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Abstract

In this paper, we study iterated bicrossed product looking from the viewpoint of Combinatorial Group Theory and describe a new version of
iterated bicrossed product of groups. Also, we investigate that the group property of this new product is provided. Then, by considering finite
cyclic groups, we give an example for iterated bicrossed product of groups.
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1. Introduction and Preliminaries

The classification of groups has taken so much interest for ages and the classification problem originates in group theory. In this work, we
will pursue to a new classification idea. That is, we will construct a new group structure. This would give have the edge over achieving some
new groups in the meaning of products of groups. Also, It is used when new groups are constructed that to come into some properties of
initial groups and it is used for some complicated groups are reduced to some simple groups. One turning point in studying the classification
for groups was the bicrossed product construction.

The bicrossed product construction was introduced by Zappa [13]. Later on the construction appeared in a paper of Takeuchi [11]. Different
names to this product used in literature were knit product [10] and Zappa-Szep product [13]. Bicrossed product constructions were presented
and studied for other constructions, like that: algebras, Lie algebras, Hopf algebras, groupoids, lie groups, locally quantum groups. Firstly, in
[1], Agore et al. were studied the bicrosssed product for finite groups. The main ingredients in constructing the bicrossed product are the so
called matched pairs of groups. The bicrossed product structure generalizes the semidirect product construction for the case when neither
factor is required to be normal : a group E is the internal bicrossed product of its subgroups U; and U, if HG = E and their overlap is trivial.
This construction is essential to the quantum double construction.

Iteration of the algebraic structures (direct, semidirect, crossed) has been studied in recent years. Firstly, authors investigated iterated
semidirect product of free groups ([3]). Then, in [8], the author conduct a research on iterated crossed product from the point of algebraic
constructions. In that paper, the author’s objective was the so-called quasi-Hopf two-sided smash product on algebras. After that, in
[5], Cetinalp and Karpuz studied iterated crossed product contruction from the point of Combinatorial Group Theory. In this paper, as a
continuation of this works, we define an iterative version of bicrossed product. We call this product as iterated bicrossed product of groups.
This product is more noteworthiness than known group structures since it includes direct product, semidirect products [2], bicrossed product
of groups.

Now, we give the basic definitions that will be used throughout the paper. For detailed information on this subject, we can referenced in
[1,4,5,6,7,9,12].

Definition 1.1. Let Uy and U, be two groups and o, : U X Uy — Uy and B : Uy x Uy — U, two maps. We use the notation

o(up,ur) =up>uy  and  Blug,uy) = up<uy

foralluy € Uy and up € U If o : Uy x Uy — Uy is an action of Uy on U} as group automorphisms we represent by U} X o U, the semidirect
product of Uy on Uy: Uy xq Uy = Uy X Uj as a set with the multiplication given by

(ur,u2)(vi,v2) = (w1 (ua>v1),u2v2),
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forall uy,vy € Uy and up, vy € Us.

Definition 1.2. A matched pair of groups is a quadruple (Uy,Us, o, f) where Uy and Uy are groups, o : Uy x Uy — U, is a left action of the
group Uy on the set Uy, B : Uy x Uy — Ua is a right action of the group Uy on the set Uy such that the following compatibility conditions
hold:

up > (uyvy) = (u >y ) ((uz <uy ) >vy),
(M2v2)|>M] :u21>(v21>u1),

(uav2) <uy = (up A(v2uy))(v2 <),
Uy <uvy =M2<1(M1<]V1),

(1.1)

foralluy,vy € Uy and uy,v, € Uy and . The quadruple (Uy,U,, o, f) is called matched pair if up>1 =1 and 1<u; = 1 for all uy € Uy and
up € U,.

Let Uy and U, be groups and a : U, x Uy — Uy and B : Up x Uy — U, two maps. The bicrossed product of U; and U,, denoted by
Ui ag Uy =U; > Ua, is the set Uy x U, with the multiplication

(M] ,uz)(V] ,Vz) = (ul (MzDV]), (u2<1v1)v2),

for all uy,vy € Uy and up, vy € U,. Bicrossed product Uy <1 U, is a group with the inverse element (u;1 Dufl, (up < (14271 Dufl))*l) if and
only if (Uy,Us, @, f) is a matched pair (cf. [1]).

2. Main Results

2.1. A new group construction

In this section, we obtain algebraic structure by defining binary operations on the defined groups. Then, we give a theorem that necessary
conditions for this algebraic structures to be group.

