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Abstract. Let Fm be the free metabelian Lie algebra of rank m over a field K

of characteristic 0. An automorphism ϕ of Fm is called central if ϕ commutes

with every inner automorphism of Fm. Such automorphisms form the central-
izer C(Inn(Fm)) of inner automorphism group Inn(Fm) of Fm in Aut(Fm).

We provide an elementary proof to show that C(Inn(Fm)) = Inn(Fm).

1. Introduction

Let Fm be the free metabelian Lie algebra of rank m ≥ 2 over a field K of
characteristic 0 with free generators x1, . . . , xm. This is the relatively free algebra
of rank m in the variety of Lie algebras A2, where A2 is the metabelian (solvable
of class 2) variety of Lie algebras.

An automorphism σ of a group G is called central if σ commutes with every
automorphism in the group of inner automorphisms Inn(G). For an abelian group
G, Inn(G) is trivial so that the group of central automorphisms C(Inn(G)) of G
is equal to Aut(G). Thus it is natural to work on non-abelian groups with the
extreme situations C(Inn(G)) = Inn(G) and C(Inn(G)) = Aut(G). There has been
a lot of work on these problems. For instance G. A. Miller [4] constructed a non-
abelian group G of order 64 such that Aut(G) is abelian and therefore C(Inn(G)) =
Aut(G). Another work in this direction was settled by Curran and McChaugan [3]
as following:

Theorem 1.1. Let G be a non-abelian p−group. Then C(Inn(G)) = Inn(G) if and
only if Z(G) = [G,G] and Z(G) is cyclic.

The goal of our paper is to describe the group of central automorphisms C(Inn(Fm))
of the Lie algebra Fm and following the result of Curran and McChaugan [3], to
show that C(Inn(Fm)) = Inn(Fm).
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A result of Shmel’kin [5] states that the free metabelian Lie algebra Fm can be
embedded into the abelian wreath product AmwrBm, where Am and Bm are m-
dimensional abelian Lie algebras with bases {a1, . . . , am} and {b1, . . . , bm}, respec-
tively. The elements of AmwrBm are of the form

∑m
i=1 aifi(t1, . . . , tm)+

∑m
i=1 βibi,

where fi are polynomials in K[t1, . . . , tm] and βi ∈ K. This allows to make calcu-
lations in F ′m with values in K[t1, . . . , tm].

2. Preliminaries

Let Fm be the free metabelian Lie algebra of rank m ≥ 2 over a field K of
characteristic 0 with free generators x1, . . . , xm . We use the commutator notation
for the Lie multiplication. Our commutators are left normed:

[u1, . . . , un−1, un] = [[u1, . . . , un−1], un], n = 3, 4, . . . .

In particular,
F k
m = [Fm, . . . , Fm]︸ ︷︷ ︸

k times

.

It is well known, see e.g. [1], that

[xi1 , xi2 , xiσ(3) , . . . , xiσ(k) ] = [xi1 , xi2 , xi3 , . . . , xik ],

where σ is an arbitrary permutation of 3, . . . , k and that F ′m has a basis consisting
of all

[xi1 , xi2 , xi3 , . . . , xik ], 1 ≤ ij ≤ m, i1 > i2 ≤ i3 ≤ · · · ≤ ik.
For each v ∈ F ′m, the linear operator adv : Fm → Fm defined by

u(adv) = [u, v], u ∈ Fm,

is a derivation of Fm which is nilpotent because ad2v = 0. Hence the linear operator

exp(adv) = 1 +
adv

1!
+

ad2v

2!
+ · · · = 1 + adv

is well defined and is an automorphism of Fm. The set of all such automorphisms
forms a normal subgroup of the group of all automorphisms Aut(Fm) of Fm. This
group is called the inner automorphism group of Fm and is denoted by Inn(Fm).

An automorphism of Fm is called an IA−automorphism if it induces the identity
map modulo the commutator ideal of Fm. The set of all such automorphisms forms
the normal subgroup of Aut(Fm) which is denoted by IA(Fm). The automorphism
group Aut(Lm,c) is a semidirect product of the normal subgroup IA(Lm,c) and the
general linear group GLm(K). It is clear that Inn(Lm,c) ⊂ IA(Fm).

