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NOVEL IDENTITIES INVOLVING GENERALIZED CARLITZ’S
TWISTED ¢-EULER POLYNOMIALS ATTACHED TO y UNDER
Sy

UGUR DURAN AND MEHMET ACIKGOZ

ABSTRACT. The essential purpose of this paper is to give some novel symmetric
identities for generalized Carlitz’s twisted g-Euler polynomials attached to x
based on the fermionic p-adic invariant integral on Z, under Sy.

1. INTRODUCTION

In recent years, many mathematicians have studied on symmetric identities of
some well-known special polynomials arising from p-adic g¢-integral on Z,. For
example, Duran et al. [8] on ¢-Genocchi polynomials under Sy, Duran et al. [9]
on weighted ¢-Genocchi polynomials under Sy, Araci et al. [3] on g-Frobenious
Euler polynomials under S5, Dolgy et al. [6] on g-Euler polynomials under Ss,
Dolgy et al. [7] on h-extension of g-Euler polynomials under D3 and furthermore,
moreover, Duran et al. [10] on Carlitz’s twisted (h, ¢)-Euler polynomials under S,,,
furthermore, Rim et al. [15] on generalized (h,¢)-Euler numbers under D3 have
worked extensively by using p-adic g-integrals on Z,,.

Throughout the present paper we shall make use of the following notations: 7Z,
denotes the ring of p-adic rational integers, QQ denotes the field of rational numbers,
Qp denotes the field of p-adic rational numbers, and C,, denotes the completion of
algebraic closure of Q,,, where p be a fixed odd prime number. Let N be the set of
natural numbers and N* = NU {0}. The normalized absolute value in accordance
with the theory of p-adic analysis is given by [p[, = p~!. The notion "¢” can be
noted as an indeterminate, a complex number ¢ € C with |g| < 1, or a p-adic
number ¢ € C, with [¢—1[, < p 77 and ¢ = exp (zlogq) for |z[, < 1. The

1—q”

g-analog of z is defined as [z], = F=L-. It is obviously that lim,; [z], = 2. See cf.

[3-21] for a systematic work.
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For
feUD(Z,) ={f|f:2Z, — C, is uniformly differentiable function},

the fermionic p-adic invariant integral on Z, of a function f € UD (Z,) is defined
by Kim in [12] as follows:

p—l
(1.1) /f )dp_y (x zlganf

=0

Hence, via Eq. (1.1), it follows

—1(fn) = (=1)" +2Z D"

where f,(z) means f(z + n). For more details, one can take a close look at the

veferences [3], [6], 7 [8], (0], (101, [11], [12]. [13], [15], [16]. [17].
For d € N with (p,d) =1 and d = 1( mod 2), we set

X = Xq =WmZ/dp"Z and X, =Z,,

X = |J (a+dpz,)

0<a<dp
(a,p)=1

and

a+dp"Z,={zxe X |z=a( moddp")}
where a € Z lies in 0 < a < dp™ cf. [3, 6-13, 15-19].
Note that
/f Y1 (& /f Vs (2) . for f € UD(Z,).

As is well-known that the Euler polynomials E,, (z) are defined by means of the
following Taylor expansion at t = 0:

> tm 2
(1.2) T;En(x)m a1 (It} < ).

If we choose = 0 in the Eq. (1.2), it yields E,(0) := E,, that is called as n-th
Euler number. Moreover, the polynomials E,, (z) can be introduced by the following
p-adic integral:

E,(z) = / (& +9)" djs ().

see, for more details, [2-7, 10-20].

Let x be a primitive Dirichlet’s character with conductor d € N with d = 1(
mod 2). Details on the Dirichlet’s character x can be found in [1].

As a generalization of F,(z), the generalized Euler polynomials attached to ¥,
E, y(z), are defined by
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d—1 a _at
(1.3) /Xx(y)e(Iﬂ/)tdu_l (y) = <22a—oXec(lta_21(—l) e )6“

Thus, by virtue of Eq. (1.3), we have

Epx(z) = /Xx(y) (x+y)" du_1(y), n>0.

Substituting with « = 0 in the Eq. (1.3) yields E, ,(0) := E, , known as n-th
generalized Euler number attached to x, see [12] and [18].

