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ABSTRACT. In this paper we obtain Green’s function for regular Sturm-Liouville problem having the eigenparam-
eter in the quadratic boundary condition without smoothness conditions on the potential.
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1. INTRODUCTION
We consider the differential equation
=YV O +q)y® =, (1.1)

defined on the interval [a, b] where g € L'[a,b]. We impose the following boundary conditions

Y@ X +dl+ec#0 (1.2)
y(a)
sinBy (b) — cosBy(b) = 0,8 ¢ [0,7) (1.3)

where ¢,d, e € R.

This problem differs from the usual regular Sturm-Liouville problems in the sense that the eigenvalue parameter
A is involved in one of the boundary conditions. The left-hand boundary condition contains quadratic A-dependent
function.

In this paper, we obtain Green’s function of the problem (1.1)-(1.3) explicitly under the sole condition that g is
a member of L![a,b]. Constructions of Green’s function is considered by some authors to give some expansion
theorems and sampling representations for transforms associated with problem (1.1)-(1.3) in which ¢ (¢) is assumed to
be continuous [1,6].

We suppose without loss of generality that ¢ has a mean value zero, i.e.,

b
f q@®dt=0.
a
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As an illustration of our results we obtain that fora < x <y <b,8#0and g € L' [a,b]

L1psin ' (x —a)cos ' (b - y) A7
cos /2 (b —a) cos A2 (b —a)
[ cotB— 4 fybq(t) dr 1sin V2 (x — a) sin 212 (b — y)
X +3 ([ g0y dt)cos 22 (x = @) cos "2 (b - )
—cotBtan 12 (b — a)sin A'? (x — a) cos 1'% (b - y)
+0(a-1nu))

where 17(1) — 0 as 4 — oco. Similar results hold for a < y < x < b changing the role of x and y.

Gx,y,1) = -1

2. TueE METHOD
As similar to the [3], we reduce (1.1) to the Riccati equation
V= —1+q-V 2.1
It was shown in [7] that if v(¢, 1) is a complex-valued solution of (2.1) and
S, ) := Re{v(t, D)},
T(t, ) = Im{v(t, D},
then any nontrivial real-valued solution, z, of (1.1) can be expressed as
z(t, ) = crexp( ftS(x, Adx )cos{cr + ft T(x,dx } 2.2)

with

() = c,S(t,/l)exp(fS(x,/l)dx)cos{cz+fT(x,/l)dx}

—c1exp ( f S (x, Ddx )sin{ c; + f T(x, D)dx }T(t, Q). 2.3)

We suppose that there exist functions A (¢) and 7 (1) so that
b
| f V' g(xdx | < A,  tela,b]
t

where A (1) := ft b lg (x)| dx which is a decreasing function of z, (1) — 0 as A — oo and A (¢) € L' [a, b]. The existence
of these functions are established in [2]. We restate F (¢, 1) for completeness.
We first define

b o b o b

) 2 g(ydx |/ [ gl dx, i [ 1q(x)] dx # 0,
) o, it ["lg(ldx=0

and we set 17 (1) := sup,.,, F (1, ) (0 < F (£, 1) < 1). n(4) is well defined by (2.4) and goes to zero as A — oo [7].
We now approximate to a solution of (2.1) on [a, b]. For this reason, we set

2.4

(e, A) = il 2 + Z (£, )
n=1
and choose v, so that
Vi +2i1' vy = g,
vy + 2i12y, = —v%
and forn = 3,4, ....
n-2
v, + 2i/l]/2vn =—( vﬁfl +2v, va ).

m=1
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Solution of above equation forn = 1,2,3, ... is

b
_2iq1/2 12
vi(t, ) = —e 2 ’f H VT g(x)dx,
t

b
a2 172
Va(t, A) = 21 ’f N2 (x, Adx,
t

n-2

b
a2 172
Va(t, A) = 21 ’f P ( vi_l +2v, E Vi ) dX.
t

m=1
It is shown in [2] that the series ), v, (t, 1) and ) 7, v, (¢, A) are uniformly absolutely convergent for all 1 > A
and for all ¢ € [a, b]. The series iA!/2 + iy Vn (2, A) is a solution of (2.1) and

