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Abstract

In this paper, we study iterated bicrossed product looking from the viewpoint of Combinatorial Group Theory and describe a new version of
iterated bicrossed product of groups. Also, we investigate that the group property of this new product is provided. Then, by considering finite
cyclic groups, we give an example for iterated bicrossed product of groups.
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1. Introduction and Preliminaries

The classification of groups has taken so much interest for ages and the classification problem originates in group theory. In this work, we
will pursue to a new classification idea. That is, we will construct a new group structure. This would give have the edge over achieving some
new groups in the meaning of products of groups. Also, It is used when new groups are constructed that to come into some properties of
initial groups and it is used for some complicated groups are reduced to some simple groups. One turning point in studying the classification
for groups was the bicrossed product construction.
The bicrossed product construction was introduced by Zappa [13]. Later on the construction appeared in a paper of Takeuchi [11]. Different
names to this product used in literature were knit product [10] and Zappa-Szep product [13]. Bicrossed product constructions were presented
and studied for other constructions, like that: algebras, Lie algebras, Hopf algebras, groupoids, lie groups, locally quantum groups. Firstly, in
[1], Agore et al. were studied the bicrosssed product for finite groups. The main ingredients in constructing the bicrossed product are the so
called matched pairs of groups. The bicrossed product structure generalizes the semidirect product construction for the case when neither
factor is required to be normal : a group E is the internal bicrossed product of its subgroups U1 and U2 if HG = E and their overlap is trivial.
This construction is essential to the quantum double construction.
Iteration of the algebraic structures (direct, semidirect, crossed) has been studied in recent years. Firstly, authors investigated iterated
semidirect product of free groups ([3]). Then, in [8], the author conduct a research on iterated crossed product from the point of algebraic
constructions. In that paper, the author’s objective was the so-called quasi-Hopf two-sided smash product on algebras. After that, in
[5], Çetinalp and Karpuz studied iterated crossed product contruction from the point of Combinatorial Group Theory. In this paper, as a
continuation of this works, we define an iterative version of bicrossed product. We call this product as iterated bicrossed product of groups.
This product is more noteworthiness than known group structures since it includes direct product, semidirect products [2], bicrossed product
of groups.
Now, we give the basic definitions that will be used throughout the paper. For detailed information on this subject, we can referenced in
[1, 4, 5, 6, 7, 9, 12].

Definition 1.1. Let U1 and U2 be two groups and α : U2×U1→U1 and β : U2×U1→U2 two maps. We use the notation

α(u2,u1) = u2 .u1 and β (u2,u1) = u2 /u1

for all u1 ∈U1 and u2 ∈U2. If α : U2×U1→U1 is an action of U2 on U1 as group automorphisms we represent by U1 oα U2 the semidirect
product of U1 on U2: U1 oα U2 =U1×U2 as a set with the multiplication given by

(u1,u2)(v1,v2) = (u1(u2 . v1),u2v2),
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for all u1,v1 ∈U1 and u2,v2 ∈U2.

Definition 1.2. A matched pair of groups is a quadruple (U1,U2,α, f ) where U1 and U2 are groups, α : U2×U1→U1 is a left action of the
group U2 on the set U1, β : U2×U1→U2 is a right action of the group U1 on the set U2 such that the following compatibility conditions
hold:

u2 . (u1v1) = (u2 .u1)((u2 /u1). v1),
(u2v2).u1 = u2 . (v2 .u1),

(u2v2)/u1 = (u2 / (v2 .u1))(v2 /u1),
u2 /u1v1 = u2 / (u1 / v1),

 (1.1)

for all u1,v1 ∈U1 and u2,v2 ∈U2 and . The quadruple (U1,U2,α, f ) is called matched pair if u2 .1 = 1 and 1/u1 = 1 for all u1 ∈U1 and
u2 ∈U2.

Let U1 and U2 be groups and α : U2×U1 → U1 and β : U2×U1 → U2 two maps. The bicrossed product of U1 and U2, denoted by
U1 ./β U2 =U1 ./U2, is the set U1×U2 with the multiplication

(u1,u2)(v1,v2) = (u1(u2 . v1),(u2 / v1)v2),

for all u1,v1 ∈U1 and u2,v2 ∈U2. Bicrossed product U1 ./U2 is a group with the inverse element (u−1
2 .u−1

1 , (u2 / (u−1
2 .u−1

1 ))−1) if and
only if (U1,U2,α, f ) is a matched pair (cf. [1]).

