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Abstract

Sturm-Liouville type boundary value problems arise a result of using the Fourier’s method of separation of variables to solve the classical
partial differential equations of mathematical physics, such as the Laplace’s equation, the heat equation and the wave equation. A large class
of physical problems require the investigation of the Sturm-Liouville type problems with the eigen-parameter in the boundary conditions.
Also, many physical processes, such as the vibration of loaded strings, the interaction of atomic particles, electrodynamics of complex
medium, aerodynamics, polymer rheology or the earth’s free oscillations yield. Sturm-Liouville eigenvalue problems( see, for example,
[1, 6, 12, 13]). On the other hand, the Sturm-Liouville problems with transmission conditions (such conditions are known by various names
including transmission conditions, interface conditions, jump conditions and discontinuous conditions) arise in problems of heat and mass
transfer, various physical transfer problems [8], radio science [7], and geophysics [9]. In this work we shall investigate some spectral
properties of a regular Sturm-Liouville problem on a finite interval with the transmission conditions at a point of interaction. We prove that
the set of eigenfunctions for the problem under consideration forms a basis in the corresponding Hilbert space.
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1. Introduction

Boundary value problems for Sturm-Liouville equations with eigen-parameter dependent boundary conditions were considered in different
formulations by many authors (see [3, 4, 5, 10, 15]. Such type of problems have appeared in some physical and engineering problems such
as heat conduction problems and vibrating string problems [4, 8, 14, 16]. Hence, it is an actual and important research topic in mathematical
physics. In the case when the spectral parameter is contained in the boundary and transmission conditions the spectral properties of
eigenvalues and eigenfunctions for the discontinuous Sturm-Liouville problems were studied in [1, 2, 11].
In this study, we shall examine Sturm-Liouville type boundary value problems when the potential of the differential equation may have
discontinuity at one inner point and the eigenparameter appears not only in the differential equation, but also in the boundary conditions.
We shall extend some results of the classical Sturm-Liouville boundary value problems to the new type boundary value problems. Basically
it has been investigated boundary value problems which consist of ordinary differential equations with continuous coefficients and end-point
boundary conditions which are independent from the spectral parameter. But in this study we shall consider a new type discontinuous
eigenvalue problem which consist of a Sturm-Liouville equation involving an abstract linear operator A , namely the equation

`y := −y′′(x) + q(x)y(x)+(A y)(x) = λy(x) , x ∈ [a1,a2)∪ (a2,a3], (1.1)

together with eigenparameter-dependent boundary conditions at the end-points x = a1 and x = a3, given by

B1(y) :=
(

lny
)′
(a1) =

α1 +λα
′

1
α2 +λα

′
2
, (1.2)

B2(y) :=
(

lny
)′
(a3) =

β1 +λβ
′

1
β2 +λβ

′
2
, (1.3)

and with the transmission conditions at the point of discontinuity x = a2, given by

T1(y) := y(a2 +0)−δ1y(a2−0)− γ1y′(a2−0) = 0, (1.4)
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T2(y) := y′(a2 +0)−δ2y(a2−0)− γ2y′(a2−0) = 0, (1.5)

where αi,βi,α
′
i ,β

′
i ,δi,γi (i = 1,2) are real numbers, q(x) is the real-valued function which is continuous in each of (a1,a2) and (a2,a3)

with the finite limits q(a1 +0),q(c2±0),q(a3−0), λ is a complex spectral parameter. Everywhere we will assume that α ′1.α2 − α1.α
′
2 >

0 , β ′1β2 − β1β ′2 > 0 and δ1γ2 − δ2γ1 > 0.

2. The Hilbert Space Formulation

For operator-theoretic treatment of the BVP (1.1)-(1.5) we shall introduce a new inner-product in the classical Hilbert space H :=
L2[a1,a3]⊕C2 and a differential operator L defined in this Hilbert space such a way that the problem (1.1)-(1.5) can be considered as the
eigenvalue problem of this operator.
At first consider a Sturm Liouville equation

`0y := −y′′(x) + q(x)y(x) = λy(x) (2.1)

on two disjoint intervals (a1,a2) and (a2,a3), together with the same boundary and transmission conditions (1.2)-(1.5). We shall introduce a
new equivalent inner-product on H := L2(a1,a2)⊕L2(a2,a3)⊕C2 by the formula

〈Y,Z〉H =

(
δ1γ2−δ2γ1

)∫ a2−0

a1

y(x)z(x)dx+
∫ a3

a2+0
y(x)z(x)dx+

(
δ1γ2−δ2γ1

α ′1.α2−α1.α
′
2

)
y1z1 +

(
1

β ′1β2−β1β ′2

)
y2z2 (2.2)

for Y =
(

y(x),y1,y2
)T , Z =

(
z(x),z1,z2

)T ∈ H. We can prove that H :=
(
L2(a1,a2)⊕L2(a2,a3)⊕C2 , 〈 , 〉H

)
is a complete, i.e.

H is Hilbert space.
At first we shall investigate the linear operator L0 : H → H with domain of definition

D(L0) =

{
Y =

(
y(x),y1,y2

)T ∈ H : y and y′ are absolutely continuous on both (a1,a2) and (a2,a3),

there are finite limits y(a1 +0),y(a2±0),y(a3−0),y′(a1 +0),y′(a2±0),y′(a3−0) (2.3)

`0y ∈ L2(a1,a2)⊕L2(a2,a3), y1 = α
′
1y(a1) − α

′
2y′(a1), y2 = β

′
1y(a3) − β

′
2y′(a3)

}
and action low

L0

 y(x)
α ′1y(a1) − α ′2y′(a1)
β ′1y(a3) − β ′2y′(a3)

 =

 −y′′(x) + q(x)y(x)
α1y(a1) − α2y′(a1)
β1y(a3) − β2y′(a3)

 (2.4)

Thus, the problem (2.1),(1.2)-(1.5) can be written in the form L0Y = λY .

