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ABSTRACT. Let L., stand for the free metabelian nilpotent Lie algebra of
class ¢ of rank m over a field K of characteristic zero. Automorphisms of the
form @(z;) = e®%i(x;) are called pointwise inner, where e®?%i, is the inner
automorphism induced by the element u; € Ly, for each ¢ =1,...,m. In the
present study, we investigate the group structure of the group PInn(Lyy,,.) of
pointwise inner automorphisms of L., . for low nilpotency classes.

1. INTRODUCTION

Pointwise inner automorphisms of the free metabelian nilpotent Lie algebra L, .
forms a group shown by the author [3], recently. A generating set for the group
PInn(L,, ) was provided, as well, in the same study: Each automorphism ¢ in
PInn(Ly, ) is of the form

o(x;) = ead(“i)(xi) = (U, .., Up)
for some u; € Ly, ¢, 2 =1,...,m. Let us define the set
I ={pu=1(0,...,0,u,0,...,0) |u € Ly, o}, i=1,...,m,

consisting of m-tuples where each coordinate except for i-th position is necessarily
filled by zero.

Theorem 1.1. [3] The set I; is a group for everyi=1,...,m.

Theorem 1.2. [3] The set PInn(L,, ) of pointwise inner automorphisms of the free
metabelian nilpotent Lie algebra Ly, . forms a group generated by the set IyU- - -Ul,,.

In the current study, that can be considered as a continuation of the previous
one, we show that the group PInn(L,, o) is abelian, and PInn(L,, 3) is abelian-by-
nilpotent of class 2. Furthermore, we give multiplication rules for compositions of
two pointwise inner automorphisms in these groups.
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2. PRELIMINARIES

The free metabelian nilpotent Lie algebra L,, . over a field K of characteristic
zero is the free algebra of rank n in the variety of the Lie algebras satisfying the
identities

[[xay]v[zatﬂ =0, and [y1,y2,...,yc+1] =0

for all z,y,2,t,y1,Y2,...,Yct1 € L. For more information on the Lie algebra
L, we refer to the books [1, 2]. In this paper, we use the left normed commutators
as below.

[ty ey tnot1,un) = [[u1, -y tun—1],un], n=34,...

For each v € Ly, ¢, the linear operator adv : Ly, . — Ly, . defined by
adv(u) = [ua ’U], UAS Lm,ca

is a derivation of L,, . which is nilpotent and ad“v = (adv)® = 0 because Lf,j‘é =0,
and thus the linear operator

2 1
adv  ad®v ad“ v

ad) _ ¢ 4 adv _adw o adl v
e T E R P T

is well defined and is an automorphism of L, .. The set of all automorphisms are
of the form ead(”), v € Ly, ., is called the inner automorphism group of L,, . and
is denoted by Inn(L,, ). The group PInn(L,, ) of pointwise inner automorphisms
can be considered as a generalization of Inn(L,y, ).

Our goal is to describe the group structure of the group PInn(L,, .) of pointwise
inner automorphisms of the Lie algebra L, ..

3. MAIN RESULTS

Theorem 3.1. Let the nilpotency class ¢ = 2. Then the group PInn(L,,2) of
pointwise inner automorphisms of the free metabelian Lie algebra L,, o is abelian,
and the composition of two pointwise inner automorphisms is given by

PuPv = Putwv-

Proof. Without loss of generality, we verify the formula ¢,p, = @yt with its
action on z; only. In this case each element in L, is of the form

Zcixi + Zcij[xi,xj]
i i<j
for some 4,5 € K. Let ¢, = (u1,...,upy) for some u; € Ly, ¢, and let
Ui = Uit + U2

such that u;; and is the linear part and u;s is of the homogeneous degree 2. Because
o(x;) = e (2;), we have the followings.

wu(z1) = 21 + [T1, ¥11 + w12] = 21 + [21, w11

Similarly,

ou(21) = 71 + [21,011].
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Thus,
Pupn(21) = @ulz1) + [PulT1), Pu(vi1)]
= z1 + [z, un] + [21 + u(1), 011 + @ulvn1)]
where @, (1) is of the homogeneous degree 2, and ©u(v11) is of the homogeneous
degree > 2. Thus [x1, ¢y (v11)] = 0 in Ly, 2. Therefore,
Pupo(®1) = 21 + [21,un] + [11 + pul@1), v11]
=21 + [21, u11] + [21, v11]
=1 + [T1, w11 + v11]