2. Main Results

2.1. A new group construction

In this section, we obtain algebraic structure by defining binary operations on the defined groups. Then, we give a theorem that necessary
conditions for this algebraic structures to be group.

Definition 2.1. Let U1,U2, · · · ,U2n−1 and U2n be any groups. A matched pair of these groups is a quadruple (Ui,Ui+1,αi,βi)(1≤ i≤ 2n−1),
where

αi : Ui+1×Ui→Ui and βi : Ui+1×Ui→Ui+1

are maps. We use the notation αi(ui+1,ui) = ui+1 .ui and βi(ui+1,ui) = ui+1 /ui for all ui ∈Ui and ui+1 ∈Ui+1.
The iterated bicrossed product of groups U1,U2, · · · ,U2n associated to the matched pair with respect to the actions given above is the set
U1×U2×·· ·×U2n with the multiplication

(u1,u2, · · · ,u2n)(v1,v2, · · · ,v2n) = (u1(u2 . v1), (u2 / v1)v2, u3(u4 . v3), (u4 / v3)v4, · · · ,u2n−1(u2n . v2n−1), (u2n / v2n−1)v2n)

and the following compatability conditions hold:

ui+1 . (uiu
′
i) = (ui+1 .ui)((ui+1 /ui).u

′
i),

(ui+1u
′

i+1).ui = ui+1 . (u
′

i+1 .ui),

(ui+1u
′

i+1)/ui = (ui+1 / (u
′

i+1 .ui))(u
′

i+1 /ui),

ui+1 /uiu
′
i = ui+1 / (ui /u

′
i),

 (2.1)

for all ui,u
′
i ∈Ui (1≤ i≤ 2n−1) and ui+1,u

′

i+1 ∈Ui+1 (1≤ i≤ 2n−1). We denote this product by U1 ./U2 ./ · · · ./U2n.

The following first main result of this paper unitize when this new product describes a group.

Theorem 2.2. Let U1,U2, · · · ,U2n be groups. For all ui ∈Ui (1 ≤ i ≤ 2n), let us consider the actions given in (2.1). Then the iterated
bicrossed product U1 ./U2 ./ · · · ./U2n defines a group.

Proof. We verify the group properties for U1 ./U2 ./ · · · ./U2n. Firstly, we show the associative property. To do that, for any ui,vi,wi ∈
Ui (1≤ i≤ 2n), let (u1,u2,u3, · · · ,u2n), (v1,v2,v3, · · · ,v2n), (w1,w2,w3, · · · ,w2n) ∈U1 ./U2 ./ · · · ./U2n. So, we have

[(u1,u2,u3, · · · ,u2n−1,u2n)(v1,v2,v3, · · · ,v2n−1,v2n)](w1,w2,w3, · · · ,w2n−1,w2n)

= (u1(u2 . v1), (u2 / v1)v2, u3(u4 . v3), · · · ,u2n−1(u2n . v2n−1), (u2n / v2n−1)v2n)(w1,w2,w3, · · · ,w2n−1,w2n)

= (u1(u2 . v1)((u2 / v1)v2 .w1), ((u2 / v1)v2 /w1)w2, u3(u4 . v3)((u4 / v3)v4 .w3), · · · ,
u2n−1(u2n . v2n−1)((u2n / v2n−1)v2n .w2n−1), ((u2n / v2n−1)v2n /w2n−1)w2n)

= (u1(u2 . v1)((u2 / v1). v2 .w1), u2 / (v1 / (v2 /w1))(v2 /w1)w2, u3(u4 . v3)((u4 / v3). v4 .w3), · · · ,
u2n−1(u2n . v2n−1)((u2n / v2n−1). v2n .w2n−1), u2n / (v2n−1 / (v2n /w2n−1))(v2n /w2n−1)w2n)
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and

(u1,u2,u3, · · · ,u2n−1,u2n)[(v1,v2,v3, · · · ,v2n−1,v2n)(w1,w2,w3, · · · ,w2n−1,w2n)]

