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H-GROUP STRUCTURE ON INTUITIONISTIC FUZZY

TOPOLOGICAL SPACE

SIBEL DEMIRALP AND GÜLNUR HAÇAT

Abstract. In this study we investigate some properties of the pointed intu-

itionistic fuzzy topological spaces. Then some properties of intuitionistic fuzzy
loop spaces are investigated Finally it is shown that an intuitionistic fuzzy loop

space is an H-group.

1. Introduction

In [1] Attanasov introduced the concept of intuitionistic fuzzy set as a general-
ization of the concept of fuzzy set, defined by Zadeh [10]. After that, some basic
concepts from general topology and algebraic topology were applied to intuitionis-
tic fuzzy sets, [1,4]. The concept of intuitionistic fuzzy homotopy was defined in
[2] by E.A. Az-Zo’bi. In [], intuitionistic fuzzy topological group was defined.

In this study some properties of intuitionistic fuzzy topological groups. We show
that the set of homotopy classes of all intuitionistic fuzzy continuous functions
from a pointed IF topological space to on IF-topological group is a group. Then
we prove that there exist a contravariant functor from the homotopy category of
pointed IF topological spaces to the category of groups and homomorphism. Finally
we establish a H-group structure on IF loop space.

2. Preliminaries

The notation of fuzzy set was introduced by Zadeh in [10] A fuzzy set in a
nonempty set X is a function µA : X → [0, 1], for any x ∈ X. For x ∈ X, µA(x) is
the degree of membership of x.

Atanassov defined intuitionistic fuzzy sets in [1]. Let X be a nonempty set. An
intuitionistic fuzzy set (IFS) A in X is an object having the form

A = {〈x, µA(x), γA(x)〉 : x ∈ X}
where the functions µA(x) : X → [0, 1] , γA : X → [0, 1] denotes the degree of
membership and the degree of non-membership of each element x ∈ X to the set
A respectively, and 0 ≤ µA(x) + γA(x) ≤ 1 for all x ∈ X.
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Denote the set of all intuitionistic fuzzy sets in X by IFS(X). Let A and B be
IFSs of the form

A = {〈x, µA(x), γA(x)〉 | x ∈ X} and B = {〈x, µB(x), γB(x)〉 | x ∈ X}.
Then A ⊆ B if and only if µA(x) ≤ µB(x) and γA(x) ≥ γB(x) for all x ∈ X. The
intersection and the composition of A and B are defined as
A ∩B = {〈x, µA(x) ∧ µB(x), γA(x) ∨ γB(x)〉 | x ∈ X} and
A ∪B = {〈x, µA(x) ∨ µB(x), γA(x) ∧ γB(x)〉 | x ∈ X}, respectively.
We shall use the notation A = 〈µA, γA〉 instead of

A = {〈x, µA(x), γA(x)〉 | x ∈ X}
and let 0∼ = 〈0, 1〉 and 1∼ = 〈1, 0〉.
Definition 2.1. [7] Let r, s ∈ I, r + s ≤ 1 and let A ∈ IFS(X). Then A is called
an intuitionistic fuzzy point (IFP) with the support p ∈ X and the value r and the
nonvalued s if for each y ∈ X

A(y) = {.(r, s) if y = p, (0, 1) if y 6= p

In this case, we write A = p(r,s). If r < µB(p) and s > γB(p), p(r,s) is said to be
contained in B ∈ IFS(X) (p(r,s) ∈ B for short).

Definition 2.2. [4] An intuitionistic fuzzy topology (IFT for short) on a set X is
a family τ of IFSs in X which satisfies the following conditions:

i) 0∼, 1∼ ∈ τ
ii) If A1, A2 ∈ τ then A1 ∩A2 ∈ τ
iii) If Aj ∈ τ for all j ∈ J(where J is an index set) then

⋃
j∈J

Aj ∈ τ .

Then the pair (X, τ) is called an intuitionistic fuzzy topological space (IF topo-
logical space). Every member of τ is called an intuitionistic fuzzy open set (IF
open set) in X. The complement Ac of an IF open set A in (X, τ) is called an
intuitionistic fuzzy closed set (IF closed set) in X.