Let T}, = Ngl Cpy = limy ;o0 Cpn, in which Cpn = {w cwP = 1} is the cyclic
group of order pV. For w € T,, we denote by ¢, : Z, — C, the locally constant
function ¢ — w*. For ¢ € C,, with |1 — q|p < land w € T, in [17], Ryoo introduced
the Carlitz’s twisted g-Euler polynomials by the following fermionic p-adic invariant
integral on Z,:

(1.4) Eranle) = [ o+l dus () (n>0).

ya

Letting x = 0 into the Eq. (1.4) gives & q.w(0) := Engw called n-th Carlitz’s
twisted g-Euler numbers.

From (1.4), we can derive the generating function of the generalized Carlitz’s
twisted g-Euler polynomials attached to x as follows:

o0 tn
(1.5) Z Enxqw(T)— = /Z X (y) wye[ﬁy]qtdﬂfl (y) -
n=0

n!
P

When z = 0, we have &, y 4.w(0) := & y.q,w are called generalized Carlitz’s twisted
g-Euler numbers attached to y.

The present paper is organized as follows. In the following section, we consider
the generalized Carlitz’s twisted g-Fuler polynomials attached to x and present
some not only new but also interesting symmetric identities for these polynomials
associated with the fermionic p-adic invariant integral on Z, under symmetric group
of degree four. Furthermore, some speacial cases of our results in this paper are
examined in the Corollary.

2. NOVEL SYMMETRIC IDENTITIES FOR &,y q,w(2) under Sy

Let w; € N be fixed natural number which satisfies the condition w; = 1(
mod 2), where ¢ € Z lies in 1 < ¢ < 4 and x be the trivial character. Then,
we observe
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w1 W W, W W W3 Y+W1 WoW3W4L+Wawowzi+wawi wsj+wawywok| t
/X(y)w 1wW2 sye[ 1W2wW3Y 1W2W3 W4 4W2W3 4W1W3]J 4W1 Q]Gd,u_l(y)
Z

P

dp™N -1
= lim 3 (1) (y) wrereeseli sy w s s s wsn s sk ¢
N—o0
dw4 lp
— lim 2 E l+y (l)wwlwzwg(l+dw4y)
N—o0

elwiwzws (l+dw4y)+w1w2w3 waztwawawsitwawiwsj+wawiwak] ¢

Hence, we discover

dwi—1dwo—1dwz—1

(21) I = Z Z Z (_l)i-f-j-‘rkx (’L) % (]) % (k’) ww4w2w3i+w4w1w3j+w4w1wgk
=0 j=0 k=0

> / X () ww1wzwsye[w1w2w3y+w1w2w3w4az+w4wzw3i+W4w1wsj+w4w1wzk]qtd'uil<y)
ZP

dwi—1dwo—1dws—1 dwyg— lp

— lim § § § § § l+j+7€+y+lX (ij‘l) ww1w2w3(l+dw4y)+w4w2w3i+w4w1w3j+w4w1w2k
k=0 =0

N—o00
=0 j=0

e[wl waws (l+dw4y)+w1w2u)3 WeTHWawawsi+wawi wsj+wsaws wa k]qt

Notice that Eq. (2.1) is invariant for any permutation o € S4. Therefore, we state
the following theorem.

Theorem 2.1. Let w; € N be any natural number which satisfies the condition
w; = 1( mod 2), in which i € Z lies in 1 < i < 4, x be the trivial character and
n > 0. Then the following

dwa(l)—l dwa(z)—l dwu(3)—1
I = E E E 2+]+’<X (Z) % (]) % (k) wwd(4)wo(2)wo‘(3)i+wa(4)wo‘(1)wa(S)j+wa(4)wo‘(1)wd(Z)k

. / X () WWe () Wo(2)Wo(3) (I+HWe (4)Y)

Zp

Wo (1) Weo (2) Wo (3) YT W (1) Wo (2) We (3) Wo (4) T+ We (4) Wo (2) We (3) 1+ Wo (4) W (1) Wo (3) J T Wo (4) Wo (1) W (2) k| ¢
xe[ (1HWe(2)Wo(3)Y (1)We(2)Wo (3)Wa(4) (4)We(2)Wa (3) (4)Wo (1) Wo(3)] (4)Wo(1)Wa(2) }q dﬂfl(y)

holds true for any o € Sy.
On account of the definition of [z] , we readily find that
[wywewsy + Wi wWawswWaT + Wawawsi + wawiwsj + w4w1w2k]q

