT. In this article, we analyze the first order linear delay differential equation
x'(0) + p)x (7(1)) = 0, 1 > &,

where p, T € C([ty,0),R*) and 7(f) < ¢, lim,,,, 7(tf) = oo. Under the assumption that 7(¢) is not necessarily
monotone, we obtain new sufficient criterion for the oscillatory solutions of this equation. We also give an example
illustrating the result.
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1. INTRODUCTION

The theory of oscillation is an important research area for applied mathematics. Also, substantial concern has been
dedicated to the oscillatory and nonoscillatory solutions of some classes of differential equations. Particularly, delay
differential equations have attracted a lot of scientists in recent years. Delay differential equations are differential
equations where derivative functions rely on not only present value, but also on the previous value. See, for example
[1-17], and the references cited therein. The reader is referred to monograph [8] for the general information about
oscillation theory.

Consider the linear delay differential equation

X'+ pO)x(x(1) = 0, t > 1o, (1.1)
where the functions p, T € C ([tp, ), R*) and 7(¢) is not necessarily monotone such that
7(t) <t fort > tg, lim 7(f) = oo.
—o0
By a solution of (1.1), we mean continuously differentiable function defined on [7(T), c0) for some Ty > #y such that
(1.1) holds for r > Ty. A solution of (1.1) is called oscillatory if it has arbitrarily large zeros. Otherwise, it is called
nonoscillatory.

The first systematic study for the oscillation of all solutions of (1.1) was made by Myshkis in 1950. Later, Koplatadze
and Chanturija [11], Fukagai and Kusano [7], Ladde et al. [14] and Gyori and Ladas [8] analyzed this equation and
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obtained some well-known oscillation criteria when the delay argument is nondecreasing.
Let a and g be defined by

t

= liPinffp(s)ds
(1)

and
t

B := lim sup fp(s)ds.
t—o0 A

In 1988, Erbe and Zhang [5] established the following condition.

IfOo<ac< ﬁ and 7(7) is nondecreasing,

2
/3>1—a—,
4

then all solutions of (1.1) are oscillatory.
Since then, many authors have tried to obtain better results by improving the upper bound for D) - Also, in 1991,

x(1)
Chao [3] obtained the following condition
2

B>1- @ .
2(1 —a)

In 1992, Yu and Wang [16] and Yu et al. [17] found out the following one.
IfO0<ac< % and 7(¢) is nondecreasing,

_ _‘\/_ )
g>1-12¢ ; 2a-a” (1.2)

then all solutions of (1.1) are oscillatory.
In 1990, Elbert and Stavroulakis [4] and in 1991, Kwong [13] established the following criteria by using different
techniques, respectively. When 0 < a < % and 7(f) is nondecreasing

1 \2
L>1-(1-—
(1-)
and
ﬁ>ln/ll+1
A4

where A, is the smaller root of equation A = e,

In 1994 Koplatadze and Kvinikadze [12] improved (1.2). Moreover, in 1998 Philos and Sficas [15], in 1999, Jaro$
and Stavroulakis [9] and in Kon et al. [10] obtained the following conditions for oscillatory solutions of (1.1) when
O<ac< % and 7(#) is nondecreasing.

2 2

B>1 Ly}
20-a) 27"
Iny1+1 1—-a- V1-2a-a?
B> - , (1.3)
A 2
and

B>2 +2 1
a py ,

where A, is the smaller root of equation A = e®*,

When the delay argument 7(#) is not necessarily monotone, the result which was presented by Chatzarakis and Péics [2]
includes (1.3).