An automorphism of Fm is called central if it commutes with every automorphism
in Inn(Fm). The set of all such automorphisms forms the centralizer of the group
Inn(Fm) in the group Aut(Fm). We denote this group by C(Inn(Fm)). Since

exp(adu) exp(adv) = exp(ad(u+ v)), u, v ∈ F ′m ,

then Inn(Fm) is abelian and thus Inn(Lm,c) ⊂ C(Inn(Fm)). Let ϕ ∈ C(Inn(Fm)).
Then ϕ exp(adu) = exp(adu)ϕ for all u ∈ F ′m. Since exp(adu) fixes every element
in F ′m we get that

exp(adϕ(u)) = exp(adu).

The adjoint representation ad is faithful so we have that ϕ(u) = u for every u ∈
F ′m. Conversely one can easily check that if ϕ(u) = u for every u ∈ F ′m then
ϕ ∈ C(Inn(Fm)). Here, we strongly remind that such automorphisms become inner
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via Proposition 4 as a result of Proposition 3 in [5]. We provide a relatively easy
and direct proof of this fact in the section of main results.

Now let us give the necessary information about wreath product. For details
and references see e.g. [2]. Let K[t1, . . . , tm] be the (commutative) polynomial al-
gebra over K freely generated by the variables t1, . . . , tm and let Am and Bm be the
abelian Lie algebras with bases {a1, . . . , am} and {b1, . . . , bm}, respectively. Let Cm

be the free right K[t1, . . . , tm]-module with free generators a1, . . . , am. We give it
the structure of a Lie algebra with trivial multiplication. The abelian wreath prod-
uct AmwrBm is equal to the semidirect sum Cm hBm. The elements of AmwrBm

are of the form
∑m

i=1 aifi(t1, . . . , tm) +
∑m

i=1 βibi, where fi are polynomials in
K[t1, . . . , tm] and βi ∈ K. The multiplication in AmwrBm is defined by

[Cm, Cm] = [Bm, Bm] = 0,

[aifi(t1, . . . , tm), bj ] = aifi(t1, . . . , tm)tj , i, j = 1, . . . ,m.

Hence AmwrBm is a metabelian Lie algebra and every mapping {x1, . . . , xm} →
AmwrBm can be extended to a homomorphism Fm → AmwrBm. As a special case
of the embedding theorem of Shmel’kin [5], the homomorphism ε : Fm → AmwrBm

defined by ε(xi) = ai + bi, i = 1, . . . ,m, is a monomorphism. If

f =
∑

[xi, xj ]fij(adx1, . . . , adxm), fij(t1, . . . , tm) ∈ K[t1, . . . , tm],

then
ε(f) =

∑
(aitj − ajti)fij(t1, . . . , tm).

Let us define Tj = {tj , . . . , tm} for each j = 1, . . . ,m.

Lemma 2.1. Let ti | (tjfj(Tj) + · · ·+ tmfm(Tm)) for i < j, where fj(Tj) ∈ K[Tj ],
1 < j ≤ m. Then fk(Tk) = 0 for every j ≤ k ≤ m.

Proof. Let us define Pk = tkfk(Tk) + · · · + tmfm(Tm) for j ≤ k ≤ m. Now let
ti | Pj . Assume that Pj 6= 0. Then ti is a factor of Pj ∈ K[Tj ] which is a
contradiction. Thus Pj = 0 which implies that tj | Pj+1. Similarly we get that
Pj+1 = 0. Repeating this process we get that

Pj = · · · = Pm = 0

and thus fj(Tj) = fm(Tm) = 0. �

3. Main Results

Lemma 3.1. C(Inn(Fm)) ⊂ IA(Fm).

Proof. Let ϕ ∈ C(Inn(Fm)) posses the form

ϕ : xi →
m∑

k=1

cikxk + vi, vi ∈ F ′m, i = 1, . . . ,m.

Since ϕ is a central automorphism then ϕ([x1, x2]) = [x1, x2] and ϕ([x1, x2, xj ]) =
[x1, x2, xj ] for every j = 1, . . . ,m. Then we have for each j = 1, . . . ,m that

ϕ([x1, x2, xj ]) = [ϕ([x1, x2]), ϕ(xj)]

[x1, x2, xj ] = [x1, x2, cj1x1 + · · ·+ cjmxm + vj ]

[x1, x2, xj ](1− cjj) =
∑
k 6=j

[x1, x2, xk]cjk.
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Using the embedding Fm into the wreath product AmwrBm we get that

(a1t2 − a2t1)tj(1− cjj)− (a1t2 − a2t1)
∑
k 6=j

tkcjk = 0

Since the generators a1 and a2 are free generators, we obtain the equality

tj(1− cjj)−
∑
k 6=j

tkcjk = 0

which means that cjj = 1 and cjk = 0 for every k 6= j. �

Now we know that

C(Inn(Fm)) = {ϕ ∈ IA(Fm) | ϕ(u) = u, u ∈ F ′m}.

