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ON THE STRICTION CURVES OF INVOLUTIVE FRENET
RULED SURFACES IN E3

SEYDA KILICOGLU, SULEYMAN SENYURT, AND ABDUSSAMET CALISKAN

ABSTRACT. In this article we conceive eight ruled surfaces related to the evo-
lute curve a and involute a*. They are called as Frenet ruled surface and
involutive Frenet ruled surfaces, cause of their generators are Frenet vector
fields of evolute curve a. First we give tangent vector fields of striction curves
of all Frenet ruled surfaces and the tangent vector fields of striction curves
of involutive Frenet ruled surfaces are given according to Frenet apparatus of
evolute curve a. Further we give only one matrix in which we can see sixteen
position of these tangent vector fields, such that we can say there is six position
the tangent vector fields are perpendicular.

1. GENERAL INFORMATION

Deriving curves based on the other curves is a subject in geometry. Bertrand
curves, involute-evolute curves are this kind of curves. By using the analogous
means we generate ruled surface based on the other ruled surface. The properties
of the B-scroll are also examined in Euclidean 3-space, Lorentzian 3-space and n-
space with time-like directrix curve and null rulings (see [2], [5], [6] ). Differential
geometric elements of the involute D scroll are examined in [10]. Let Frenet vector
fields be Vi (s),Va (s), V3 (s) of o and let first and second curvatures of the curve
a(s) be k1 (s) and ko (s), respectively. The quantities {V1, Va2, Vs, k1, k2} are Frenet-
Serret elements of the curves. Frenet formulae are,

Vi 0 k0 Vi
(1.1) Vo |=| -k 0 k ||V
Vs 0 —k 0 | [V

The Darboux vector makes a path of curvature k; and torsion ko, curvature is the
measuring of the rotation of the Frenet frame on the binormal unit vector, and
torsion is the measurement of the rotation of the Frenet frame on the tangent unit
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vector. For any unit speed curve «, according to the Frenet-Serret elements, the
Darboux vector can be defined

(1.2) D(s) = ka(s)V1 (s) + k1(s)V5 (s)

where curvature functions are defined by ki(s) = ||[Vi(s)|| and ka(s) = — <V2, V3> .
The Darboux vector field of « and it has the bellowing symmetrical properties, [3].

(1.3) D(s) = Z—i(s)vl (s) +Vs(s)

throughout «(s) under the condition that kq(s) # 0 and it is called the modified
Darboux vector field of « [8].

Let unit speed regular curve o : I — E? and o* : I — E3 be given. For Vs € I,
then the curve a* is called the involute of the curve a, if the tangent at the point
«(s) to the curve « passes through the tangent at the point a*(s) to the curve o,
then we can write that

o (s) =a(s)+ (c—s)Vi(s),c = const.

The distance between corresponding points of the involute curve in E? is d(oz(s)7 a* (s)) =
|c — s|, ¢ is constant ,Vs € I, ([4],[9]). The Frenet vector fields of the involute o,
based on the its evolute curve o are

Vir=Va,
Vi=—HB V4 2V
(1.4) 2 (k%;kg)% ! (k%:kg)’z 3
Vi=—k v+ By
T me) T (et 0
and
(1.5) bk Kk kb L b

3 1
2 2

= Vi
(ki +k3)* (ki +k3) (ki +k3)
The first curvature and second curvature of involute o* are, respectively [9],

/

/1.2 2 —k2(k
(16) ki _ kl + k2 kX 2 (k2>

(c—shki’ "% (c—s)ky (k] +k3)’

/
Since n =k} + k3 #0, and pu = (%) , we have

2 , , 2
k24 k3 = (V"?f+k§> n ( koki —k1k2)> _ ki

(1.7 n*

Ak ACE R

) kgky — k' ks ) )
(18) 4 = (k;) ds M (B3+63) 1 koki —kike  pk
: =

P 712 \b. 3 3
ds \/lilk-i-l% Ak k1 (k% + k%)2 )\772
/

N k2 +k2 5 /
( 9% L LT (AR ) 1
7 (k2453)° +(koki—k1k2)® | Ay 3+ k2 ) Nk

A2k2(k2+k2)°
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A ruled surface is generated by a one-parameter family of straight lines and it
possesses a parametric representation |

(1.10) o(s,v) = a(s) +va(s),

where o and x are curves in E3. We call ¢ a ruled patch. The curve « is called the
directrix or base curve of the ruled surface, and z is called the director curve, [1].
The striction point on a ruled surface is the foot of the common normal between
two consecutive generators. The set of striction points defines the striction curve
given by [1]

(1.11) e(s) = as) — QeTs) oy

(xs,xs>

2. ON THE STRICTION CURVES OF INVOLUTIVE FRENET RULED SURFACES IN E3

Theorem 2.1. The striction curves of Frenet ruled surfaces are, [7]