(e8]

S (t, /l) =Re Z Vn(t’ /l)’

n=1

T, ) = A%+ Im Z Va2, ).
n=1

The asymptotic forms of S (¢, 1) and T (¢, 1) are obtained in [4] as follows
S(t, ) = —sinRA?t + &) + OGP (D) (2.5)

and
T (1,2) = 212 — cos2A'%t + &) + O () (2.6)
where

b b
sin{, = f q (x) cos 202 xdx, cos L= f g (x)sin 212 xdx.
t t

And following two equalities are obtained in [5]
!
- 1 172 1/2
L S, Ddx = m{ cosQA“t + ;) — cos(QA " a + ) }

+0(7' (), Q2.7

!
1
f T, )dx = A*(t-a)- o7 | sin(2A'21 + £;) — sin2A'2a + £,)

+ f g(x)dx } + 0722 ()). (2.8)

3. AprpROXIMATIONS FOrR THE EIGENFUNCTIONS

In this section we obtain approximations for the solution of (1.1)-(1.3). We define two solutions, ¥(z, 1) and (¢, 1)
of (1.1)-(1.3) with the initial conditions

Ya,)=1, ¥Y(@)=cl’+dl+e 3.1

and
®(b, ) =sinB, @' (b, ) = cosp. (3.2)

Theorem 3.1. Let WY(t, 1) and @ (t, A) be the solutions of (1.1) satisfying (3.1) and (3.2), respectively. Then
(i)

1 !
¥(1,A) = a exp f S 0o )
cos { cot™! [ —pmnisra 1) ¢

T (a, )
—cA2—dl-e+S (a, )

X cos { cot™' [

]+f T(x,Ddx }, 3.3)
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(ii)ay+0
. b
o) = A e exp( - f S (x, dx )
cos{ tan~ [W]} !
S (b, ) — cot b
x cos{ tan”! [ W 1- f, T(x, Ddx }, (3.4)
b)p=0
b 7 b
D(t,A) = _T(b,/l) exp ( —I S (x, D)dx ) cos{ 3 —I T(x,Ddx}.
Proof. (i) From (2.2), (2.3) and (3.1) we obtain
Y(a,A) =cycoscy =1, 3.5
Y (a,Ad) = c1S(a,A)coscy — ¢y sinerT(a, ) = cA® +dA+e. 3.6)
From (3.5)
1
C1 = .
cos ¢
Using ¢ in (3.6),
_ T (a, )
= cot™! : 3.7
2=t e+ S @ 3.7)
Hence
1
c) = . (3.8)
cos { cot™ [ oy 1)
Substitution the values of ¢; and ¢, into (2.2) proves part (i).
(ii) a) For B # 0; from (2.2), (2.3) and (3.2) we obtain
b b
O, 1) = crexp( f S(x,)dx )cos{ c, + f T(x,)dx}
= sing, (3.9
b b
O'(b,) = 1S, Dexp( f S(x,D)dx )cos{cy + f T(x,)dx }
b ‘ b ‘
—crexp( f S(x, dx )sin{ ¢, + f T(x,)dx }T(b, )
= cosp. (3.10)
From (3.9)
sin8
Ccl1 = b b .
exp ( fa S(x, Ddx )cos{ c, + fa T(x,dx }
Using ¢y in (3.10),
1. S(b,A)—cotB fb
= —— - T . 1
c, =tan” { ToD } ) (x, Ddx (3.11)
Hence
¢ = . sinf . (3.12)
exp ( fa S (x, Ddx )cos{ tan™! [ SG’}AXT’_;)OW }

