
Journal of Universal Mathematics
Vol.6 No.2 pp.221-226 (2023)

ISSN-2618-5660
DOI: 10.33773/jum.1329709

ON THE GROUP OF POINTWISE INNER AUTOMORPHISMS

ELA AYDIN

0000-0003-4867-0583

Abstract. Let Lm,c stand for the free metabelian nilpotent Lie algebra of
class c of rank m over a field K of characteristic zero. Automorphisms of the

form ϕ(xi) = eadui (xi) are called pointwise inner, where eadui , is the inner

automorphism induced by the element ui ∈ Lm,c for each i = 1, . . . ,m. In the
present study, we investigate the group structure of the group PInn(Lm,c) of

pointwise inner automorphisms of Lm,c for low nilpotency classes.

1. Introduction

Pointwise inner automorphisms of the free metabelian nilpotent Lie algebra Lm,c

forms a group shown by the author [3], recently. A generating set for the group
PInn(Lm,c) was provided, as well, in the same study: Each automorphism ϕ in
PInn(Lm,c) is of the form

ϕ(xi) = ead(ui)(xi) = (u1, . . . , um)

for some ui ∈ Lm,c, i = 1, . . . ,m. Let us define the set

Ii = {ϕu = (0, . . . , 0, u, 0, . . . , 0) | u ∈ Lm,c}, i = 1, . . . ,m,

consisting of m-tuples where each coordinate except for i-th position is necessarily
filled by zero.

Theorem 1.1. [3] The set Ii is a group for every i = 1, . . . ,m.

Theorem 1.2. [3] The set PInn(Lm,c) of pointwise inner automorphisms of the free
metabelian nilpotent Lie algebra Lm,c forms a group generated by the set I1∪· · ·∪Im.

In the current study, that can be considered as a continuation of the previous
one, we show that the group PInn(Lm,2) is abelian, and PInn(Lm,3) is abelian-by-
nilpotent of class 2. Furthermore, we give multiplication rules for compositions of
two pointwise inner automorphisms in these groups.
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2. Preliminaries

The free metabelian nilpotent Lie algebra Lm,c over a field K of characteristic
zero is the free algebra of rank n in the variety of the Lie algebras satisfying the
identities

[[x, y], [z, t]] = 0, and [y1, y2, . . . , yc+1] = 0

for all x, y, z, t, y1, y2, . . . , yc+1 ∈ Lm,c. For more information on the Lie algebra
Lm,c we refer to the books [1, 2]. In this paper, we use the left normed commutators
as below.

[u1, . . . , un−1, un] = [[u1, . . . , un−1], un], n = 3, 4, . . .

For each v ∈ Lm,c, the linear operator adv : Lm,c → Lm,c defined by

adv(u) = [u, v], u ∈ Lm,c,

is a derivation of Lm,c which is nilpotent and adcv = (adv)c = 0 because Lc+1
m,c = 0,

and thus the linear operator

ead(v) = 1 +
adv

1!
+

ad2v

2!
+ · · ·+ adc−1v

(c− 1)!

is well defined and is an automorphism of Lm,c. The set of all automorphisms are

of the form ead(v), v ∈ Lm,c, is called the inner automorphism group of Lm,c and
is denoted by Inn(Lm,c). The group PInn(Lm,c) of pointwise inner automorphisms
can be considered as a generalization of Inn(Lm,c).

Our goal is to describe the group structure of the group PInn(Lm,c) of pointwise
inner automorphisms of the Lie algebra Lm,c.

3. Main Results

Theorem 3.1. Let the nilpotency class c = 2. Then the group PInn(Lm,2) of
pointwise inner automorphisms of the free metabelian Lie algebra Lm,2 is abelian,
and the composition of two pointwise inner automorphisms is given by

ϕuϕv = ϕu+v.

Proof. Without loss of generality, we verify the formula ϕuϕv = ϕu+v with its
action on x1 only. In this case each element in Lm,2 is of the form∑

i

cixi +
∑
i<j

cij [xi, xj ]

for some i, j ∈ K. Let ϕu = (u1, . . . , um) for some ui ∈ Lm,c, and let

ui = ui1 + ui2

such that ui1 and is the linear part and ui2 is of the homogeneous degree 2. Because
ϕ(xi) = ead(ui)(xi), we have the followings.

ϕu(x1) = x1 + [x1, u11 + u12] = x1 + [x1, u11].

Similarly,

ϕv(x1) = x1 + [x1, v11].
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Thus,

ϕuϕv(x1) = ϕu(x1) + [ϕu(x1), ϕu(v11)]

= x1 + [x1, u11] + [x1 + ϕu(x1), v11 + ϕu(v11)]

where ϕu(x1) is of the homogeneous degree 2, and ϕu(v11) is of the homogeneous

degree ≥ 2. Thus [x1, ϕu(v11)] = 0 in Lm,2. Therefore,

ϕuϕv(x1) = x1 + [x1, u11] + [x1 + ϕu(x1), v11]

= x1 + [x1, u11] + [x1, v11]

= x1 + [x1, u11 + v11]

