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SOME RL-INTEGRAL INEQUALITIES FOR THE WEIGHTED
AND THE EXTENDED CHEBYSHEV FUNCTIONALS

ZOUBIR DAHMANI, AMINA KHAMELI, AND KARIMA FREHA

ABSTRACT. In this paper, we use the Riemann-Liouville fractional integrals
to establish some new integral inequalities related to the weighted and the
extended Chebyshev functionals. Some classical results are also presented.

1. INTRODUCTION

Let us consider the weighted Chebyshev functional [2

L) T(fg.p): / / f / f / o(=)p(@),

where f and g are two integrable functions on [a,b] and p is a positive and
integrable function on [a, b] .
In [8], N. Elezovic et al. proved that
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where f € L%([a,b]) and ¢’ € L?([a,b]);a > 1,8> 1,y >1,a ' 4o/ =1,8""+
B =1y 4+ =1
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Then, in [5], Z. Dahmani et al. proved the following result in fractional integral
case :

2|J0p(t) J°pfa(t) — Jopf(t )J‘spg(tﬂ
(13) < HleaHgHﬂ// — )" |z — y| p(z)p(y)dzdy,

where f’ € L%([o,00]) and ¢’ € LP([o,00[);a > 1,8 > 1,0t + 37t = 1.
Furthermore, taking ¢ a positive and integrable function on [a,b], we consider
the extended Chebyshev’s functional [3, 10]:

W) Tama = [ 4@ [ s + [ [ awr@ew
—L%mﬂméﬁwmm—LZmﬂmLZwmu

Many researchers have given considerable attention to the functionals (1.1) and

(1.4). For more details, we refer the reader to [1, 4, 6, 7, 11, 12, 13, 14] and the
references therein.
The main purpose of this paper is to establish some new inequalities for (1.1) and
(1.4) by using the Riemann-Liouville fractional integrals. For our results, some
classical inequalities can be deduced as some particular cases. We also present and
prove an auxiliary classical result related to the extended Chebyshev functional.

2. PRELIMINARIES ON RIEMANN-LIOUVILLE INTEGRATION

Definition 2.1. The Riemann-Liouville fractional integral operator of order § > 0,
for a continuous function f on [a,b] is defined as

@1 Jf@) = 1/t(t—T)‘S_lf(T)dT,5>O,a<t§b,

I'(9)
Jaf () = f(),
For 6 > 0, A > 0, we have:
(2.2) Ja o f (8) = Jaf (1)
which implies the commutative property

(2.3) JLINF () = J2Tof(t).

For more details, one can consult [9].

3. MAIN RESULTS

We begin by proving the following theorem which generalises one of the result
n [5]. We have:

Theorem 3.1. Let f and g be two differentiable functions on [0, 00[ and let p be pos-
itive and integrable function on [0,00[. If f' € La([O oo[) and g’ € LP(]0,00]); 0 >
1,ﬁ>1,’y>1withé+ =1, 1—1—5, =1andi —i— > =1, then for allt > 0,5 >0
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we have the inequality
(3.1)  2[Ip(t)I°pfy(t) = Jpf(t)T°py(t)]

17l - ven
< T(6) /0/0(’5—96)5 Nt =) tp(@)p(y) [o — ylo "7 d dy>

x <|1{|6ﬁ / /(tfx)‘;’l(t*y)‘s’lp(x)p(y) & —y| > dxdy) W
< I ||9||/3 ( / / I RTINS %p@p(y)dxdy).

Proof. Let f and g be two functions that satisfy the conditions of Theorem 3.1 and
let p be a positive and integrable function on [0, oof.

2=

We consider the quantity H (already introduced in [5] and in some other refer-
ences):

(3.2) H(z,y) = (f(z) — f(y)(9(z) —g(y)). z,y € (0,1),¢t>0.

Multiplying (3.2) by (t}%(;ilp(x),x € (0,t), and integrating the resulting iden-

tity with respect to x over (0,t), we can state that

(3.3) ﬁ /0 (t — 2 p(2) H (z, y)dz

= Jpfa(t) — g(y)J°pf(t) — f(y)]°pg(t) + f(y)g(y) I p(t).