= (u1,u2,u3, · · ·u2n−1,u2n)(v1(v2 .w1), (v2 /w1)w2, v3(v4 .w3), · · · ,v2n−1(v2n .w2n−1), (v2n /w2n−1)w2n)

= (u1(u2 . (v1(v2 .w1))), (u2 / (v1(v2 .w1)))(v2 /w1)w2, u3(u4 . (v3(v4 .w3))), · · · ,
u2n−1(u2n . (v2n−1(v2n .w2n−1))), (u2n / (v2n−1(v2n .w2n−1)))(v2n /w2n−1)w2n)

= (u1(u2 . v1)((u2 / v1). v2 .w1), u2 / (v1 / (v2 /w1))(v2 /w1)w2, u3(u4 . v3)((u4 / v3). v4 .w3), · · · ,
u2n−1(u2n . v2n−1)((u2n / v2n−1). v2n .w2n−1), u2n / (v2n−1 / (v2n /w2n−1))(v2n /w2n−1)w2n).

Let 1U1 ,1U2 , · · · ,1U2n be the identity elements of groups U1,U2, · · · ,U2n, respectively. We have

(u1,u2,u3, · · · ,u2n−1,u2n)(1U1 ,1U2 ,1U3 , · · · ,1Un−1 ,1U2n)

=(u1(u2 .1u1), (u2 /1U1)1U2 , u3(u4 .1U3), · · · ,u2n−1(u2n .1U2n−1), (u2n /1U2n−1)1U2n)

=(u1,u2,u3, · · · ,u2n−1,u2n)

and

(1U1 ,1U2 ,1U3 , · · · ,1Un−1 ,1U2n)(u1,u2,u3, · · · ,u2n−1,u2n)

=(1U1(1U2 .u1), (1U2 /u1)u2, 1U3(1U4 .u3), · · · ,1U2n−1(1U2n .u2n−1), (1U2n /u2n−1)u2n)

=(u1,u2,u3, · · · ,u2n−1,u2n).

Finally, let us find inverse element of (u1,u2,u3, · · · ,u2n−1,u2n) ∈U1 ./U2 ./ · · · ./U2n.

(u1,u2,u3, · · · ,u2n−1,u2n)(u
′

1,u
′

2,u
′

3, · · · ,u
′

2n−1,u
′

2n) = (1U1 ,1U2 ,1U3 , · · · ,1Un−1 ,1U2n)

⇒ (u1(u2 .u
′

1), (u2 /u
′

1)u
′

2, u3(u4 .u
′

3), · · · ,u2n−1(u2n .u
′

2n−1), (u2n /u
′

2n−1)u
′

2n) = (1U1 ,1U2 ,1U3 , · · · ,1U2n−1 ,1U2n)

and

(u
′

1,u
′

2,u
′

3, · · · ,u
′

2n−1,u
′

2n)(u1,u2,u3, · · · ,u2n−1,u2n) = (1U1 ,1U2 ,1U3 , · · · ,1Un−1 ,1U2n)

⇒ (u
′

1(u
′

2 .u1), (u
′

2 /u1)u2, u
′

3(u
′

4 .u3), · · · ,u
′

2n−1(u
′

2n .u2n−1), (u
′

2n /u2n−1)u2n) = (1U1 ,1U2 ,1U3 , · · · ,1Un−1 ,1U2n).

Therefore, we obtain u
′

2i−1 = u−1
2i .u−1

2i−1 (1≤ i≤ n) and u
′

2i = (u2i / (u−1
2i .u−1

2i−1))
−1(1≤ i≤ n). Then, iterated bicrossed product U1 ./

U2 ./ · · · ./U2n is a group with the inverse element (u−1
2 .u−1

1 , (u2 / (u−1
2 .u−1

1 ))−1, u−1
4 .u−1

3 , · · · ,u−1
2n .u−1

2n−1, (u2n / (u−1
2n .u−1

2n−1))
−1).

Hence the result.

Now, as consequences of Theorem 2.2, we can get a favourable results according to the cases of maps αi (1≤ i≤ 2n−1) and βi (1≤ i≤
2n−1).

Corollary 2.3. Let (Ui,Ui+1,αi,βi) (1≤ i≤ 2n−1) be matched pairs.