= ϕu+v(x1)

since [ϕu(x1), v11] = 0. Finally

ϕuϕv = ϕu+v = ϕv+u = ϕvϕu

and thus the group PInn(Lm,2) is abelian.
�

Theorem 3.2. Let the nilpotency class c = 3. Then the group PInn(Lm,3) of
pointwise inner automorphisms of the free metabelian Lie algebra Lm,3 is abelian-
by nilpotent of class 2. That is,

[[ϕu, ϕv], ϕw] = 0,

where
[ϕu, ϕv] = ϕuϕvϕ

−1
u ϕ−1

v

Furthermore, the compositon of two pointwise inner automorphisms is given by

ϕuϕv(xj) = ϕu+v+
∑

i di[xi,ui1]+
1
2 [uj1,vj1](xj)

where uj1, vj1 are the linear parts of uj , vj in the expression of ϕu = (u1, . . . , um),
ϕv = (v1, . . . , vm), and

d1x1 + · · ·+ dmxm

is the linear part of v.

Proof. Assume that u1 = u11 + u12 + u13, v = v11 + v12 + v13 such that u1i and v1i
are of homogeneous degree i = 1, 2, 3 and that

v11 = d1x1 + · · ·+ dmxm

for some coefficients d1, . . . , dm ∈ K. Observations give that

ϕu(x1) = x1 + [x1, u1] +
1

2
[x1, u1, u1]

= x1 + [x1, u11 + u12 + u13] +
1

2
[x1, u11 + u12 + u13, u11]

= x1 + [x1, u11 + u12] +
1

2
[x1, u11, u11]

due to the nilpotency c = 3. We also have that

ϕv(x1) = x1 + [x1, v11 + v12] +
1

2
[x1, v11, v11]

by similar calculations. Note that one may express

ϕu(x1) = x1 + A2 + A3



224 ELA AYDIN

and

ϕv(x1) = x1 + B2 + B3

such that

A2 = [x1, u11] A3 = [x1, u12] +
1

2
[x1, u11, u11]

and

B2 = [x1, v11] B3 = [x1, v12] +
1

2
[x1, v11, v11]

That is, Ai and Bi are of homogeneous degree i = 2, 3. Straightforward computa-
tions yiled that

ϕu(A3) = ϕv(A3) = A3

and

ϕu(B3) = ϕv(B3) = B3

due to that fact that c = 3. Now we are ready to make computations on ϕuϕv with
its action on x1.

ϕuϕv(x1) = ϕu(x1) + ϕu(B2) + B3

Let us consider the second summand above.

ϕu(B2) = ϕu([x1, v11])

= [ϕu(x1), ϕu(v11)]

= [x1 + A2 + A3, ϕu(v11)]

= [x1, ϕu(v11)] + [A2, ϕu(v11)]

= [x1, ϕu(v11)] + [[x1, u11], ϕu(v11)]

= [x1, ϕu(v11)] + [[x1, u11], v11 + v11] (deg(v11) ≥ 2)

= [x1, ϕu(v11)] + [[x1, u11], v11]

implies that

ϕuϕv(x1) = x1 + A2 + A3 + [x1, ϕu(v11)] + [[x1, u11], v11] + B3

where

ϕu(v11) = d1ϕu(x1) + · · ·+ dmϕu(xm)

= d1e
ad(u1)(x1) + · · ·+ dmead(um)(xm)

= d1(x1 + [x1, u1] +
1

2
[x1, u1, u1]) + · · ·+ dm(xm + [xm, um] +

1

2
[xm, um, um])

=
∑
i

dixi +
∑
i

di[xi, ui] +
1

2

∑
i

di[xi, ui, ui])

= v11 +
∑
i

di[xi, ui1 + ui2] +
1

2

∑
i

di[xi, ui1, ui1])

Now nilpotency of degree 3 gives

[x1, ϕu(v11)] =

[
x1, v11 +

∑
i

di[xi, ui1 + ui2]

]

= [x1, v11] +

[
x1,

∑
i

di[xi, ui1]

]
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Finally S = ϕu+v+
∑

i di[xi,ui1]+
1
2 [u11,v11](x1)− ϕuϕv(x1) is equal to

S =x1 +

[
x1, u11 + u12 + v11 + v12 +

∑
i

di[xi, ui1] +
1

2
[u11, v11]

]
+

1

2
[x1, u11 + v11, u11 + v11]

− x1 −A2 −A3 − [x1, v11]− [x1,
∑
i

di[xi, ui1]]− [[x1, u11], v11]−B3

=
1

2
[x1, [u11, v11]] +

1

2
[x1, u11, v11] +

1

2
[x1, v11, u11]− [[x1, u11], v11]

=
1

2
[x1, [u11, v11]] +

1

2
[x1, u11, v11] +

(
1

2
[x1, u11, v11] +

1

2
[u11, v11, x1]

)
− [[x1, u11], v11]

=0

that verifies the multiplication rule. Now direct computations yiled that [[ϕu, ϕv], ϕw] =
0 as a consequence of the multiplication rule showed above given in the expression
of the theorem. �

4. Conclusion

In this study, group structures of the groups PInn(Lm,2), and PInn(Lm,3) were
provided via multiplication rules in them. The next step might be extending the
nilpotency class c ≥ 4, and obtain new results.
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