Definition 2.3. [2] Let (X, τ) and (Y, τ ′) be two IF topological space and let
f : X → Y be a function. If f−1(U) ∈ τ for all U ∈ τ ′, then f is called intuitionistic
fuzzy continuous function (IF continuous). The set of all IF continuous functions
from (X, τ) to (Y, τ ′) is denoted by IFC(X,Y ).

Definition 2.4. [8] Let (X, ·) be a group and A = 〈µA, γA〉, B = 〈µB , γB〉 are two
intuitionistic fuzzy sets in X. We define AB and B−1 by the respective formula,

i) µAB(x) = sup
x=x1x2

min(µA(x1), µB(x2)) and

γAB(x) = inf
x=x1x2

max(γA(x1), γB(x2)),

ii) µB−1(x) = µB(x−1) and γB−1(x) = γB(x−1).

Definition 2.5. [8] Let (X, ·) be a group and (X, τ) be an IFTS. Let A = 〈µA, γA〉,
B = 〈µB , γB〉 and C = 〈µC , γC〉 be IFSs in X. (X, τ, ·) is called an intuitionistic
fuzzy topological group or IF topological group for short, if and only if,

i) for all x, y ∈ X and any Q-neighbourhood C of an intuitionistic fuzzy point
(pq)(r,s) there are Q-neighbourhoods A of p(r,s) and B of q(r,s) such that
AB ⊆ C.

ii) for all x ∈ X and any Q-neighbourhood B of an IFP (p−1)(r,s), there exists

a Q-neighbourhood A of p(r,s) such that A−1 ⊆ B.
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3. Main Results

In this part, some properties of intuitionistic fuzzy topological groups are inves-
tigated. Then it is shown that an intuitionistic fuzzy loop space is an H-group.

Theorem 3.1. Let (X, τ) be an IF topological space, (Y, τ ′, ·) be an IF topological
group with the identity element ”e” and f, g ∈ IFC(X,Y ). Then the map

f • g : x→ f(x) · g(x)

from IF topological space X to IF topological group Y is IF continuous.

Proof. [5] Let p(r,s) be a IF point of X and V a IF open Q-neighbourhood of
(f •g)(p(r,s)). As (Y, τ ′, ·) is an IF topological group, there exist Q-neighbourhoods
V1 and V2 of f(p(r,s)) = (f(p))(r,s) and g(p(r,s)) = (g(p))(r,s), respectively such that
V1V2 ≤ V . Also, since the maps f and g are IF continuous, there exist IF open
Q-neighbourhoods U1 and U2 of p(r,s) such that f(U1) ≤ V1 and g(U2) ≤ V2.
Let q(t,k) ∈ U1 ∧ U2. Then q(t,k) ∈ U1 and q(t,k) ∈ U2. So,

f(q(t,k)) = (f(q))(t,k) ∈ f(U1) ≤ V1 ⇒ f(q(t,k)) ∈ V1

and
g(q(t,k)) = (g(q))(t,k) ∈ f(U2) ≤ V2 ⇒ g(q(t,k)) ∈ V2.

Therefore,
t ≤ µV1

(f(q)) and k ≥ γV1
(f(q))

t ≤ µV2(f(q)) and k ≥ γV2(f(q)).

Also,

µV1V 2(f(q)g(q)) = sup{min{µV1(f(q1)), µV2(g(q2))} | w1w2 = f(q)g(q)} ≥ t
γV1V 2(f(q)g(q)) = inf{max{γV1(f(q1)), γV2(g(q2))} | w1w2 = f(q)g(q)} ≤ k.