Substitution the values of ¢ and ¢; into (2.2) proves the result.
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b) For 5 = 0; similarly, we obtain from (2.2), (2.3) and (3.2)

x(b, )

b b
crexp( f S(x, Ddx )cos{ cr + f T(x,)dx}=0

b b
X (b, ) 18 (b, ) exp ( f S(x, D)dx )cos{ ca + f T(x, Ddx )

b b
—crexp( f S(x,)dx )sin{ ¢, + f T(x,D)dx }T(b, )
= L
Hence from the last two equalities we have
1
- - ,
T (b, Mexp( [ S (x,4)dx)

b
c E_f T (x,)dx.
2 L

cp =

Proof is completed by using the values of ¢; and c¢; into (2.2). O

Theorem 3.2. As 1 — oo

(i)
¥(t, ) = cA?sin A2t - a) - %A[ fa t g(x)dx Jcos '2(t — a) + O(An(Q)), (3.13)
(ii)a) B # 0
O(1,1) = sinBcosA A b—1)+ 17V # fb q(x)dx — cosf3 |
xsin A'2(b - 1) + 0(A7?n()). t (3.14)
b)B=0

b
O, A) =-1"2sinA"?(b-1) + %/1‘1 [ f q(x)dx Jcos A'V2(b = 1) + O (7' (1).

Proof. (1) We evaluate the terms in (3.3) as 4 — oo. Firstly, using (2.5) and (2.6) together with the series expansion
leads to
T(a, ) B A2 — o524 2a + &) + OGP (D)
—cl—dl-e+S (@)  —cl—di-e-sinRA72a+{,)+ OwPD)
A2 —cos(21'2a + £,) + O (D)
, I R e
TN xsin@A2a + &) + 0 (172 ()
—%/1‘3/2 + %/1‘2 cos(2A ?a + &)
+O (727 ()
1- 4270 — 2272 = 12725in(22'2a + &)
+0 (77 ()

X

1 _
= A 24 0(1 ).

From the last equality we obtain

T(a, ) ]_7r
—c2—dl-e+S(a, ) 2

1
cot™' [ +=132+0 (/1_277 (/l)) R
c
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and
T(a, 1)
—cA2—dl-e+ S (a, )

cos{cot™ [ —sin[ - %/1-3/2 + 02 n) 1

1}

1
= -7+ 0 ),
C

T(a,A)
—cA2—dl—-e+S (a, Q)

sin{ cot™' [ 1} = cos[ —%1—3/%0(1—2;7(/1))]

1
= 1-—A22+07"* W),
2¢2
1 1
cos { cot™! [ —ppntiies 1) 12732 + O(A-2n(2))
= —c?+0nW). (3.15)

Using fa 'S (x, )dx given by (2.7) we get

15
1
exp ( f Sx,Ddx) = 1+ 7 { cos(22't + &) - cos(21'%a + Z) )

+O(A () (3.16)

and from [ T(x, )dx given by (2.8)

sin( f T(x, )dx) sin[/l”z(t—a)—% f q(x)dx]

212
+O(A™ (),

1 5
V2ep 0y
cos[ "2t @) = 3 f g(x)dx]

cos( f T (x, Ddx)
+0(A™ ().

Hence

T(a,A)
—cA2—dl—-e+S (a, Q)

+f T(x,)dx}

cos { cot™! [

= —sin[/ll/z(t—a)—ﬁ f g(x)dx] + O~ (2)). (3.17)

Substituting the values of (3.15), (3.16) and (3.17) into (3.3) and using trigonometric expansions the proof is fin-
ished.
(ii) For B # 0; we evaluate the terms in (3.4) as 4 — co. Using (2.5) and (2.6), we obtain

S )-cotp  —cotB+0(r (D)
T, AP+ 0P ()]
= —1"cotp+ 017 (1)
and from
a  SG.H—cotB “172.2
tan [—T(b’/l) 1= -2 cotf+ 0 (2 (), (3.18)
S —cotp - A cot’ 1o
cos { tan [—T(b,/l) 11=1 — + O ")), (3.19)
S (b,) —cotf

sin{ tan”' [ 1} ==2"cotp+0 (27 (1).