Lemma 3.2. C(Inn(F2)) = Inn(F2).

Proof. Let ϕ be a central automorphism of the form

ϕ :x1 → x1 + [x2, x1]f(adx1, adx2)

x2 → x2 + [x2, x1]g(adx1, adx2),

where f = f(t1, t2), g = g(t1, t2) ∈ K[t1, t2]. Since ϕ is central then ϕ([x1, x2]) =
[x1, x2] and

ϕ([x1, x2]) = [x1 + [x2, x1]f, x2 + [x2, x1]g]

[x1, x2] = [x1, x2] + [x2, x1](adx2f − adx1g).

Using the embedding F2 into the wreath product A2wrB2 we get that

(a2t1 − a1t2)(t2f − t1g) = 0

Hence we obtain the equality

t2f = t1g

which means that f(t1, t2) = t1p(t1, t2) and g(t1, t2) = t2p(t1, t2) for a polynomial
p(t1, t2) in K[t1, t2]. Thus we get the following

ϕ = exp(adu), u = −[x2, x1]p(adx1, adx2)

which completes the proof. �

Theorem 3.3. Let ϕ be a central automorphism of the form

ϕ :x1 → x1 +

m∑
p=2

[xp, x1]f
(1)
p1 (adx2, . . . , adxm)

xj → xj +
∑

p>q>1

[xp, xq]f (j)
pq (adxq, . . . , adxm), 2 ≤ j ≤ m,

where f
(1)
p1 (t2, . . . , tm) ∈ K[T2] and f

(j)
pq (tq, . . . , tm) ∈ K[Tq] for 2 ≤ j ≤ m. Then

ϕ = 1 is the identity map.

Proof. We make induction on the rank m ≥ 2 of Fm. Let m = 2 and ϕ be of the
form

ϕ :x1 → x1 + [x2, x1]f
(1)
21 (adx2)

x2 → x2
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Following Lemma 3.2 we get easily that f
(1)
21 (adx2) = 0 and so ϕ = 1. Now let

m > 2 and consider a central automorphism ϕ of the form

ϕ :x1 → x1 +

m∑
p=2

[xp, x1]f
(1)
p1 (adx2, . . . , adxm)

xj → xj +
∑

p>q>1

[xp, xq]f (j)
pq (adxq, . . . , adxm), 2 ≤ j ≤ m,

where f
(1)
p1 (t2, . . . , tm) ∈ K[T2] and f

(j)
pq (tq, . . . , tm) ∈ K[Tq] for every 2 ≤ j ≤ m.

Let (x1) denote the ideal of the free metabelian Lie algebra Fm by the free generator
x1. Because of the fact that ϕ((x1)) ⊂ (x1) it induces a central automorphism ϕ̂
on Fm/(x1) ∼= Fm−1 = K < x̄2, . . . , x̄m > such that

ϕ̂ : x̄j → x̄j +
∑

p>q>1

[x̄p, x̄q]f (j)
pq (adx̄q, . . . , adx̄m), 2 ≤ j ≤ m.

By the assumption of induction we get that f
(j)
pq (tq, . . . , tm) = 0 for every j =

2, . . . ,m and p > q > 1. Let us rewrite the central automorphism ϕ:

ϕ :x1 → x1 +

m∑
p=2

[xp, x1]f
(1)
p1 (adx2, . . . , adxm)

xj → xj , j = 2, . . . ,m,

where f
(1)
p1 (t2, . . . , tm) ∈ K[T2]. Since ϕ is central then ϕ([x1, xj ]) = [x1, xj ] for

every j = 2, . . . ,m. Using the similar steps in the proof of Lemma 3.2 we get easily
that ϕ = 1. �

Our next theorem gives the main result.

Theorem 3.4. C(Inn(Fm)) = Inn(Fm).