So
r ≤ µV1V 2(f(q)g(q)) ≤ µV (f(q)g(q))

s ≥ γV1V 2(f(q)g(q)) ≤ γV (f(q)g(q)).(V1V2)(f(q)g(q)) ≤ V (f(q)g(q))

and therefore ((f(q)g(q))(t,k) = (f • g)(q(t,k)) ∈ V . So (f • g)(U1 ∧ U2) ≤ V .
Consequently (f • g) is IF continuous. �

Definition 3.2. [8] Let (X, τ) be an IF topological space and for α, β ∈ [0, 1], (αβ)∗

be an IFS defined as (αβ)∗ = {〈x, µ(αβ)∗ , γ(αβ)∗〉 | x ∈ X}, where µ(αβ)∗(x) = α
and γ(αβ)∗(x) = β, such that µ(αβ)∗(x)+γ(αβ)∗(x) = 1 for every x ∈ X. If (αβ)∗ ∈ τ
for every α, β ∈ [0, 1], then (X, τ) is called a fully stratified space.

Theorem 3.3. Let IF topological space (X, τ) be fully stratified, (Y, ·) be a group
with the identity element ”e” and (Y, τ ′, ·) an IF topological group. Then the map
c : (X, τ)→ (Y, τ ′, ·) defined such that c(x) = e, for every x ∈ X, is IF continuous.

Proof. Let V ∈ τ ′. Then

(c)−1(V )(x) = < x, (c)−1(µV )(x), (c)−1(γV )(x) >

= < x, µV (c(x)), γV ((c)(x)) >

= < x, µV (e), γV (e) >

= V (e)

for every x ∈ X. So (c)−1(V ) is a constant IFS. Since, (X, τ) is a fully stratified
IFTS, then (c)−1(V ) ∈ τ . Consequently ”c” is IF continuous. �
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Theorem 3.4. Let (X, τ) be a fully stratified IF topological space and (Y, τ ′, ·) be
a IF topological group. Then the pair (IFC(X,Y ), •) is a group. Also if the group
(Y, ·) is abelian, then the group (IFC(X,Y ), •) is abelian.

Proof. Let f, g, h ∈ IFC(X,Y ). Then

((f • g) • h)(x) = (f • g)(x) · h(x) = (f(x) · g(x)) · h(x)

= f(x) · (g(x) · h(x)) = f(x) · (g • h)(x)

= (f • (g • h))(x)

for every x ∈ X. So (f • g) • h = f • (g • h). Also f • c = c • f = f and
f • f−1 = f−1 • f = c. So c is the identity element and f−1 ∈ IFC(X,Y ) is the
inverse of f . Consequently, (IFC(X,Y ), •) is a group. Let (Y, ·) be an abelian
group and f, g ∈ IFC(X,Y ). Then,

(f • g)(x) = f(x) · g(x) = g(x) · f(x) = (g • f)(x)

for all x ∈ X. �

Let (X, p(r,s)) be a pointed IF topological space and (Y, ·, e(r,s)) be an IF topo-
logical group. Then the set of homotopy classes of all IF contınuous functions from
(X, p(r,s)) to (Y, ·, e(r,s)) is denoted by [(X, p(r,s)); (Y, ·, e(r,s))].

Theorem 3.5. [(X, p(r,s)); (Y, ·, e(r,s))] is a group under the product [f ] ⊗ [g] =

[f • g]. Also if (Y, ·) is abelian then
(
[(X, p(r,s)); (Y, ·, e(r,s))],⊗

)
is abelian.

Proof. i) Let [f ], [g], [h] ∈ [(X, p(r,s)); (Y, ·, e(r,s))], then

(([f ]⊗ [g])⊗ [h]) = ([f • g]⊗ [h]) = ([(f • g) • h])

= ([f • (g • h)]) = ([f ]⊗ [g • h])

= ([f ]⊗ ([g]⊗ [h])) .

So ⊗ is associative.
ii) For all [f ] ∈ [(X, p(r,s)); (Y, ·, e(r,s))], [f ] ⊗ [c] = [f • c] = [f ] and [c] ⊗ [f ] =

[c • f ] = [f ] . So [c] is the identity element.
iii)For all [f ] ∈ [(X, p(r,s)); (Y, ·, e(r,s))], [f ]⊗

[
f−1

]
=
[
f • f−1

]
= [c] and

[
f−1

]
⊗

[f ] =
[
f−1 • f

]
= [c] . So

[
f−1

]
is the inverse of [f ] , i.e.

[
f−1

]
= [f ]

−1
.