1. Assume βi (1 ≤ i ≤ 2n−1) are trivial maps. Then U1 ./ U2 ./ · · · ./ U2n is the iterated semidirect product, denoted by U1 oU2 o
U3 · · ·oU2n [3].

2. Assume αi (1≤ i≤ 2n−1) and βi (1≤ i≤ 2n−1) are trivial maps. Then U1 ./U2 ./ · · · ./U2n is the direct products of 2n groups,
denoted by U1×U2×U3 · · ·×U2n.

Corollary 2.4. Let (Ui,Ui+1,αi,βi) (1≤ i≤ 2n−1) be matched pairs.

1. Let αi (2≤ i≤ 2n−1) and βi (2≤ i≤ 2n−1) be trivial maps and Ui (3≤ i≤ 2n) be trivial groups. Then U1 ./U2 ./ · · · ./U2n is
the bicrossed product U1 ./U2.

2. Let αi (2≤ i≤ 2n−1) and βi (1≤ i≤ 2n−1) be trivial maps and Ui (3≤ i≤ 2n) be trivial groups. Then U1 ./U2 ./ · · · ./U2n is
the semi-direct product of U1 by U2, denoted by U1 oU2.

3. Let αi (1≤ i≤ 2n−1) and βi (1≤ i≤ 2n−1) be trivial maps and Ui (3≤ i≤ 2n) be trivial groups. Then U1 ./U2 ./ · · · ./U2n is
the direct product U1×U2.
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2.2. Example Part:

We take cognizance of finite cyclic groups and give an application of the iterated bicrossed product.

Example 2.5. Let U1 =U3 =U5 = · · ·=U2i−1 = Z2 =
〈
a2i−1; a2

2i−1 = 1
〉
(1≤ i≤ n) and

U2 =U4 =U6 = · · ·=U2i = Z3 =
〈
a2i; a3

2i = 1
〉
(1≤ i≤ n) be finite cyclic groups. Suppose that, for i ∈ {1,2,3, · · · ,n},

α2i−1 : Z3×Z2 → Z2

(a2i,a2i−1) 7→ α2i−1(a2i,a2i−1) = a2i .a2i−1

and

β2i−1 : Z3×Z2 → Z3

(a2i,a2i−1) 7→ β2i−1(a2i,a2i−1) = a2i /a2i−1

are maps, where a2i−1 (1≤ i≤ n) ∈ Z2 and a2i (1≤ i≤ n) ∈ Z3. So, we can write

αi(1,1) = 1, βi(1,1) = 1,

αi(1,ai) = ai, βi(1,ai) = 1,

αi(ai+1,1) = 1, βi(ai+1,1) = ai+1,

αi(ai+1,ai) = ai+1 .ai, βi(ai+1,ai) = ai+1 /ai,

αi(a2
i+1,1) = 1, βi(a2

i+1,1) = a2
i+1,

αi(a2
i+1,ai) = a2

i+1 .ai, βi(a2
i+1,ai) = a2

i+1 /ai.

Then, iterated bicrossed product Z2 ./ Z3 ./ Z2 · · ·Z2 ./ Z3 has a generators

a1, a2, a3, · · · , a2n−1, a2n

and relations

a2
1 = 1, a3

2 = 1, a2
3 = 1, a3

4 = 1, · · · ,a2
2n−1 = 1, a3

2n = 1,

ai+1ai = (ai+1 .ai)(ai+1 /ai) (1≤ i≤ 2n−1),

a2
i+1ai = (a2

i+1 .ai)(a2
i+1 /ai) (1≤ i≤ 2n−1).

Corollary 2.6. We note that Ui (3 ≤ i ≤ 2n) are trivial groups given in Example 2.5, then the iterated bicrossed product Z2 ./ Z3 ./
Z2 · · ·Z2 ./ Z3 reduced to bicrossed product Z2 ./ Z3. The bicrossed product Z2 ./ Z3 is also a special case of the structure obtained in
study in [[1], Theorem 3.1], authors investigated the construction of bicrossed Zp ./ Zm of two finite cyclic groups that one of them has
prime order.
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[4] E.K. Çetinalp, E.G. Karpuz, F. Ateş, A.S. Çevik, Two-sided crossed product of groups, Filomat, 30(4) (2016), 1005–1012.
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