Definition 2.1. The eigenvalues of the operator L0 is said to be the eigenvalues of the BVP consisting of the equation (2.1) and boundary-
transmission conditions (1.2)-(1.5).

Definition 2.2. The first components of the eigenelements of L0 is said to be the eigenfunctions of the BVP (2.1),(1.2)-(1.5).

We can prove the following theorems.

Theorem 2.3. The domain D(L0) of the linear differential operator L0 is dense in the Hilbert space H.

Theorem 2.4. The linear differential operator L0, which is definite by (2.3)-(2.4), is symmetric.

Corollary 2.5. The eigenvalues of L0 are real and the eigenfunctions corresponding to different eigenvalues λ1 6= λ2 are orthogonal with
respect to the inner-product (2.2).

Theorem 2.6. The eigenvalues of the problem (2.1),(1.2)− (1.5) is bounded below, i.e. there is m ∈ R such that λn ≥ m for all
n = 0,1,2, .....

3. Asymptotics of the Eigenvalues

We can prove that the following asymptotic approximation formulas for the eigenvalues of the considered problem (2.1),(1.2)-(1.5) are holds.

Theorem 3.1. The BVTP consisting of the equation (2.1) with boundary-transmission conditions (1.2)-(1.5) has an precisely denumerable
many real eigenvalues which may be expressed by two sequence λn,1 = µ2

n,1 and λn,2 = µ2
n,2 with following asymptotic as n→ ∞ :

Case 1. If β ′2 6= 0 and α ′2 6= 0, then

µn,1 =

(
π

a3−a2

) (
n− 5

2

)
+ O

(
1
n

)
, µn,2 =

(
π

a2−a1

) (
n+

1
2

)
+ O

(
1
n

)
Case 2. If β ′2 6= 0 and α ′2 = 0, then

µn,1 =

(
π

a3−a2

) (
n+

1
2

)
+ O

(
1
n

)
, µn,2 =

(
π

a2−a1

) (
n−2

)
+ O

(
1
n

)
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Case 3. If β ′2 = 0 and α ′2 6= 0, then

µn,1 =

(
π

a3−a2

) (
n−2

)
+ O

(
1
n

)
, µn,2 =

(
π

a2−a1

) (
n+

1
2

)
+ O

(
1
n

)
Case 4. If β ′2 = 0 and α ′2 = 0, then

µn,1 =

(
π

a3−a2

) (
n−2

)
+ O

(
1
n

)
, µn,2 =

(
π

a2−a1

)
n + O

(
1
n

)
We shall suppose that D(A ) ⊇ D(L0) and define the main operatorL : H → H on the domain D(L ) = D(L0) by the formula

L

 y(x)
α ′1y(a1) − α ′2y′(a1)
β ′1y(a3) − β ′2y′(a3)

 =

 −y′′(x) + q(x)y(x) + (A y)(x)
−α1y(a1) + α2y′(a1)
−β1y(a3) + β2y′(a3)


Now we can write the main problem (1.1)-(1.5) in the operator form as LY = λY .
Let us define a new inner-product space H1 := (D(L ) , 〈 , 〉H1) on the subspace D(L ) ⊆ H equipped with the inner-product

〈Y,Z〉H1 = 〈y,z〉W 2
2 (a1,a2)

+ 〈y,z〉W 2
2 (a2,a3)

for Y =
(

y(x),y1,y2
)T , Z =

(
z(x),z1,z2

)T ∈ D(L ).

Lemma 3.2. H1 is a Hilbert space.

Let us define the following linear operators in the Hilbert space H1 by the equalities

A1Y := (A y,0,0) and LY := L0Y + A1Y

for Y = (y(x),y1,y2) ∈ D(L0).

Theorem 3.3. Suppose that the linear operator A from W 2
2 (a1,a2)⊕W 2

2 (a2,a3) into L2(a1,a2)⊕L2(a2,a3) be compact. Then, for any
sufficiently small θ > 0 there exists constants Kθ > 0 and Cθ > 0 such that for all complex numbers λ satisfying

θ < argλ < 2π−θ and |λ | > Kθ ,

the operator λ I−L from H1 onto H is an isomorphism.

Theorem 3.4. Assume that all conditions of the previous theorem are satisfied. Then the coercive inequality

||Y ||H1 + |λ | ||Y ||H ≤Cθ ||F ||H
holds for the solution Y = Y (λ ) of the equation (λ I−L )Y = F, F ∈ H, where Cθ is a constant, which is independent from Y and λ and
depend only of θ .

Theorem 3.5. For any θ > 0 (small enough) there exists Kθ > 0 and Cθ > 0 such that the estimate ‖(λ I−L )−1‖ ≤ Cθ |λ |−1 holds for
all λ with θ < argλ < 2π−θ , |λ | > Kθ .

From these results it follows the next theorem.

Theorem 3.6. The spectrum of the linear operator L is discrete.

Now we are ready to formulate the following important result.

Theorem 3.7. Let the operator A from W 2
2 (a1,a2)⊕W 2

2 (a2,a3) into L2(a1,a2)⊕L2(a2,a3) be compact. Then, the spectrum of the problem
(1.1)-(1.5) is discrete and for the eigenvalues {λn} ( n = 1,2, ...) arranged as |λ1| ≤ |λ2| ≤ |λ3| ≤ ...., the following asymptotic formulas are
valid:

Imλn = o
(

n2
)

, λn =

(
1

a3−a1

)2
π

2n2 + o
(

n2
)
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