Let (Y, ·) be abelian, then the group (IFC(X,Y ), •) is abelian. So for [f ], [g] ∈
[(X, p(r,s)); (Y, ·, e(r,s))] ,

[f ]⊗ [g] = [f • g] = [g • f ] = [g]⊗ [f ].

�

The category whose objects are pointed IF topological spaces and morphisms
are

hom(X, p(r,s)), (X
′, p′(r,s)) =

[
(X, p(r,s)), (X

′, p′(r,s))
]

is called the homotopy category of pointed IF topological spaces.

Theorem 3.6. [6] For any category C and object Y of C, there is a contravariant
functor ΠY from the category of C to the category of sets and functions which
associates to an object X of C the set ΠY (X) = hom(X,Y ) = {f | f : X → Y }
and to a morphism f : X → X ′ the function ΠY (f) = f∗ : hom(X ′, Y ) → (X,Y )
defined by f∗(g′) = g′ ◦ f, for g′ : X ′ → Y.
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Theorem 3.7. There exist a contravariant functor from the homotopy category of
pointed IF topological spaces to the category of groups and homomorphisms.

Proof. Let (Y, ·, e(r,s)) be an IF topological group. We show that if (X, p(r,s)) and

(X ′, p′(r,s)) are two objects and [f ] ∈
[
(X, p(r,s)), (X

′, p′(r,s))
]

is a morphism of the

homotopy category of pointed IF topological spaces, then ΠY
(
X, p(r,s)

)
is a group

and ΠY ([f ]) is an homomorphism. ΠY
(
X, p(r,s)

)
= hom((X, p(r,s)), (Y, ·, e(r,s))) =

[(X, p(r,s)), (Y, ·, e(r,s))]. So ΠY
(
X, p(r,s)

)
is a group. ΠY ([f ]) = f∗ : hom((X ′, p′(r,s)), (Y, ·, e(r,s)))→

hom((X, p(r,s)), (Y, ·, e(r,s)))⇒ f∗ :
[
(X ′, p′(r,s)), (Y, ·, e(r,s))

]
→
[
(X, p(r,s)), (Y, ·, e(r,s))

]
is a function such that, for any [g] ∈

[
(X ′, p′(r,s)), (Y, •, q(r,s))

]
, f∗([g]) = [g] ◦ f =

[g ◦ f ].

As
[
(X ′, p′(r,s)), (Y, ·, e(r,s))

]
and

[
(X, p(r,s)), (Y, ·, e(r,s))

]
are groups, f∗ is a mor-

phism between groups.

Let [g′] , [g′′] ∈
[
(X ′, p′(r,s)), (Y, ·, e(r,s))

]
. Then,

f∗ ([g′]⊗ [g′′]) = f∗ ([g′ • g′′]) = [(g′ • g′′) ◦ f ]

= [(g′ ◦ f) • (g′′ ◦ f)] = [g′ ◦ f ]⊗ [g′′ ◦ f ]

= f∗ ([g′])⊗ f∗ ([g′′]) .

So f∗ is homomorphism.

Let [1X ] be the unit morphism of
[
(X, p(r,s)), (X

′, p′(r,s))
]
. Then ΠY ([1X ]) ([h]) =

1∗X ([h]) = [h ◦ 1X ] = [h] . So ΠY ([1X ]) is the unit element.

Let ϕ ∈
[(
X ′, p′(r,s)

)
, (X ′′, p′′(r,s))

]
. For any morphism h′ ∈

[
(X ′′, p′′(r,s)), (Y, ·, e(r,s))

]
,

ΠY ([ϕ]) ([h′]) = [h′ ◦ ϕ]

ΠY ([f ]) ([h′ ◦ ϕ]) = [(h′ ◦ ϕ) ◦ f ]

= [h′ ◦ (ϕ ◦ f)]

= ΠY ([ϕ ◦ f ]) ([h′]) .

Thus ΠY ([f ]) ([h′ ◦ ϕ]) = ΠY ([f ])
(
ΠY ([ϕ]) ([h′])

)
=
(
ΠY ([f ]) ◦ΠY ([ϕ])

)
([h′]) .