Definition 2.1. Let Uy, Us,--- ,Uy,_1 and Uy, be any groups. A matched pair of these groups is a quadruple (U;, Ui 1,04, 5;) (1 <i<2n—1),
where

a;: U,'+] x Ui — U; and ﬁ,‘ : Ui+l x Ui — U,‘Jr]

are maps. We use the notation 0 (u;y1,u;) = ujr1>u; and Bi(ujr1,u;) = ujr1 <u; for all u; € Uy and uiy € Upy ;.
The iterated bicrossed product of groups Uy,Us, - -- Uy, associated to the matched pair with respect to the actions given above is the set
Uy x Uy X - X Uy, with the multiplication

(ur,uz, - un) (Vi v, - s van) = (U1 (uavi), (u2<avi)va, us(ua>v3), (us <v3)va, - uzn—1(U2n>vap—1), (U2n 4v20—1)V2n)
and the following compatability conditions hold:

Uiyl (“i"’l;) = (i1 i) (g1 aup)u;),
(/MHIMH_])DW = i1 > (uyy i),
(wiy 11 ) Qu = (1[4,41 A (upyy l>1,t,')l)(ul-Jrl Qu;),
Uit <ujn; = Uit < (u,-<1ul-),

2.1

for all u,-,u;» elUi(1<i<2n—1)and u,-H,u;H € Uiy (1 <i<2n—1). We denote this product by Uy < Uy X< - - - < Uay,.

The following first main result of this paper unitize when this new product describes a group.

Theorem 2.2. Let Uy,Us,--- Uy, be groups. For all u; € U; (1 <i < 2n), let us consider the actions given in (2.1). Then the iterated
bicrossed product Uy <1 Uy ©< - - - > Uy, defines a group.

Proof. We verity the group properties for U > U, < - - - 1 Uy, Firstly, we show the associative property. To do that, for any u;,v;,w; €

Ul(l <i< 2”)9 let (M17M2,u3,"' 7u2n)s (V],VZ,V},"' >v2n)’ (W17W27W37"' 7W2n) eV Uz -+ x1lyy. So, we have
(1, uz,u3, - Uop—1,U20) (V1,V2,V3, 7+ Van—1,V2u) | (W1, W2, W3, -+, Wap_1,W2y)
= (ug (ua>v1), (g avi)va, uz(Ug>v3), -+, uoy—1 (U2, >V2p—1), (U20 AV2—1)V20) (W1, W2, W3, -+ , W2y 1, W2p)

= (uy (ua>vy) ((ua<vy)va>wy), ((up <vi)vo <wi)wa, uz(ug>v3)((ug <va)va>ws), -+,
un—1 (20> V2n—1) (4120 9V20-1)v20 > W2n—1), (20 AV2n—1)V2n SW20—1)W2p)

= (ur (u>v1)((uz<avi)>vadwy), up < (v < (vaawy))(va <wi)wa, uz (g >v3)((ug 4v3)>vg>w3), -,
uzn—1 (20> v2n—1) ((U20 TV20-1) B V20 > W2p—1)s U209 (V2n—1 9 (Van IW2n—1)) (V2n AW2n—1)Wan)
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and
(u17u27u37"' 7u2n,1,uzn)[(V1,V27V3,'" ,V2n717V2n)(W1,W2,W37"' 7W2n,1,W2nH
= (uy,up,u3,- - uzy_1,u2,) (V1 (V2> w1), (V2 aw)wa, v3(va>w3), -+ V21 (V2 P Wan—1), (V2n SW2p—1)W2p)
= (M] (u21>(v| (Vwal))), (u2<1(v1(v2 DW])))(VQQW[)WQ, u3(M4D(V3(V4l>W3))),“ ©
un—1(U20> (Van—1(v2u >w2u-1)));s (2n 4 (v2n—1(van > wan—1))) (V2n <W2n—1)wan)
= (ur(ua>v1)(up <vy)pva>wy), up <A (v <(v2<awy)) (va <awy)wo, uz(ug>v3)((ug <v3)>va>w3), -,
Uzn—1 (u2n DVZrzfl)((’42n<]"2nfl)‘>V2n|>W2nfl)7 Uzp < (V2n71 < (VZn<]W2n71))(v2n<lw2n71)w2n)~
Let 1y,,1y,, -+, 1y, be the identity elements of groups Uy, U, - - ,Up,, respectively. We have
(ulau27u37' ot 7”2}’!715”2}1)(1[/1 ) 1U27 1U37' ) IU,,,l ’ lUZn)
:(ul(uzl> 1141)7 (”24 1U1)1U27 M3(M4[> 1U3)7" . 7u2nfl(u2nl>lU2n,1)7 (14211q le,L,])len)
=(u1,up, U3, Uy 1,H2,)
and
(lUl 51U27 1U37" ° alUnq ) 1U2n)(u17u23u37" ) 7”2}1717”271)
=1y, (g, >uy), (ly, <up)uz, 1g;(ly, >uz), -+, 1oy, vy, D u2n—1), (1o, QU2n—1)424)
=(u1, U, U3, ,Up1,Udp)-
Finally, let us find inverse element of (uy,up,u3, - ,uzy—1,u,) € Uy b}AUp X1 -+ - 1 Usy,.
! ! ! ! ’
(”17“2,”%"‘ 7”2n—17u2n)(”17”2v”37“' vu2n71’u2n) = (1U] Lo, 1U3”“ o, s 1U2n)
! ! ! ! ! ! !
= (ul(MZDul)v (u2<1“])u27 u3(u4l>u3),-~- 7“2n71(u2nbu2n—1)7 (“2n<“’t2n—1)u2n) = (1U1>1U27 Ly, 71U2n7171U2n)
and
! ! ! ! !
(u171/l2,u37' o 7”2;1717”2;1)(”17”27”37” . 7“2}1717”2}1) = (1U] ) 1U27 1U31 e 71U,,,171U2n)
! ! ! ! ’ ! ! !’
= (ul(u2>u1)7 (u2<]u1)u27 u3(u4l>u3)7' o 7u2n—1(u2nbu2n71)7 (u2n<]u2n*1)u2n) = (1U| ) lev 1U37" ' 71U,l,| 5 le,.)'
Therefore, we obtain ”’21'—1 = uz_l.l l>u2_iL1 (I1<i<n)and uIZi = (up;< (uz_l.l Duz_ill))*l (1 <i<n). Then, iterated bicrossed product U; <