Proof. It sufficies to show that C(Inn(Fm)) ⊂ Inn(Fm). We know from Lemma 3.2
that C(Inn(F2)) = Inn(F2). Now let m > 2 and let a central automorphism ϕ be
of the form

ϕ : xj → xj +
∑
p>q

[xp, xq]h(j)
pq (adxq, . . . , adxm), 1 ≤ j ≤ m,

where h
(j)
pq (tq, . . . , tm) ∈ K[Tq] for every 1 ≤ j ≤ m. Let us express h

(1)
p1 (t1, . . . , tm)

in the following way:

h
(1)
p1 (t1, . . . , tm) = t1g

(1)
p1 (t1, . . . , tm) + f

(1)
p1 (t2, . . . , tm), p = 2, . . . ,m,

and let us define

ψ = exp(adu), u =

m∑
p=2

[xp, x1]g
(1)
p1 (adx1, . . . , adxm).

Then the composition φ = ψϕ is of the form

φ :x1 → x1 +

m∑
p=2

[xp, x1]f
(1)
p1 (adx2, . . . , adxm) +

m∑
p>q>1

[xp, xq]f (1)
pq (adxq, . . . , adxm)

xj → xj +
∑
p>q

[xp, xq]f (j)
pq (adxq, . . . , adxm), 2 ≤ j ≤ m.
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Since φ is a central automorphism then φ([x1, x2]) = [x1, x2]. Combining this
equality with the embedding of Fm into the wreath product AmwrBm we have the
following equation system:

t2(tm−1f
(1)
m(m−1) + · · ·+ t2f

(1)
m2 + t1f

(1)
m1) = t1(tm−1f

(2)
m(m−1) + · · ·+ t2f

(2)
m2 + t1f

(2)
m1)

t2

(
−tmf (1)

m(m−1) +

m−2∑
k=1

tkf
(1)
(m−1)k

)
= t1

(
−tmf (2)

m(m−1) +

m−2∑
k=1

tkf
(2)
(m−1)k

)
...

t2

(
−

m∑
k=4

tkf
(1)
k3 + t2f

(1)
32 + t1f

(1)
31

)
= t1

(
−

m∑
k=4

tkf
(2)
k3 + t2f

(2)
32 + t1f

(2)
31

)

t2

(
−

m∑
k=3

tkf
(1)
k3 + t1f

(1)
21

)
= t1

(
−

m∑
k=3

tkf
(1)
k2 + t1f

(1)
21

)
where f

(1)
k1 ∈ K[T2], f

(1)
pq ∈ K[Tq] for every k = 2, . . . ,m and m ≥ p > q > 1 and

f
(2)
ts ∈ K[Tq] for every m ≥ t > s ≥ 1. Let us consider the first equality. It is clear

that

t1 | (tm−1f
(1)
m(m−1) + · · ·+ t2f

(1)
m2).

Applying Lemma 2.1 we have that

f
(1)
m(m−1) = · · · = f

(1)
m2 = 0.

Then the equality is transformed into

t2f
(1)
m1 = tm−1f

(2)
m(m−1) + · · ·+ t2f

(2)
m2 + t1f

(2)
m1,

which means that

t1 | (t2f (1)
m1 − tm−1f

(2)
m(m−1) − · · · − t2f

(2)
m2) ∈ K[T2].

Hence t2f
(1)
m1 − tm−1f

(2)
m(m−1) − · · · − t2f

(2)
m2 = 0 and f

(2)
m1 = 0. Similarly using the

other equalities one can get the result of the fact that

f (1)
pq = 0 and f

(2)
p1 = 0,

for every m− 1 ≥ p > q > 1.
Finally using the action of the central automorphism φ on the commutators

[x1, xj ] for j = 3, . . . ,m we get that

f
(3)
p1 = · · · = f

(m)
p1 = 0.

Now the central automorphism φ satisfies the condition in the Theorem 3.3. Thus
φ = 1 and

ϕ = exp(ad(−u)), u =

m∑
p=2

[xp, x1]g
(1)
p1 (adx1, . . . , adxm).

�
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4. Conclusion

In this study an elementary proof of the fact that the group of inner automor-
phisms of free metabelian Lie algebras coinside with its centralizer. The situation
is not the same for free nilpotent Lie algebras, since any inner automorphism of
a nilpotent Lie algebra is determined by an arbitrary (including linear sums) el-
ement. Inner automorphisms of nilpotent Lie algebras are not commutative in
general, hence the group of inner automorphisms is not included in its centralizer.
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