So ΠY ([f ]) = ΠY ([f ]) ◦ΠY ([ϕ]) . Consequently ΠY is a contravariant functor. �

Definition 3.8. [2] Let (X,T ) be a topological space.Then

∼
τ = {A ∈ IFP (X) | SuppA ∈ T}

is an intuitionistic fuzzy topology on X, called the intuitionistic fuzzy topology on

X introduced by T and (X,
∼
τ ) is called the intuitionistic fuzzy topological space

introduced by (X,T ).

Let εI denote Euclidean subspace topology on I and (I,
∼
εI) denote the IF topo-

logical space introduced by the topological space (I, εI).

Definition 3.9. [2] Let (X, τ), (Y, τ ′) be IF topological spaces and f, g ∈ IFC(X,Y ).
If there exist an IF continuous function

F : (X, τ)× (I,
∼
εI)→ (Y, τ ′)
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such that F (x, 0) = f(x) and F (x, 1) = g(x), for all x ∈ X, then f and g are intu-
itionistic fuzzy homotopic. The mapping F is called intuitionistic fuzzy homotopy
from f to g and we write f ∼ g.

The intuitionistic fuzzy homotopy relation ” ∼ ” is an equivalence relation. So
the set IFC(X,Y ) is partitioned into equivalence classes under the relation ” ∼ ”.
The equivalence classes are called intuitionistic fuzzy homotopy classes and the set
of all IF homotopy classes of the IF continuous functions from (X, τ) to (Y, τ ′) is
denoted by [X,Y ]. The IF homotopy class of a function f is denoted by [f ].

Definition 3.10. Let (X, τ) be an IF topological space. If there exists an IF
open and IF closed set G such that G 6= 1∼ and G 6= 0∼, then X is said to be
fuzzy C5 − disconnected. X is said to be fuzzy C5 − connected if it is not fuzzy
C5 − disconnected.

Definition 3.11. [2] Let (X, τ) be an IFTS, α : (I,
∼
εI)→ (X, τ) be a IF continuous

function and E is a fuzzy C5 − connected in (I,
∼
εI) with µE(0), µE(1) > 0 and

υE(0), υE(1) < 1. Then the IFS α(E) is called an intuitionistic fuzzy path in
(X, τ). The IF points p1(λ, δ) and p2(γ, θ) in (X, τ) are called the initial point and
the terminal point of the intuitionistic fuzzy path α(E) respectively.

If the initial point and the terminal point are equal, then we call the intuitionistic
fuzzy path an intuitionistic fuzzy loop. We denote the collection of all intuitionistic
fuzzy loops in (X, τ) by Ω((X, τ), p(λ, δ)).

Definition 3.12. Let (X, τ) be a fuzzy topological space and p(t, s) be a IF point
in X. The pair (X, p(t, s)) is called a pointed intuitionistic fuzzy topological space
and p(t, s) is called the base point of (X, p(t, s)).

If (X, p1(λ, δ)) and (Y, p2(γ, θ)) are pointed IF topological spaces, then all IF
continuous functions f : (X, p1(λ, δ)) → (Y, p2(γ, θ)) preserve the base point, i.e.
f(p1(λ, δ)) = p2(γ, θ) and that all fuzzy homotopies be relative to the base point.
The homotopy classes of base point preserving functions

f : (X, p1(λ, δ))→ (Y, p2(γ, θ))

is denoted by [(X, p1(λ, δ)) ; (Y, p2(γ, θ))].
The set of all IF loops in (X, p(r, s)) based at p(r, s) is a pointed intuitionistic

fuzzy topological space with the ωp(A) which equal to p(r, s) at any point. We
denote that space by Ω(X, ωp(A)).

Definition 3.13. [6] An H-space consists of a pointed topological space X together
with a continuous multiplication m : X × X −→ X for which the constant map
c : X → X is a homotopy identity, i.e. m ◦ (1x, c) ' 1x and m ◦ (c, 1x) ' 1x
. An H-group is an H-space whose multiplication is homotopy associative, i.e.
m ◦ (m× 1X) ' m ◦ (1X ×m) and has a homotopy inverse, i.e. m ◦ (ϕ, 1X) ' c '
m ◦ (ϕ, 1X), for a map ϕ : X → X.