1 1

U b4 - 1 Uy, is a group with the inverse element (u, l>ufl, (up<(uy Dufl))*l, u;l Dugl,u- ,ugnl l>u27n£17 (uznd(ugnl Duzfnlfl))*l).

Hence the result.

Now, as consequences of Theorem 2.2, we can get a favourable results according to the cases of maps ¢; (1 <i<2n—1)and f; (1 <i<
2n—1).

Corollary 2.3. Let (U;,U;y1,04,B;) (1 <i<2n—1) be matched pairs.

1. Assume B; (1 <i<2n—1) are trivial maps. Then Uy <1 Uy X - - - X1 Uy, is the iterated semidirect product, denoted by Uy x Uy %
Us---x Uy, [3].

2. Assume o; (1 <i<2n—1)and B; (1 <i<2n—1) are trivial maps. Then Uy <1 Uy i< - - - <1 Uy, is the direct products of 2n groups,
denoted by Uy x Uy x U3 - -+ X Uyy,.

Corollary 2.4. Let (U;, Ui 1,04, B;) (1 <i<2n—1) be matched pairs.

1. Let ; (2 <i<2n—1) and B; (2 <i<2n—1) be trivial maps and U; (3 < i < 2n) be trivial groups. Then Uy b} Uy < - - - X Uy, is
the bicrossed product Uy < U,.

2. Let 0; (2 <i<2n—1)and B; (1 <i<2n—1) be trivial maps and U; (3 < i < 2n) be trivial groups. Then Uy ><1Uy 1< - - - <1 Uy, is
the semi-direct product of Uy by U,, denoted by Uy x U,.

3. Let 05 (1 <i<2n—1)and B; (1 <i<2n—1) be trivial maps and U; (3 < i < 2n) be trivial groups. Then Uy >xxUy 1< - - - <1 Uy, is
the direct product Uy x U,.
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2.2. Example Part:

We take cognizance of finite cyclic groups and give an application of the iterated bicrossed product.

Example 2.5. LetU; =Us=Us=---=Uyj_ 1 =Zp = <a2,~_1;a%i71 = 1> (1 <i< n) and

Uy=Us=Ug==Uy =73 = <a2i; a%i = 1> (1 <i < n) be finite cyclic groups. Suppose that, fori € {1,2,3,---

Opj—1 - Z3 X Zz — Zz

(@i, a0i—1) = Oi—1(az,azi—1) = axi>asi_

and

Boic1:Z3xZy — I3

(a2, azi—1) = Boici(asi,azi—1) = aziQazi—

are maps, where ay;i—1 (1 <i<n) € Zy and ap; (1 <i<n) € Z3. So, we can write

ai(1,1)=1, Bi(1,1) =1,
a(1,a;) = a;, Bi(l,ai) =1,
(a1, 1) =1, Bi(ai+1.1) = ait1,
oi(aiv1,ai) = aiy1>a;, Bi(ait1,ai) = ai1<ai,
ai(aizﬂv 1)=1, ﬁi(aia»l’ 1) =ajy,
oc,~(a,-2+l,a,~) = aiz_H >aj, ﬁi(a,«z+l,ai) = “1‘2+1 4.

Then, iterated bicrossed product 7y <\ Z3 > 7y - - - Lp X< 73 has a generators
ap, az, az, -+, Aap—1, d2p
and relations

a%: l,a%: La%z l,ai: 1, ,a%nq = l,a%n: 1,
ajy1a; = (ai+1 \>a,~)(a,'+1 <1a,~) (1 <i<2n-— 1)7
al~2+]ai = (aizH Dai)(al%rl aa;) (1 <i<2n-—1).

o},

Corollary 2.6. We note that U; (3 < i < 2n) are trivial groups given in Example 2.5, then the iterated bicrossed product Zy < 73 <
Ly -+ - Ly D<A 23 reduced to bicrossed product Zy < Z3. The bicrossed product 7y < 7.3 is also a special case of the structure obtained in
study in [[1], Theorem 3.1], authors investigated the construction of bicrossed Zy < Ly, of two finite cyclic groups that one of them has

prime order.
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