Thus, in this paper our aim is to essentially develop these results under the assumption that 7(f) is not necessarily
monotone argument.
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2. MAIN REsuLTs

In this section, we study the differential equation (1.1) with nonmonotone delay.
Set

h(t) := sup{z(s)}, t > O. 2.1)

s<t
Clearly, h(¢) is nondecreasing and 7(¢) < h(¢) for all # > 0.
The following results will be useful to obtain main results.
Lemma 2.1. [6, Lemma 2.1.1]
t
lim inf f p(s)ds > 0.
t—o0
7(t)

Then, we have
t t

liminffp(s)ds:liminffp(s)ds.
11— t—o0
(1) h(t)

Lemma 2.2. [1, Lemma 2] (See, also [13, Lemma 1]) Suppose that « > 0 and (1.1) has an eventually positive solution
x(t). Then, a < % and
lim inf 2010
Do (D)
w/l‘

> Ay,

where A1 is the smaller root of equation A = €

1

e

Lemma 2.3. Let 0 < a <
that

and x(t) be an eventually positive solution of (1.1). Assume that there exists 6 > 0 such

) t
fp(s)ds > pr(s)dsfor allh(t) <u <t. 2.2)
h(u) u

Then,

lim su X)) < 2

ol X0 l-a-+(0-a?-4K

el _ Q00— 1
(4160)?

where K is given by
K =
and h(t) is defined by (2.1).

Proof. Let¢ : 0 < 6 < a be any number of arbitrarily close to @ and T > #; large enough so that h(#) > #y and also
‘ T
from Lemma 2.1, we have fp(s)ds >dforeveryt>T.Lett>T and T = T(t) > ¢ : h(T)) = t. Since fp(s)ds > 0,
h(t) t
there exists T > t; = t;(¢) > t such that
Il

fP(S)dS =0. (2.3)

t

Since h(f) > 7(¢) and x() is nonincreasing, from (1.1), we have
xX'(t) + p()x(h(r)) < 0. 2.4)

Integrating (2.4) from ¢ to #;, we obtain

141

x(t)) — x(t) + fp(s)x(h(s))ds <0

t
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or
1)
x(t) = x(t)) + fp(s)x(h(s))ds. 2.5)
t
Also, integrating (2.4) from h(s) to ¢ for s < #;, we get
t
x(t) = x(h(s)) + fp(u)x(h(u))du <0
h(s)
or
t
x(h(s)) = x(¥) + fp(u)x(h(u))du. (2.6)
h(s)
Combining (2.5) and (2.6), we have
151 t
x(t) = x(t) + fp(s) x(1) + fp(u)x(h(u))du ds. 2.7
t h(s)
Let O < A < A;. Then, the function
Afp(s)ds
o) = x(t)e " , t>a.
By Lemma 2.2
xh@) _
x(1)
for all sufficiently large ¢ and then
0 =X'(1) + p(Ox(r(1) 2 X'(1) + p()x(h(1)) > x' (1) + Ap(D)x(1)
and also
, A p(s)ds ) ¢
pM)=e" X0+ X(t)/lp(S)rl) <0,
0
which implies ¢ (f) < 0 for all sufficiently large ¢, that is ¢(f) is nonincreasing.
Since
h(r) h(t)
/lfp(s)dx -1 fp(s)ds
@(h(®)) = x(h(D))e © = x(h(1)) = p(h(t))e " (2.3)
by using (2.3) and (2.8) in (2.7), we obtain
f t hwy
-A [ p&)de
x(1) = x(t) + 6x(t) + cp(h(t))fp(s) fp(u)e 0 du|ds. 2.9)
t h(s)
Also, we know that
h(u) h(t) h(r)
“A[p@de A [ p@de+d [ pé)dé
e ] =e h(u) .
By using this fact in (2.9), we have
h(t) f ()
-4 [ p(s)ds A [ p&de
x(1) 2 x(t1) + 6x(1) + p(h(r))e  © f p(s) f p(ue "
t h(s)
and so
3 t ha)
A [ p&)ds
x(t) = x(t;) + 6x(¢) + x(h(t))fp(s) fp(u)e iy dulds. (2.10)
t