Proposition 1. [2] Let α(E) ve β(D) be IF loops in Ω(X, ωp(A)) at p(r, s), then
we define

(E +D)(t) =

{
µE(2t), γE(1− 2t) , 0 ≤ t ≤ 1

2
µD(2t− 1), γE(2− 2t) , 1

2 ≤ t ≤ 1
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is fuzzy C5 − connected with

µ(E+D)(0), µ(E+D)(1) > 0

γ(E+D)(0), γ(E+D)(1) < 1.

Let h : (I,
∼
εI)→ (X, τ) be a IF continuous function defined by

h(t) =

{
α(2t) , 0 ≤ t ≤ 1

2
β(2t− 1) , 1

2 ≤ t ≤ 1
.

Then

h(E +D)(x) =

{
α
(

(2t)E(2t)

)
, 0 ≤ t ≤ 1

2

β
(
(2t− 1)D(2t−1)

)
, 1

2 ≤ t ≤ 1

=


∨

2t∈α−1(x)

µE(2t),
∧

2t∈α−1(x)

γE(2t) , 0 ≤ t ≤ 1
2∨

(2t−1)∈β−1(x)

µD(2t− 1),
∧

(2t−1)∈β−1(x)

γD(2t− 1) , 1
2 ≤ t ≤ 1

.

Theorem 3.14. Ω(X, ωp(A)) is an H-group.

Proof. If we define a map m : Ω(X, ωp(A))×Ω(X, ωp(A))→ Ω(X, ωp(A)) such that
m(α(E),β(D)) = h(E+D) then m can be thought as IF continuous multiplication
of Ω(X, ωp(A)).

Let c : Ω(X, ωp(A)) → Ω(X, ωp(A)) be a constant map defined such that
c(α(E)) = ωp(A). Then

(m ◦ (1ΩX , c)(α(E))(x) = m(α(E), ωp(A))(x)

=


∨

2t∈α−1(x)

µE(2t),
∧

2t∈α−1(x)

γE(2t) , 0 ≤ t ≤ 1
2

∨
(2t−1)∈ωp

−1(x)

µA(2t− 1),
∧

(2t−1)∈ωp
−1(x)

γA(2t− 1) , 1
2 ≤ t ≤ 1

=


∨

2t∈α−1(x)

µE(2t),
∧

2t∈α−1(x)

γE(2t) , 0 ≤ t ≤ 1
2

(r, s) , 1
2 ≤ t ≤ 1

and (1ΩX)(α(E))(t) = α(E)(t) = α(t
E(t)). Let F be a function such that,

F (α(E), t)(x) =


∨(

2t
1+t′

)
∈α−1(x)

µE( 2t
1+t′ ),

∧(
2t

1+t′

)
∈α−1(x)

γE( 2t
1+t′ ) , 0 ≤ t ≤ 1+t′

2

(r, s) , 1+t′

2 ≤ t ≤ 1

.

Then for all x ∈ X, F (α(E), 0)(x) = m(E + A)(x) = m(α(E), ωp(A))(x). F is

IF continuous and m ◦ (1ΩX , c)
F∼ 1ΩX . By the same way 1ΩX

F∼ m ◦ (c, 1ΩX).
Consequently Ω(X, ωp(A)) is an Hopf space. Let show that m is IF homotopy
associative.
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(m ◦ (m× 1ΩX))(α(E), β(D), δ(B))(x) = m(m (α(E), β(D)) , δ(B))(x)

=


m(α(E), β(D))

(
(2t)(E+D)(2t)

)
, 0 ≤ t ≤ 1

2

δ
(
(2t− 1)B(2t−1)

)
, 1

2 ≤ t ≤ 1

=



∨
4t∈α−1(x)

µE(4t),
∧

4t∈α−1(x)

γE(4t) , 0 ≤ t ≤ 1
4

∨
(4t−1)∈β−1(x)

µD(4t− 1),
∧

(4t−1)∈β−1(x)

γD(4t− 1) , 1
4 ≤ t ≤

1
2

∨
(2t−1)∈δ−1(x)