. 0 0 0
k1
e —a 0 mmg O f
(2.1) a | = 0 0 0 V2
G4 — 752 7 0 k_l 7 Vs
ki (32) ()

Theorem 2.2. Tangent vector fields Ty, T, T3, and Ty of striction curves
along Frenet ruled surface are given by

1 0 0
Ty k3 le , k1 ko i
I | _ | ol sG] allea] V-
= 2
Ty 1 0 v
Ty p—p =52 0 W 3
e el
/
k
where k? + k3 =, (1??) = U
Proof. Tt is given this matrix, so we get equalyties as follows:
Ti(s)=T3(s)=0a' (s) =W,
Since c2(s) = a(s) + ﬁ‘/g and
k2 (7) k1ks
T5(s) = 2 V
] A O] R ) A AR BN EAOT A
Also
k i 2 Lk / k: " & k ! "
() - () () -2 (8) )
T4 (8) 2 Vl - 2 ‘/37
kz ! / kz !
() ) el () ) el
2 _ 1 ko /
e [
T, (8) = LV + V3.
TR EAC| 1 [l (s)
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Definition 2.1. Let a* (s) be involute of a(s) with arc-lenght parameter s. The
equations

i (s,01) = @™ () + 01 V7" (s)
5 (5,02) = @™ () + v2V5 (s)
5 (s,03) = a” (s) + v3V5" (s)
i (8,04) = " () + vaD*(s)
are the parametrization of Frenet ruled surface of involute curve a* (s).

The above definition can be written as follows.
@1 (s,01) = a(s) + (0 —s)Vi(s) +v1Va(s),

5 (s,02) = a(s) + (0 = 5)Vi (s) + vp | AR )
(ki+#3)2
kaVit+ki1Vs

05 (s,v3) =a(s)+ (0 —s)Vi (s) + vs (k%+k§)%

)

5 (s,v4) = a(s) + (0 — 5)Vi (s)
ko _ ki ko —kiky k1V3
o (m ! ‘ )

(k3+42) 2 SRV
Theorem 2.3. The equations of the striction curves of involutive Frenet ruled
surfaces on the evolute curve a according to Frenet elements of evolute curve a, [7]

& o A 0 0
1 k3 kyk V;
(2.2) doa || Mimadm) 0 M v
’ c5—a A 0 0 v
c — N — k2 —m kr 3

m’ n2 m’'nz

Theorem 2.4. Tangent vector fields T1", Ty, 13", Ty* of striction curves of in-
volutive Frenet ruled surface according to Frenet elements by themselves are given

by

0 1 0
T —b*k1 + c*ko o b'ko 4Tk v
* 1 1 1
(2.3) T (kT + k3)> (k% + k3) Va
15" 0 1 0 Vv
T, e*ka & e*ky 3
(ki +K3)” (ki +K3)?
where
k*2 (ﬁ)/ ke lex
at = *+’ b* = *17/ ? ¢ = * 1*/2
3" (s)]] 3" ()| 7[5 (9)]]
k o xl ﬁ ’
P M 2 5 o w*
wlley’ ()l e es' )]

and k3% 4+ k3% = n*

/
)=
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Proof. Tangent vector fields Ty, 15", T3*, T4 of striction curves of involutive Frenet
ruled surface matrix form as follows;

Ty 1 0 X
5 | | a* b c* “;1*
Ty | |1 0 0 VQ*
Ty a0 e 3

Ty 1 0 0 0 1 0
* * * * —k k Vl
T2 — a b ¢ (k2+k12)% 0 (k2+]2<:2)% V2
T§< 1 O 1 k 2 1 & 2
T; e 0 e || et  wapr LY
4 e (k3+K3)2 (k3+K3)2

or

[ 0 1 0 ]
Tl* —b*kl + C*k2 % b*kQ + C*kl v
1 1
L | _ | (R+#3)? R+ ||
* S 2
Ty 0 1 0 V
T4* e*ko d* e*ky 3
(k2 +K3)* (R2+43)° ]

Theorem 2.5. The product of tangent vector fields Ty, Ty, T3, T; and tan-

gent vector fields Ty, T, T3, Ty, of striction curves belonging to Frenet ruled
surfaces and involutive Frenet ruled surfaces are given by,

