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BERTRAND PARTNER CURVES ACCORDING TO DARBOUX
FRAME IN THE EUCLIDEAN 3-SPACE E3

F. KAYA AND A. YILDIRIM

ABSTRACT. In this study, Bertrand partner curves are researched. Character-
ization of Bertrand partner curves lying on different or the same two surfaces
are examined according to Darboux frame and some special curves that we
obtain with them .

1. INTRODUCTION

The interest of special curves has increased recently. One of the best example
for these curves is Bertrand partner curves. J. Bertrand introduced this curves in
1850[4].  If principal normal vector field of two curves collides with each other,
these curves are called as Bertrand partner curves. Any Bertrand curve

a: ICR — E?
s — as) = (a(s),az(s), as(s))

is defined by the equation Ak (s) 4+ p7 (s) = 1. While A, u are constant, x and 7
are curvature and torsion of the curve a, respectively|[2].

Many researches have been conducted about Bertrand partner curves. Some of
them are Kazaz and his friendsfriends|6], Tlarslan - Aslan[5] and Masal-Azak[7].

In this study, Bertrand partner curves are analyzed by using Darboux frame.
We will research the states of geodesic curve, asymptotic curve and principle line
of Bertrand partner curves.

2. PRELIMINARIES

Let thecurve a: I CR — E3 bearegular curve specified by arc param-
eter s. The triadic {T, N, B} obtained as indicated below by means of this curve is
called as Frenet vector field at the «(s) point of the curve a.

T(s)= of(s),
B O/I(S)
S AT
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do
In this point, x indicates vector product on E? and o/(s) = —.

These vectors form an orthogonal vector system. In that f)oint7 whereas T is
called as tangent vector field, N and B are called as principles normal vector field
and binormal vector field, respectively. The Frenet formulas could be given in the
figure below:

T 0 K 0 T
N | =|-« 0 7 N
B’ 0 -7 0 B

Here k and 7 are called as curvature and torsion of the « curve, respectively.

If the curve « is over a surface S, another frame which is called as Darboux
frame and showed with {T', g, n}, could be found. In this frame, T" is tangent vector
of the curve «, n is unit normal vector field of the surface S and finally g is another
vector field written with ¢ = n x T. Relation between the Frenet frame and the
Darboux frame could be given in the figure below:

T 1 0 0 T
(2.1) N | =10 cosf —sinf g
B 0 sinf cosf n

Here 6 is the angle between g and N. Derivative change of the Darboux frames are
as shown below:

T’ 0 Kg Kn T
g | =|-ky 0 74 g
n' —kn —Tg O n

Here x4 , Ky and 74 in the equation above are called as geodesic curve, normal
curve and geodesic torsion of the curve «, respectively. The relationship between
geodesic curvature, normal curvature, geodesic torsion and x, 7 are given in the
figure below.

kg = Kkcosl, kn,=ksinb, 17,=17+6".
For the curve « in surface S, we can say the followings[6].

i. ais a geodesic curve if and only if Ky = 0,
ii. « is an asymptotic line if and only if k,, = 0,
iii. o is a principle curvature line if and only if 7, = 0.

Definition 2.1. Let E? be the 3-dimensional Euclidean space with the standard
inner product. Let two regular curves be (o, a*) in E3 and also the Frenet vectors
of the curves @ and o* be {T, N, B} and {T*, N*, B*}, respectively. If {N, N*} is
linearly dependent, in that case the partner curves («a, a*) are called as Bertrand
partner curves.

In this study, we are going to use {T, N, B,r,7,s} as Frenet elements of the
curve « and {T*, N*, B* k*,7*,s*} as Frenet elements of the curve a*. In this
point, s and s* are arc parameter of the curve o and arc parameter of the curve
o, respectively.

Theorem 2.2. [1] Let (a,*) be Bertrand partner curves. There is equilibrium
indicated below between those partner curves.

a*(s%) = a(s) + A(s)N(s)

A(8) in the equation is a constant.
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Theorem 2.3. [3] Let (a,a*) be Bertrand partner curves. We could write the
followings:

The distance between their opposite points is fized.

The angle between tangents at opposite points is fired.

TT* s a constant.

If the equation T = 0 is valid, every curve has infinitely Bertrand partner

curves.
o [f the equations of T # 0 and ¢ = g are correct for the Bertrand partner

curves (a, a*) specifying tangents at opposite points as the angle v, the
curvatures of Bertrand partner curves is constant, and one is geometric
location of other’s curvature centers.

o If both k and T are constant, there are infinitely Bertrand partner curves
which are all cyclical helix.

Theorem 2.4. [1] Let (o, *) be Bertrand partner curves. The following equations
exist:

T* cosyy 0 —siny T
N* | = 0 1 0 N
B* siny 0 cosvy B

In this equation, 1 is the angle between T and T*.

Theorem 2.5. [2] Let (a, a*) be Bertrand partner curves. We could get the equa-
tion below.

ds*
= 1-A
cos Is K,
ds*
2.2 i = AT.
(2.2) sin v 1 T

Here X\ is a constant.

3. BERTRAND PARTNER CURVES ACCORDING TO DARBOUX FRAME IN E3

In this part, we are going to present the characterization of Bertrand partner
curves by paying into consideration of Darboux frame.

Definition 3.1. Let S and S* be directed two surface in E? and also the curves of
«a and o* be given in the surfaces S and S*, respectively. If the curves o and a*are
Bertrand partner curves, these two curves are called as Bertrand partner curves in
accordance with the surfaces S and S*. They are indicated as (Sq, Sk« ).