h(s)
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From (2.2), we have
t h(t) t I3
A [ péde A0 p(&)de
fp(u)e iy du > fp(u)e u du
h(s) h(s)
1 16 [ plé)de |
= J— h(s) _
T [e 1.
t
Then, since f p(s)ds > 6 and (2.3), we have
h(t)
h(t) t
y : [ peve 1] 26 [ pled
fp(s) fp(u)e iy dulds > 0 p(s)le " —1]ds
t h(s) t
n ! 1
1 0 [ p(f)dfd 1 J
= J— h(s) § - —
Y p(s)e S~ p(s)ds
t t
151 t
1 0 [ pé)de¢ §
= — h(s) ds — —
) e ' 20
t
1 Ae}p@)df—w]p@dfd 5
- h(s) ' - —
w0 Pe T8
t
n j_
1 =40 | p($)dé )
= Ee/mfp(s)e ' ds— T
t
1
_ lewéi - e—w[p@)df 3§
A0 A0 A0
) o0 1 gty i
(16)? A0
1 o
— _[edﬁé _ l] _ =
(16)? A6
and from (2.10) we have
x(2) > x(t1) + 6x(t) + x(h(2))K™, 2.11)
where
. e — 106 - 1
(16)°
From (2.11), we get
(1 =6)x(t) = K*x(h(1))
or
X(t) > K = dl.
x(h(n) — (1 -90)
Since h(t;) < t < t; and x(¢) is nonincreasing, x(h(t;)) > x(¢) > x(t;), then we have
x(ty) > - 6)x(h(t1)) =dx(h(ty)) = dx(2). (2.12)

By using (2.12) in (2.11), we get
x(t) > dyx(t) + 6x(t) + x(h(H))K*
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or

x(0)(1 = dy = 6) = x(h(t))K*
and

X(f) > K = dg.

x(h(@®) — (I -d, = 9)

By following this process, we obtain
t K*
0 =dy1, n=1,2,...

xh0) = (U —dy—6)
1>d, >d, forn = 2,3, ..., which means that d, is increasing and it has a limit, limd, = d. Then, we have
1—00
F-1-8)d+K =0

or

C1-6- (1 -6 - 4K

d
2

For sufficiently large f,
x(1) S 1-6-+0-6)?-4K*

x(h(t)) — 2
and since 0 < < « is arbitrarily close to @, by writing 4 — A, in the last inequality, we obtain
h(t 2
lim supx( (1) < ,
s X 1 —a—\J(1-a)?-4K
_ e _)90-1 .
where K = ——=5—, so the proof is completed. O

0%

Theorem 2.4. Let 0 < a < é and there exists 6 > 0 such that

h(®) t
fp(s)ds > Gfp(s)dsfor all h(t) <u <t.

h(u) u
If
t
A +1 l-a-(I-aP—4K
limsupfp(s)ds> n; - ¢ (2 @) , (2.13)
1—o00 1

h(t)

then all soutions of (1.1) are oscillatory, where A, is the smaller root of equation A = e, K = % and h(t) is
defined by (2.1).

Proof. Assume for the sake of contradiction that x(¢) is an eventually positive solution of (1.1). If x(7) is an eventually
negative solution of (1.1), the proof of the theorem can be done similarly as below. Then, we know from [9, Theorem
1]

t

A + 1
lim sup f p(s)ds < % _ liminf
1

m
t—o00 t—o0
h(t)

x(1)

_ 2.14
(D) @19

Also, we know from Lemma 2.3

— - — )2 —
lim inf x(t) >1 a— (- 4K.

=0 x(h(t)) — 2
So, using this fact, we observe that (2.14) contradicts to (2.13). Then, the proof is completed. |
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Remark 2.5. If we take 6 = 1, then
/11 - /1104 -1
K=——7F—
4
and so, (2.13) reduces to
t

2
lim supfp(s)ds > 2a + i 1.
1

t—0o0

h(r)
Example 2.6. Consider linear delay differential equation
X' (£) + 0.5x(t — cos’t —0.7) = 0, t > 0. (2.15)

Since
13

1
li{n inffp(s)ds = li¥n inf 0.5(cos’t + 0.7) = 0.35 < —
00 — 00 e

(1)

and
t

lim supfp(s)ds = lim sup O.S(coszt +0.7)=0.85<1,
t—o0 h(t) t—o0

then well-known oscillation criteria do not hold. Also, from A = ¢°351 we have A = 2.04754.
Hence, by using Remark 2.5, we observe that

1

2
lim supfp(s)ds =0.85>2a + 7" 1 = 0.67678,
t—00 1
h(r)

then all solutions of (2.15) are oscillatory.
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