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Abstract

In this study, firstly lacunary convergence and lacunary ideal convergence is introduced in fuzzy normed spaces. Later, the relation between
lacunary convergence and lacunary ideal convergence are investigated in fuzzy normed spaces. Finally, we have introduced the concept of
F Zg—limit point, F .#g —cluster point, F'6 —Cauchy sequence and F .y —Cauchy sequences have introduced in fuzzy normed space.
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1. Introduction and Background

The statistical convergence was derived from the convergence of real sequences by Fast [14] and Schoenberg [37]. After the studies of Saldt
[34], Fridy [16] and Connor [4] in this area, many studies have been conducted. On the one hand, Kostyrko et al. [22] has introduced the
concept of ideal convergence by expanding the concept of statistical convergence. On the other hand; Nuray and Ruckle [29] have worked on
the same topic as generalized statistical convergence.

Matloka [24] was the first scholar who introduced the convergence of a sequence of fuzzy numbers and he showed evidence some basic
Theorems. In next years, Nanda [27] made studies the sequences of fuzzy numbers again and Sencimen and Pehlivan [36] introduced
the notions of statistically convergent sequence and statistically Cauchy sequence in a fuzzy normed linear space. The concepts of .-
convergence, .¥ *-convergence and .#-Cauchy sequence was studied by Hazarika [18] in a fuzzy normed linear space. Recently, on the one
hand, Tiirkmen and Cinar [39] studied lacunary statistical convergence. On the other hand, Tiirkmen and Diindar [43] scrutinized same
concepts for double sequences and Tiirkmen [41] reinterpreted these works in fuzzy n-normed spaces. In addition, many researchers have
been working on these issues recently.[2, 3, 10, 11, 12, 13]

In this paper, we introduce and study the concepts of lacunary .# —convergence, lacunary .# —Cauchy, lacunary .#*—convergence with
respect to fuzzy norm. Also, we study some properties and relations of them. In addition, the fact that these definitions and theorems are
parallel to the definitions and theorems given in different fuzzy norms [5, 6, 7, 8, 9, 21] supports that the definitions and theorems are correct.
Now, we recall the concept of ideal, convergence, statistical convergence, ideal convergence, lacunary convergence, fuzzy normed and some
basic definitions (see[1, 14, 15, 16, 17, 19, 20, 23, 25, 26, 28, 29, 30, 31, 32, 33, 35, 38, 36, 34, 42, 39, 40, 43, 44].

Fuzzy sets are considered with respect to a nonempty base set X of elements of interest. The essential idea is that each element x € X
is assigned a membership grade u(x) taking values in [0, 1], with u#(x) = 0 corresponding to nonmembership, 0 < u(x) < 1 to partial
membership, and u(x) = 1 to full membership.

According to Zadeh, a fuzzy subset of X is a nonempty subset {(x,u(x)) : x € X} of X x [0, 1] for some function « : X — [0, 1]. The function
u itself is often used for the fuzzy set. And the function u is called fuzzy number under certain conditions. Also, we denote all fuzzy numbers
as L(R). We have written L* (R) by the set of all non-negative fuzzy numbers. For u € L(R), the o level set of u is defined by

] 7{ {xeR:u(x)>a}, ifaec(0,1]
o« sup p, ifa=0.

For u,v € L(R), the supremum metric on L(R) is defined as

D (u,v) :Oiuglmax{‘u&—v&],|ui§—v§‘}.
<a<
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A sequence x = (x;) of fuzzy numbers is said to be convergent to the fuzzy number xj if for every € > 0, there exists a positive integer kg
such that D (x;,xp) < €, for k > ko. And a sequence x = (x;) of fuzzy numbers convergens to levelwise to x if and only if klim Xkl o = 7ol o
—yo0

and lim [y = [xolg » where [x¢]y = [(¥k)g » (k)] and [x0]g = [(x0) g + (%0) ], for every a € (0,1).

A sequence x = (x;) of fuzzy numbers is said to be statistically convergent to fuzzy numbers x if every € > 0,
1 _
im — <n: > =0.
hlgnn |{k <n:d(xg,x0) > 6}! 0

Later, many mathematicians studied statistical convergence of fuzzy numbers and extended to fuzzy normed spaces.

Let X be a vector space over R, let ||.|| : X — L* (R) and the mappings L;R : [0,1] x [0,1] — [0, 1] be symetric, nondecreasing in both
arguments and satisfy L(0,0) =0 and R(1,1) = 1. The quadruple (X, ||.||,L,R) is called fuzzy normed linear space (briefly (X, ||.||) FNS)
and ||.|| is a fuzzy norm if ||.|| provide certain conditions.