O 7k1b* + kQC* 0 kge*
I X bz bnzd* + (aky + cki)e”
.4 1T = — n rr] 77 2 1
(2 ) [T] [T ] 77% 0 —k‘lb* + k'QC* 0 k‘ge*
0 Y 0 e* (dks + ekq)

where X = bpza* + (—aky + cks) b* + (aks + cky) ¢* and Y = b* (—dky + eks) +
c* (de —+ ekl)
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Proof. By using matrices (2.3) and (2.4), we can write

nrm 1" 10 0 ], 1 0 0 L)
* Vi * * * Vl
T 75 B a b c v a* b ¢ Vo
Ts T; - 1 0 0 V2 1 0 0 Ve
T T; | 4 0 e | L7 | dx 0 ex 3
10 0 ] V1T oy T 1 0 01"
_ b c Vl Vl* a* b* c*
- 1 0 0 V? VQ 1 0 0
i 0 e | s 1L dx« 0 ex
10 0 ] 1 0 0
- a b c 1 0% _(;ﬁ %2 a* b
- 1 0 0 e 770 A 1 0 0
| d 0 e | 2 L dx 0 ex
0 —klb* + kQC* 0 k26*
_ 1 bz X bpz  byzd* + (aks + cky) e*
Copr | 0 kb ket 0 kae*
0 Y 0 e* (dka + eky)
0

The position of the unit tangent vector field 77,75, 75, T of ruled surfaces
V1,95, 05, @4, respectively, on the curve a*, can be expressed by the bellowing
matrix;

«T _ 2,41 2,49 2, 2,
Cor MR iy ) () @) |
Tty (0T (LT (1)

here [T*]" is the tranpose matrix of [T*].

The six pairs of Frenet ruled surface and involutive Frenet ruled surface have stric-
tion curves with orthogonal tangent vector fields, these are

Tangent and involutive tangent ruled surfaces of the a,

involutive binormal and tangent ruled surface of the «,

involutive tangent and binormal ruled surface of the «,

Binormal and involutive binormal ruled surfaces of the «,

Darboux and involutive tangent ruled surfaces of an «,

Darboux and involutive binormal ruled surfaces of an a.

Theorem 2.6. Tangent vector fields of striction curves on tangent ruled surface
and involutive normal ruled surface and binormal ruled surface have orthogonal

(&)
<)M
under the condition are @ =17
k1 kiks
Proof. Since the equations (2.4) and (2.5), we have
&\

—kyb* + koc* k (*) n
RO R g2\ T

775 k‘1 k‘l k‘g
this completes the proof. [

(,1y) = (I315) =
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Theorem 2.7. Tangent vector fields of striction curves on tangent ruled surface
and binormal ruled surface and involutive Darboux ruled surface have orthogonal
koky — Ky ko
NN
My (K2 + k2)?
Proof. From the equations (2.4) and (2.5), we have

under the condition are = constant.

1
<T1,TI> = <T35TZ>:T’Z€2€* :0:>k26*:0,k2#0
772
ko1 — ik
e = 0= (u*) =0=—= 22 "2 _ const.,
ey (K2 + k2)?
this completes the proof. ([

Theorem 2.8. i) Tangent vector fields of striction curves on normal and involutive
B\ _
mim) =0
4t) Tangent vector fields of striction curves on normal and involutive binormal ruled
!
=0.

tangent ruled surfaces have orthogonal under the condition are (

surfaces have orthogonal under the condition are (Jﬁ)
1 2
Proof. i) By using the equations (2.4) and (2.5), we can write
k /
(karlkg’) k1

(T, T7) = b=

= =0= (—+-) =0,
D] (i)

this completes the proof.
ii) Since (T, T5) = b, it is trivial. O

Theorem 2.9. Tangent vector fields of striction curves along normal and involutive
normal ruled surfaces are orthogonal under the condition

bn2a* + (—aky + ck2) b* + (aks + cky1) c* = 0.

Proof. Since the equations (2.4) and (2.5), we have

X
(Tp,T5) = —=0=X= bn?a* + (—aky + cky) b* + (aks + cky) ¢* =0,
’[72
this completes the proof. ([

Theorem 2.10. Tangent vector fields of striction curves along normal and invo-
lutive Darboux ruled surfaces are orthogonal under the condition

bnzd* + (ake + cky) e = 0.

byzd* + (aks + cky) e*
Proof. Since (T»,Ty) = nd” o+ (aks + cky)e in the equations (2.4) and (2.5) and

1
775
under the orthogonality condition bnzd* + (aky + ck1)e* = 0. O

Theorem 2.11. Tangent vector fields of striction curves along Darboux ruled sur-
face and involutive normal ruled surface are orthogonal under the condition

k1 _ (dc* +eb”)
ko (db* — ec*)
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Proof. Since the equations (2.4) and (2.5), we have

Y
<T47T2*> = T:O:Y:b* (—dk1+ek2)+c* (dk2+ek1):O
’]72
ki (dc* + eb*)
— _ = —
ke (db* —ec*)’
this completes the proof. O

Theorem 2.12. Tangent vector fields of striction curves on involutive Darbouz
ruled surface and Darbouz ruled surface are orthogonal under the condition (dks + ek1) =

!
o
0 or (,f) = const.
1

Proof. By using the equations (2.4) and (2.5), we can write
e* (dkg + ekl)
-y

(Ty, Ty) = T =0= (dka+ek1) =0 ore* =0
772
k'
et = 0= pu* =const. = (I;k) = const.
1
this completes the proof. ([l
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