T,
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From (3.19), we find

sin 8 B sin 3
_ b,A)—col - -1 cot?
cos{ tan 1[S(T’87—J)tﬁ } 1_%‘5_,_0(/1—1,72(/1))
/1—1 t2
- singx[1+ %ﬂ + O () |
2
_w _1cos” B 1.2
= sinfB+4 2emp o (a7 () (3.20)
Using fa 'S (x, A)dx given by (2.7) we get
(- bS( Ddx) =1+ ! QA+ &) + 0(1‘1/2 ? u)) (3.21)
exp t x,)dx ) = 172 cos & n .

and from [' T'(x, )dx given by (2.8)

b
f T(x, Ddx

b f
fT(x,/l)dx—fT(x,/l)dx

1 b
A2b -1+ I {sin@A'"2t + &) - ft g(x)dx }
+0(' PP ().

From the last equality and (3.18) we see that

S —cotp fb
cos{tan™' [ TN ] t T(x,dx }

1 b
— V2 gy~
= cos[A7“(b-1) e j; q(x)dx ]

b
—A" 2 cotBsin[ AV - 1) - ﬁf q(x)dx ]
+O(A*(a)) 6:22)

Finally, substituting the values of (3.20), (3.21) and (3.22) into (3.4) and using trigonometric expansions, we com-
plete the prove. For 8 = 0; the prove is similar. O

4. AprpPrROXIMATIONS FOR THE GREEN’S FUNCTION

In this section, we obtain asymptotic approximations for Green’s function of (1.1)-(1.3). Let W, (¥, ®) be the
Wronskian of ¥ (¢, 1) and @ (¢, 1) . We define w (1) as follows

w@) =W, (¥,0) =YD (1,) -¥Y ) D1 A). 4.1)

It is known that Green’s function of problem (1.1)-(1.3) is

Y(x,)P(y,0)
Glyay=] o asxsysh 4.2)
W <y<x<b.

Theorem 4.1. Fora<x<y<b,as 1 —
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(i) B#0
in A2 (x —a)cos A2 (b —y) A1
Gy, ) = -2
.y, 4) cos A2 (b - a) M cos A2 (b —a)
[cot,B—%fth(t)dt]sin/ll/z(x—a)sin/ll/z(b—y)
X +3 ([ g dt)cos 212 (x - aycos A/ (b - y)
—cotBtan 1'% (b — a) sin A'/? (x — a) cos 1'% (b - y)
+0 (' (D),
(i) =0
Glnd) = _/l_l/zsin/ll/z(x—a)sin/ll/z(b—y) A1

sin A2 (b — a) sin A1/2 (b — a)
1 (f}” (1) dt) sin A2 (x — a) cos 212 (b — y)
+3 ([ g dt)cos 22 (x - a)sin A1/2 (b - y)
+0 (10 ().
Similar results are achieved for a <y < x < b by changing the role of x and y.

Proof. (i) For the Wronskian, w (1), we need ¥’ (¢, 1) and @’ (¢, 1) which are obtained from 7’ (¢, 1) given by (2.3). To
obtain the derivation of W (¢, 1), we substitute (3.7) and (3.8) into (2.3) and evaluate the terms as 1 — oo. Hence

!
Y (t,) = c/lzcos/ll/z(t—a)+§(fq(x)dx)/l3/2sin/ll/2(t—a)

+0 (/13/277 (/1)) i (4.3)

At the same time, substituting (3.11) and (3.12) into (2.3) and evaluating the terms as 4 — oo, we have

o) = A2 sinﬁsin/ll/Z (b—1t)+|cosB— # fb q(x)dx} cos V2 (b — 1)
t
+0(m). “4.4)
Using (3.13), (3.14), (4.3) and (4.4) in (4.1), we get
w() = —cA? sin B cos A2 b-a)+ cA’? cosfB sin A2 (b - a)
+0 (2P 0).
From which
1 1
w@) —cA%sinBcos A2 (b — a)
x {1 =12 cottan "2 (b — a) + 0 (/27 (1))}
_ 1 o CosB s, sin A'/2 (b - a)
csinfBcos A2 (b - a) csin®p cos2 A2 (b —a)
+0 (17 (). (4.5)
Theorem 4.1 (i) is proved by substituting (3.13), (3.14) and (4.5) into (4.2). The other part (ii) can be proved
similarly. O
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