Let (X,]|.||) be an fuzzy normed linear space. A sequence (x,),._; in X is convergent to x € X with respect to the fuzzy norm on X and we

denote by x, Q)Vx, provided that (D) — lim ||x, —x|| = 0; i.e. for every & > 0 there is an N (€) € N such that D (Hx,, —x|| ,6) < ¢ for all
n—soo

n > N (). This means that for every € > 0 there is an N (¢) € N such that supy¢[g 1) || —x|| & = xa—x||g < &foralln>N(e).
Let (X,]|.||) be an FNS. A sequence (x;) in X is statistically convergent to L € X with respect to the fuzzy norm on X and we denote by

Xn F—>Sx, provided that for each € > 0, we have & ({k € N: D (||lx; —L||,0) > &}) = 0. This implies that for each € > 0, the set
K(e)={keN: |y —Llf >e)

has natural density zero; namely, for each & > 0, |[x; — L||§ < € for almost all k.

By a lacunary sequence we mean an increasing integer sequence 0 = {k, } such that kp = 0 and h, = k, — k,_| — oo as r — co. The intervals
determined by 6 will be denoted by I, = (k,_1,k].

Let (X, ||.]|) be an FNS and 6 = {k,} be lacunary sequence. A sequence x = (x; ) in X is said to be lacunary summable with respect to
fuzzy norm on X if there is an L € X such that

1 ~
rh_)noloh— (ZD(kaLH,O)) =0.

T \kel,

N,
In this case, we can write x; — L((Ng)py) or xi (9—)F>N L and

(): D (|lxe —L|| ,6)> =0, for someL}.

1
(No)pn = {x: (%) : lim —
ey \ i,

r

A sequence x = (x;) in X is said to be lacunary statistically convergent or F'Sg—convergent to L € X with respect to fuzzy norm on X if for
each € > 0,

.1 ~
lim o~ |[{k € 1r: D (I~ LI|,0) = e}[ =0

where |A| denotes the number of elements of the set A C N. In this case, we write x; ﬂ Lorx; — L(FSg) or FSg —limy_,cox; = L . This
implies that for each & > 0, the set K (€) = {k € I, : || L\ > €} has natural density zero, namely, for each & > 0, ||x; —L||§ < e, for
almost all k.

Let X # 0. A class .# of subsets of X is said to be an ideal in X provided:

) 0e .7, (i) A,Be Z implies AUB € Z (iii))A € .4, B C A implies B€ .7.

7 is called a nontrivial ideal if X ¢ .#. A nontrivial ideal .# in X is called admissible if {x} € .# for eachx € X.

Let X # 0. A non empty class .# of subsets of X is said to be a filter in X provided:

()0 ¢ .Z,(ii) A,B € .Z impliesANB € .Z, (ili) A € #,A C Bimplies B € .Z.

Let . is a nontrivial ideal in X, X # 0, then the class # (%) ={M C X : (3A € . )(M = X\A)} is a filter on X, called the filter associated
with 7.

Let (X, ||.||) be fuzzy normed space. A sequence x = (X, );en in X is said to be .# — convergent to L € X with respect to fuzzy norm on

X if for each € > 0, the set A (¢) = {m eN: |lx,— LHg > 8} belongs to .#. In this case, we write x;, % L . The element L is called the
& —limit of (x,) in X.

A sequence (x) in X is said to be .#*- convergent to L in X with respect to the fuzzy norm on X if there exists a set M € F (.¥),
M={y:t1<tp<---} CNsuchthatklEn |lx,, — L[| = 0.

2. Lacunary .¥ —Convergence

In this section, we introduce the concepts of lacunary convergence and lacunary ideal convergence in fuzzy normed spaces. Also, we
investigate some properties these concepts and examined the relationships between them.
Throughout the paper, we let (X, ||.||) be an FNS and .# < 2N be an strongly admissible ideal.

Definition 2.1. Let x = (x,,) be a sequence in X. If for each € > 0, there exists ro € N such that

1 s
W Y D(lxn—L1],0) <e,

"' meJ,

forall r > rg, then x is FO—convergent to Ly € X. In this case, we write x, F—6> Lyorxy, —Li(FO)orFo— 1i£n Xm = Ly . The element
M—so0
Ly is called the F 0 —limit of (xn,) in X.
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Theorem 2.2. Let x = () men be a sequence in X. If (xp,) is @ —convergent, F0 —limx is unique.