With the same arguments, we obtain:
1 e 61 51
(3.4) g L ] o = @) e ey

= 2(J°p(t)I°pfg(t) — Jpf(t) ] pg(t)).
On the other hand, it is clear that

(3.5) H(z,y) //f w)drdp.

Thanks to Holder’s inequality, it follows that:

/ ()| dr
Yy

IR
y
Then, H can be estimated as follows:

@ x
JRECIR
Yy
Hence, we can write

217°p(t) ] pfg(t) — Jpf(t)J pg(t)|
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By Holder’s inequality for double integral, we obtain:
2|7°p(t)]°pfg(t) — T pf(t) T py(t)|

1 t t . o 1 é x , N %
2(5) (/0 /O(f—$)5 (t =) p(@)p(y) |z —yl[=" /y | (7)|*dr dxdy)

t t 0 x ki
| =00 @l -7 | [ 1900
0 JO Y
Using the following properties
x
[ i@
Yy

dxdy
we observe that

(3.9)  2[I°p(t)J°pfg(t) — J°pf(t) I pg(t)]

('f I / / — )" p(a)p(y) |z —y| 7T dwdy) W

wfe,

(3.8) <IIf1a

x
[l <1
Y

/|1 _ 14 7
< / / (t— )’ (t =) p(e)p(y) |& — y| ¥ 7 ddy
Therefore,
(310)  27°p(t) I pfy(t) J%f() 9(t)]
< IIQIIa// — )% Yz — y| 7 p(a)p(y)dedy.
Theorem 3.1 is thus proved. O

Remark 3.1. Taking 6 = 1 in Theorem 3.1, we obtain the inequality (1.2) on [0, ¢].
Now, we prove the following classical result:

Theorem 3.2. Let f and g be two differentiable functions on |a,
be two positive and integrable functions on [a,b]. If f' € LO‘([
Lﬁ([a,b]);a>1,ﬁ>1,7>1with§+$:1,%+ﬁ— an

then we have:
/’u%ﬂﬁdr'
y

‘T(f,g,p,q)) < (// (y) |z —y|= 7
wa%mﬁdu

bl and let p,q
b)) and ¢ €
d>+5 =1,

1
v

dxdy)
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Proof. We have:

’f(f,g,pvq)‘ < // y) |H(z,y)| dzdy

< // Yo —yl@ / 7 dt\‘1

Applying Holder inequality for double integral, we get

7(f.9.p0)| < (/ /:p<x>q<y>|x—y5+ﬂl' /;f’(f)ladf

L R
p(x)q(y) |z —yl""?
a a
Consequently,

7(£.9.0.0)] << 117 llallg 1 (/ [ vratw) ool dmdy>

We present also the following theorem which generalizes Theorem 3.2.

)
/ g )" dt‘ dxdy.
y

’ dacdy)

! 7

z % v
/ 19 (W) du‘ dady
Y

Theorem 3.3. Let f and g be two differentiable functions on [0,00[ and let p,q
be two positive and integrable functions on [0,00[. If f' € L%([0,00[) and ¢’ €
LA([0,00));a > 1,8 > 1,7 > 1 with i +$ = 1,% +ﬁ =1 and % + = =1, then
for allt > 0,0 > 0, we have:

| 72q(t) I pfg(t) + Jop(t )J‘Squ< t) — pf(t)°qg(t) — J0qf(t).] py(t)]
(312E ‘fH ||g||5// y)5_1|x ‘ ’+B’ ( )q(y)dxdy

Proof. Multiplying (3.3) by (t}%{ q(y),y € (0,t), and integrating the resulting

identity with respect to y over (0,t), yields the following inequality
| 72a(8)]°pfg(t) + J°p(t)]°afg(t) — J°pf(£)I°ag(t) — TP af ()T pg(t)]

< FT@/O /O(t_x)é_l(t_y)é_lp( z)p(y) |z — y|= e /:cfl(T)adT /yx |g’(u)|’8du‘éd:ﬂdy.

Using the same arguments as in the proof of Theorem 3.1, we obtain Theorem
3.3. O

1
7

@

Remark 3.2. Taking § =1 in Theorem 3.3, we obtain Theorem 3.2 on [0, ¢].
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