We are going to show the Darboux elements of the curve a as {T', g, n, kg, kn, Tg, S}
and the Darboux elements of the curve o* as {T*, g*, n*, k}, K, 7,7, s* } for Bertrand
pair (Sq, S%.). Here kg, £p, 74 and Ky Kp, T, are geodesic curvature, normal cur-
vature, torsion curvature of the curves o and a*, respectively; at the same time s

and s* are arc elements of the curves a and a*, respectively.
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Theorem 3.2. Let Bertrand partner curves (Sq, S%.) be given. Relation between
the Darboux frames are as like stated below:

(3.1) T = cosyT — sin sinfg — sin 1 cos On,

g° = sinf*sinyT + (cos " cos O + sin O sin 0* cosh)g
(3.2) +(—siné cos 0" + sin 6* cos O cos P)n,

n* = cosf"sin T + (—sinf* cosf + cos0* sinf cos ) g
(3.3) +(sin O sin 6™ + cos 6" cos 6 cos ) n.

In those equations, ¥, 0, 6% are the angles between T and T™*, g and N, g* and N*,
respectively.

Proof. We have given in the equation (2.1) that the relation of the curve « between
the Frenet frame and the Darboux frame is

T 1 0 0 T
N | =10 cosf —sinf g
B 0 sinf cosf n
The relation of the curve a* between the Frenet frame and the Darboux frame is
T* 1 0 0 T*
(3.4) N* | =10 cosf* —sinf* g*
B* 0 sinf* cos@* n*

On the other side, the relation of the curves o and a* between their Frenet frames
is

T cosyy 0 sing T*
(3.5) N | = 0 1 0 N*

B —siny 0 cos®y B*

If we use the equation (3.5) in the equation (2.1), we obtain the equation below.

T cosyy 0 —siney| |1 0 0 T
(3.6) N | =] 0 1 0 0 cosf —sind g
B* siny 0 cosy 0 sinf cosf n

Finally, if we use the equation (3.4) in the equation (3.6), we could finish the proof
of the theorem. O

Theorem 3.3. The correlation between Bertrand partner curves (Sq,Sk.) and
their curvatures is:
cos 1 sinfg 4 cos 1 cos On

osinf* + Kk, cos " = ing
Ky sin Ky COS 1— Mg cos B + Ak, sin @

Proof. We know that the equation for the curve « is
(3.7) N = cosfg — sin On.
On the other side, for Bertrand partner curves (S,, S%.) is

(3.8) o =a+ AN
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If we use the equation (3.7) in the equation (3.8), the equation (3.8) becomes as
shown below:
(3.9) a* = a+ Acosfg — Asinfn
and if we take the derivative of the equation (3.9) with respect to s and use Darboux
frame, we find the equation below:
d *
T ; = (1—-MXrgcosb + Ak, sind) T
s
(3.10) +Asinf (7y — ') g+ Acosf (1, — ') n.
If we multiply both sides of the equation (3.10) by T and use in the equation (3.5),
we obtain the equation given below:
ds* 1 — Akgcost + Aky sind
ds cos
If we take the derivative of the equation (3.1) with respect to s, and use the Darboux
frames, we get the equation below:

(3.11)

Kyg" +rpn* = (kgsinysing 4k, sint)cos0) T
+ (kg costp — @' sinep cos O + 7, sin 1) cos 0) g
(3.12) + (Kn cos ) + 0 sinep cos @ — 7, sin v cos 0) n.
In this equation (3.12) , ¢ is constant because we know from the Theorem 2.3.
After multiplying both sides of the equation (3.12) by 7', and then if we use in the
equation (3.2) and the equation (3.3), we attain the equation below:

*

(3.13) (/9; sin 0 sinvy + k), cos 6" sin w) % = Kgsin@siny + k,, cosfsin Y.
If we use the equation (3.11) in the equation (3.13), we finish the proof. O
When we consider the Theorem 3.3, we could find the corollaries below:
Corollary 3.4. Let Bertrand partner curves (S,, S%.) be specified.
(1) If both of the curves a and a*are geodesic
cos 1 cos Ok,

*

" cos0* + kg, sin @ cos 0%

(2) If both of the curves a and a* are asymptotic curves

N cos 1 sin Orkg

Iig—

cos 0% + Ak, sin @ cos 6%
(3) If a is an asymptotic curve and o* is a geodesic curve

. cos 1 cos Ok

cos 0% — Ak, cos 0 cos 0%

(4) If « is a geodesic curve and o is an asymptotic curve

*

cos v cos Ok
9 sin0* 4+ Ak, sin 0 sin 6*

Theorem 3.5. Let Bertrand partner curves (Sq, Sk.) be specified. There is equa-
tion below:
_ —siny 4 Akg cosOsinth — Aky, sin @ sintp + A0’ cos 9
To = A cos '
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Proof. If we use the equation (3.11) in the equation (2.2), we obtain the equation
shown below.
1 — Akgcost + Aky, sind

cos Y
And if we use the equation 7, = 7+6’ in the equation (3.14), we prove the theorem.
O

(3.14) AT = sine

If the Theorem 3.5 is paid attention, we could find the corollaries below:
Corollary 3.6. Let Bertrand partner curves (S,, S.) be specified.
(1) If T and T™* are linear dependent or in other worlds, if the equation is ¢ = 0;

T, =10
(2) If the angle 6 between g and N is constant, and « is an asymptotic curve;
—siny + Akg4 cos @ sin g
9= A cos '
(3) If v is a geodesic curve and «o* is an asymptotic curve, then the torsion
curvature of «;

_ —sine + A0 cosy
9 = A cos 1) '
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