Proof Suppose that F' 9 —limx =L and FO —limx = L,. Then for any € > 0, there exists 7; € N such that
): [|%m — Ly Ho < §, for all r > ry. Also there exists 7 € N such thath Y lxm —L2||O < &, for all r > rp. Now, consider ro =
mel,

max{r1 ,r2}. Then for r > ry, we will get a p € N such that
+ 1 + £
||xp L] ||0 < — Z me LIHO - and priLZHO < /’T Z mesz‘lo < 5
"' meJ, "' meJ,

Then, we have
Ly = Lol < [|xp = Lilg + [Jxp — La||g <&

Since & > 0 is arbitrary, we have ||L; — L || = 0 which implies that L; = L,. Therefore, we conclude that F6 — limx is unique.
O

Definition 2.3. Let x = (x,) be a sequence in X. If for each € > 0, the set {r eN: L YD (|lxm — L1 ],0) > 8} belongs to &, then

meJ,

L . . F.9,
x = (xp) is said to be lacunary .% —convergent to L| € X with respect to fuzzy norm on X . In this case, we write X, =5 L1 or Xy — Ly (F 7))
orF 9y — ligl Xm =Ly . The element Ly is called the F %9 —limit of (xn) in X.
m 00

Lemma 2.4. Let x = (x,) be a sequence in X . For each € > 0, the following statements are equivalent.
a) F I — li;nxm =1L,
Moo

b) {reN:hl Y mefL1||(J)rZ£}€f,
"mel,

o {reN 5 oL <s} eF (),

"meld,

d) Fﬂe 7,21*120 me 7L1 HO =0.
Theorem 2.5. Let x = (x,) be a sequence in X. If (x,) is F %9 —convergent, F %9 — limx is unique.

Proof. Suppose that F.#y —limx = L; and F .9 —limx = L,. For any € > 0, define the following sets;

€
Al =<qreN: Z || — L1H0 >—sandA) =< reN: Z [l — L2H0 5
rmEJ ’me]

Since F .%g —limx =L and F .y —limx = L;, using Lemma 2.4, we have A| € .# and A, € ¥ forall € > 0.
Let A3 = A; UAj,, then A3 € .#. So its complement (A3)¢ is a non-empty set in F (). If r € (A3)€, we have

€
i X =il < S and - ¥ Lol < 5

rmeJ, " meJd,
Clearly, we will get a p € N such that
o=ty < X lon—Lilly < 5 and fjgp—Lafly < - & Lol < 5.
"meld, "'melJ,

Then, we have
11 = Lally < [l — Lo + [lp — L2y <.

Since & > 0 is arbitrary, we have ||L; — L || = 0 which implies that L; = L,. Therefore, we conclude that F.# — limx is unique. O

Theorem 2.6. Let (x,), (ym) be two sequences in X . Then,
i) If F 99 —limx,, = Ly and F %y —limy,, = L, then F %y — lim (xp, + ym) = L1 + Ly;
ii) If F 9 —limx,, = L; then F %y — limcx,, = cL; for c € R—{0}.

Proof. 1) For any € > 0, define the following sets;

€
Al—{rGN W Zme_LIH } andAz{rEN h Z Hym_LZHO 2}'

"' meJ, "' meJ,

[\

Since F .%g — limx,, = L1 and F .%g — limy,, = L,, using Lemma 2.4, we have A| € .# and A, € .# for all € > 0.
Let A3 =A; UAy, then A3 € .#. So (A3)° is a non-empty set in F (.#). We claim that

. 1
(A3)L C {VEN: hf Z me—Ll-O-ym—LzHar <8}.
"' meJ,

Let r € (A3)€, then we have
€
LY oLl < S and LY Lol < 5

hy meld, "' meJ,
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We will get a p € N such that

bo=tallg < X b —Lills < 5 and 3y —La[g < - I lom—Lallf < 5.

"meld, "'meld,
Then, we have
lxp = Li+3p = Lollg < [ =Lilly + vy —Lllg <e.

Hence,

(A3)C C {rEN Y b — Lt +ym — Lallg <e}

"'meld,

Since (A3)° € F(#), so

{VGN Z Nl (. ~+ ym) — (LIJFLZ)H(;L 28} €S

"'meld,

Therefore F .y — lim (X, + ym) = L1 + Lp.
ii) Let F %y — limx,, = L. We define the set

A] = {VEN Z me LIHO |C|}7

’mEJ

¢ € R—{0} forevery € > 0. SoA| € F(.#). Let r € Ay, then we have
*Z llxm = Lillg <*:>*Z xm = Lallg < lel- = Z e loom = Lallg <€:>*Z lleam—cLilly <€
Vme], | | ” mel, ‘ | "' meJ, rmGJ,

Hence,

Al C {rEN Y l|cxm — Ly ||g <8}

hy meJ,

and

’mEJ

{rEN Z l|cxm — Ly ||§ <8}€F(ﬂ)

Hence F.%g —limcx,,, = cL;.