µB(2t− 1),
∧

(2t−1)∈δ−1(x)

γB(2t− 1) , 1
2 ≤ t ≤ 1

.

and (m ◦ (1ΩX ×m))(α(E), β(D), δ(B))(x) = m(α(E),m(β(D), δ(B)))(x)

=



∨
2t∈α−1(x)

µE(2t),
∧

2t∈α−1(x)

γE(2t) , 0 ≤ t ≤ 1
2

∨
(4t−2)∈β−1(x)

µD(4t− 1),
∧

(4t−2)∈β−1(x)

γD(4t− 1) , 1
2 ≤ t ≤

3
4

∨
(4t−3)∈δ−1(x)

µB(4t− 3),
∧

(4t−3)∈δ−1(x)

γB(4t− 3) , 3
4 ≤ t ≤ 1

.

Then (m ◦ (m× 1ΩX))
G∼ (m ◦ (1ΩX ×m)) by a IF homotopy

G : Ω(X,ωp(A))× Ω(X,ωp(A))× Ω(X,ωp(A))× (I,
∼
εI)→ Ω(X,ωp(A))

defined by
G(α(E), β(D), δ(B), t)(x)

=



∨
( 4t′

1+t )∈α−1(x)

µE( 4t′

1+t ),
∧

( 4t′
1+t )∈α−1(x)

γE( 4t′

1+t ), t
′ ∈ [0, 1+t

4 ]

∨
(4t′−t−1)∈β−1(x)

µD(4t′ − t− 1),
∧

(4t′−t−1)∈β−1(x)

γD(4t′ − t− 1), t′ ∈ [ 1+t
4 , t+2

4 ]

∨
(4t′−3)∈δ−1(x)

µB(4t′ − 3),
∧

(4t′−3)∈δ−1(x)

γB(4t′ − 3), t′ ∈ [ t+2
4 , 1]

.

Let ϕ : Ω(X,ωp(A)) → Ω(X, ωp(A)) be a IF continuous function defined as
ϕ(α(E)) = α(1− E) such that
(1− E)(t) = E(1− t). Then α(0(1−E)(0)) = α(1(1−E)(1)) = p(t, s).

(m ◦ (ϕ, 1ΩX))(α (E)) (t) = m(α (E)(1− t) , α (E) (t)) = m(α−1(E)(t), α (E) (t))

=


∨

(1−2t)∈α−1(x)

µE (1− 2t) ,
∧

(1−2t)∈α−1(x)

γE (1− 2t) , 0 ≤ t ≤ 1
2

∨
(2t−1)∈α−1(x)

µE (2t− 1) ,
∧

(2t−1)∈α−1(x)

γE (2t− 1) , 1
2 ≤ t ≤ 1
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and (m◦(1ΩX , ϕ))(α (E)) (t) = m(α (E)(t) , α (E) (1−t)) = m(α(E)(t), α−1 (E) (t))

=


∨

(2t)∈α−1(x)

µE (2t) ,
∧

(2t)∈α−1(x)

γE (2t) , 0 ≤ t ≤ 1
2

∨
(2−2t)∈α−1(x)

µE (2− 2t) ,
∧

(2−2t)∈α−1(x)

γE (2− 2t) , 1
2 ≤ t ≤ 1

Then (m ◦ (ϕ, 1ΩX))
G
′

∼ c and (m ◦ (1ΩX , ϕ))
G
′

∼ c by a IF homotopy

G′ : Ω(X,ωp(A))× (I,
∼
εI)→ Ω(X,ωp(A))

defined by,
G′(α(E), t)(t′) =

∨
(1−2t′+t)∈α−1(x)

µE (1− 2t′ + t) ,
∧

(1−2t′+t)∈α−1(x)

γE (1− 2t′ + t) , 0 ≤ t′ ≤ 1
2

∨
(2t′+t−1)∈α−1(x)

µE (2t′ + t− 1) ,
∧

(2t′+t−1)∈α−1(x)

γE (2t′ + t− 1) , 1
2 ≤ t

′ ≤ 1

Consequently IF loop space Ω(X,ωp(A)) is a H-group. �
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