= [wiwaws], y+w4x+—z+—'+—k :
w

3 qu1w2ws
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which gives
(2.2)

/ X (y) wr23Y [wy wowsy + wywowswax + wywewsi + wawiwsj + w4w1w2k] du—_1(y)
Z

P

n
= [wiwaws] Enx,qu1waws wiwows | Wik + —z + —j + —k , for n > 0.
4 wy W

So, by the Theorem 2.1 and Eq. (2.2), we procure the following theorem.

Theorem 2.2. Let w; € N be any natural number which satisfies the condition
w; = 1( mod2), in which i € Z lies in 1 <1i <4 and x be the trivial character. For
n > 0, the following expression

dwd(l)—ldwd(g)—ldwd(g) 1
I = [womwooe)], Z > Z D" (8) x () x (k)
7=0

X Weo(4) Wao(2)Wa (3) l+wg(4)wa(1) wo(3)3+wg(4)wa(1) we(2)k

wO’ . wﬂ' . wU
@, Yo, Yo k)
Wo(1)  Wo(2)"  Wo(3)

Xgn’x’qwg(nwg(z)w(’@) ’ww‘7<1)wo'(2) We(3) (wg(4)x +

holds true for any o € Sy.

By using the definitions of [z], and binomial theorem, we see that

(2.3) { + waz + —z y Jj+ k]
wy? " gwiwaws

n n [w4] n—m
= Z ( > — [wowsi + wywsj + w1w2k]21:4m
m [wlwgwg]q

m=0

m(wawzwaitwiwzwaj+wiwawak) [

m
xq Yy + w4~r]qurlu12w3 5

which yields

(2.4)

dw1 d'UJQ 1d’UJ3 1

forwawsly > > Z )ikt s twsowsky () () x (k)
=0 =0 k=0

x / X (y) w*2esy [y + war + —z TR Ry dp—1(y)
Z

w2 w3 :| quiwaws
dw1 -1 dw2 1

n
n n—m
= E wlwgwg] [’LU4]q Em XHqP1W2WS wiwaws w4l'
m=0

P

m
dwz—1
Z (71)i+j+kx (’L) % (]) X (k’) ww4w2w3i+w4w1w3j+w4wlw2k
k=0
x g wawa s e s e wzh) [y g+ wywsj + w1w2/€]2@m
n
— Z <TT;L> [wlwgwg] [w4]” mgm,x,qwlwzws,wwlwzwe, (U)4$) ﬁn7m,q'w47ww4 (wl,wg,w3 ‘ X),

m=0
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where

(25) Un,m,q,’w (wla w2, W3 | X)
dwlfl d’wzfl dwgfl

Do D0 D (L) X (6) x (k) wrs etk
i=0 j=0 k=0

m(wawzi+wiwzj+wiwak) [

- . n—m
wowst + wiwsj + wlwgk]q

Xq
Consequently, from Egs. (2.5) and (2.5), we present the following theorem.

Theorem 2.3. Let w; € N be any natural number which satisfies the condition
w; = 1( mod 2), where i € Z lies in 1 < i < 4, x be the trivial character and
n € N. Hence, the following expression

i n m n—m
Z:O <m> [Wo()Wo)Wo(3) ], [Wow],

Xgn,x,qwo(nwc(z)%(s),w%u)wm)wam (wa(4)$) Un,m,q%@),w%m) (wa(1)7wa(2)awa(3) | X)

holds true for some o € Sy.

3. CONCLUSION

In this study, we have obtained some new symmetric identities for generalized
Carlitz’s twisted g-Euler polynomials attached to y associated with the p-adic in-
variant integral on Z, under the symmetric group of degree four. We note that for
w = 1, all our results in this paper reduce to the results of the generalized g-Euler
polynomials attached to x under Sy in [18]. Moreover while ¢ — 1, all our results
in this paper reduce to the results of the generalized twisted Euler polynomials
attached to x under Sy. Furthermore, for w = 1 and ¢ — 1, all our results in
this paper reduce to the results of the generalized Euler polynomials attached to y
under Sy.
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