O
Theorem 2.7. Let (X,||.||) be a fuzzy normed space and x = (x,) in X. If FO —limx = L1, then F %9 —limx = L.
Proof. Let FO —limx = L;. Then for every € > 0, there exists ry € N such that hi Y xm — Ly Ha‘ < ¢ for all r > rg. Therefore the set
"melJ,
K=<{reN: Z lxm—Lillg >€p < {1,2,3,...,rg—1}.
rme]
So, we have K € .#. Hence F %y —limx = L. O

Theorem 2.8. Let (X, ||.||) be a fuzzy normed space and x = (xp,) in X. If FO —limx = Ly, then there exists a subsequence (xy, ) such that

FN
Xk,, —7 L.

Proof. Let FO —limx = L;.Then for every € > 0, there exists ry € N such that hi Y e — Ly Hg < g forall r > ry. Clearly, for each r > ry,
"melJ,

we can select a k, € J, such that

kam—hHg Z l[xm — Lyl < &

m€,

It follows that x, B I O



Konuralp Journal of Mathematics 347

3. Limit Point and Cluster Point

In this section, we gave definition of .y —limit point and F.#g—cluster point and some properties.

Definition 3.1. Let x = (x,;) be a sequence in X . If there is a set K = {ky < ky... <km < ...} CNsuchthatthesetK' ={r e N:ky, € J,} ¢ &
and FO —limx, = L, then the element L € X is said to be F Zg—limit point of x = (x,) .

Definition 3.2. Let x = (x,,) be a sequence in X. If for every € > 0, we have
1 +
reN: — Z lXxm—Lllg <€, ¢,
h’me/,

then the element L € X is said to be F %g—cluster point of x = (x,) .
We denote the set of all F Y9 —limit points of x as AF‘]" (x) and denote the set of all F % —cluster point of x as F’I{" ().

Theorem 3.3. Let x = (x,,) be a sequence in X . For each x = (xn,) , we have A‘Fﬂe (x) C F{" (x).

Proof. LetL| € Aﬁe (x). There exists a set K C N such that K’ ¢ .#, where K and K’ are as in definition 3.1, satisfies F0 —limx;, = L;.
For every € > 0, there exists rg € N such that

1
o L b, —Lally <e
" kn€J

for all r > ry. Therefore,

1
C= {re N: hﬁ Z me_Lng < 8} 2K’\{k1,k27k3,...7kr0}.

"'meJ,

So, we must have K'\ {ky,k2,k3,....,kr,} ¢ .# and as such C ¢ .#. Hence L; € FFje (x).

4. F6—Cauchy and F .#y—Cauchy

Definition 4.1. Let x = (x,,) be a sequence in X. If there exist ro,n € N satisfying hi Y |lxm —xullg < € for every € >0 and all r > ro,
"mel,
x = (xp,) is said to be F 0 —Cauchy sequence.

Definition 4.2. Let x = (x,,) be a sequence in X. If there exists n € N satisfying

1
{rEN: W Z mefx,,Ha' <8} EF(S)

"'meJ,
Jor every € > 0, x = (x,) is said to be F 99— Cauchy sequence.

Definition 4.3. Let x = (x,) be a sequence in X. Ifthere exists aset M = {k; < ky... < ky < ...} C N such that the set M' ={r € N : ky, € J,} €
F (#) and the subsequence (ka) of x = (xp) is a F O —Cauchy sequence, x is said to be F %5 —Cauchy sequence.

Theorem 4.4. Let x = (xp,) be a sequence in X. If x is FO—Cauchy sequence, then it is F %9 —Cauchy sequence.
Proof. This Theorem is an analogue of Theorem 2.7; the proof follows easily. O

Theorem 4.5. Let x = (x,,) be a sequence in X. If x is FO—Cauchy sequence, then there is a subsequence of x = (xm) which is ordinary
Cauchy sequence.

Proof. The proof of theorem is similar to that of Theorem 2.8. O
Theorem 4.6. Let x = (x,y) be a sequence in X. If x is F .95 —Cauchy sequence, then it is F .79 —Cauchy sequence as well.
Proof. The proof of theorem can be proved easily using similar techniques as in the proof of Theorem 2.8. O

5. Conclusion

In this paper, first of all, we have introduced consept of F'8 — convergence and F .y — convergence. So, we saw that these limits are unique
and if FO —limx = L, then F.%y —limx = L|. Later, we gave definitions of F .#g—limit point and F .#g—cluster point and we proved that
every limit point is cluster point. Finally, we introduced definitions of F 6 —Cauchy and F.#y —Cauchy and gave some properties.
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