= Putv(T1)

since [p,(z1),v11] = 0. Finally

PuPv = Putv = Pvtu = PvPu
and thus the group PInn(L,, o) is abelian.
U

Theorem 3.2. Let the nilpotency class ¢ = 3. Then the group PInn(L,, 3) of
pointwise inner automorphisms of the free metabelian Lie algebra L, 3 is abelian-
by nilpotent of class 2. That is,

H‘Pua 9011]7 @w] =0,
where

[@uv 9011] = @u@v@ihp;l
Furthermore, the compositon of two pointwise inner automorphisms is given by
Cupo(T5) = Pugot . difws wn )+ 0] (T5)

where w;1,vj1 are the linear parts of uj,v; in the expression of ¢y, = (u1,...,Um),
Oy = (V1,...,0m), and

dll'l + - +dmxm
is the linear part of v.

Proof. Assume that u; = w11 + w12 + w13, v = v11 + v12 + v13 such that uq; and vy;
are of homogeneous degree i = 1,2,3 and that

vip =dizr + -+ dmTm

for some coefficients dq, ..., d,, € K. Observations give that
ulr1) = 21 + [21,21] + %[901,7117161}
=21 + [T1,u11 + U2 + us) + 5[331, w11 + u12 + u13, U1
=21 + [T1,u11 + ui2] + 5[561,“11,“11]

due to the nilpotency ¢ = 3. We also have that

1
0o(21) = z1 + [21, 011 + vi2] + = [@1, V11, v11]

2 [
by similar calculations. Note that one may express

cpu(xl) = + AQ + A3
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and
wu(x1) =21 + B2 + Bs
such that
Ay = [Iﬂl,un] Az = [11?1,U12] + §[$1,U11,u11]
and

1
By = [z1,v11] Bz = [z1,v12] + 3

That is, A; and B; are of homogeneous degree i = 2,3. Straightforward computa-
tions yiled that

[Ih V11, Un]

Pu(As) = pu(As) = As
and

Pu(Bs) = ¢u(Bs) = Bs
due to that fact that ¢ = 3. Now we are ready to make computations on ¢, p, with
its action on xy.

Putpn(®1) = pu(r1) + pu(B2) + B3
Let us consider the second summand above.
Yu(B2) = pu([z1,v11])
= [pu(®1), u(v11)]
= [z1 + A2 + A3, 0y (v11)]
= [z1, pu(vin)] + [A2, pu(v11)]
= [z1, pu(v11)] + [[#1, u11]; pu(vin)]
= [z1, pu(vin)] + [[1, wa1], v11 + v11] (deg(vir) = 2)
= [z1, pu(v1n)] + [[1, un1], v11]
implies that
Gupy(x1) = 1 + Az + Az + [21, o (v11)] + [[21, v11], v11] + B3
where
Pu(vin) = digu(r1) + -+ - + dimu(Tm)

— dl€ad<u1)($1) 4+ o4 dmead(um)(mm)
1 1
“[z1,u,ul]) + -+ di (T + [Ty Um] + E[xm,um,um])

2

= ;dzwz + ;di[xi,ui] + % ;di[ﬂ?wuhui})

1
=11 + Zdi[ﬂ%,uil + use] + 5 Zdi[mhuihuil])

=di(z1 + [z1,u1] +

Now nilpotency of degree 3 gives

[z1, pu(v11)] = lﬂﬁl,vu + Z dilwi, uin + wig]
i

xlazdi[ibiauil]]

= [z, on1] +
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Finally S = @y o45 difesun]+ 3 fun o) (F1) — Pupo(@1) is equal to

1
+ E[Ilyun + v11,u11 + v11]

1
S =z1+ |z1,u11 +ui2 +vi1 +viz + Zdi[m,uil] + E[un,vlﬂ
i

—z1 — Ay — Az — [z1,v11] — [21, Y difws, ua]] - [[@1, ui1],v11] — Bs
i
1 1 1
=5[901, [urr,v11]] + 5[$1,u11,v11} + i[rl,vn,uu] — [[z1,w11], v11]
1 1 1 1
25[901, [uit, v11]] + i[ﬂﬁl,un,vlﬂ + (5[5017111171111] + E[un,vuﬂﬁﬂ) — [[z1,w11], v11]

=0

that verifies the multiplication rule. Now direct computations yiled that [[¢., ©u], ©w]

0 as a consequence of the multiplication rule showed above given in the expression
of the theorem. O

4. CONCLUSION

In this study, group structures of the groups PInn(L,, 2), and PInn(L,, 3) were
provided via multiplication rules in them. The next step might be extending the
nilpotency class ¢ > 4, and obtain new results.
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